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This book combined with the book on the same subject by Siljak [11] which
is also just published and which presents several specific applications of large
scale systems to real problems, should form a welcome addition to the subject
and help stimulate further work in this new and exciting field.
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Linear representations of finite groups, by Jean-Pierre Serre, Graduate Texts
in Mathematics, vol. 42, Springer-Verlag, New York, Heidelberg, Berlin,
1977, x + 170 pp., $12.80.

As one so often discovers in tracing the history of a beautiful mathematical
idea, we have Gauss to thank for pointing the way towards the representation
theory of finite groups. In his discussion of class groups of even binary
quadratic forms of given discriminant over the integers, he attempted to
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attach to each class what he considered to be its “character”, in order to
distinguish among genera. His description was rather cumbersome, so it fell
to Dedekind, inspired by Dirichlet’s notation for Gauss’ characters, to give
the more familiar interpretation of characters as numerical functions. The
general notion of irreducible characters of abelian groups was set down in
1879, in the third edition of Dirichlet and Dedekind’s Vorlesungen iiber
Zahlentheorie, and the inclusion of the idea in Weber’s famous algebra text
made it familiar to many mathematicians of the late nineteenth century.

In 1886, Dedekind introduced the group determinant, which is suggested
by the study of discriminants of Galois extensions. Let the finite group G
have elements g),...,g,, and let X, = X; be an indeterminant, for i =
l,...,n. The group determinant is the polynomial F(X,,...,X,) =
det(Xgigj_ 1), whose coefficients may be regarded as elements of any ring with
identity. Dedekind showed that if G is abelian, then

n n
F(Xp...,X,)= H1 (21 xg(&)X,-),
i= s=
where x,, . . . , X, are the irreducible characters of G, i.e. the homomorphisms
of G into the multiplicative group of nonzero complex numbers. For certain
nonabelian groups, he could obtain factorizations of F into linear terms by
allowing coefficients in suitably chosen noncommutative algebras.

The matter reappeared about ten years later, when Frobenius, motivated
by similar ideas in the theory of theta functions and encouraged by corres-
pondence with Dedekind, undertook further analysis of the group
determinant. He obtained a factorization

k
F(Xp,...,X,)= ]I F®,
s=1

where F, is an irreducible complex polynomial of degree f. He then
discussed k, e(s) and f in terms of the structure of G. In the discussion,
there appeared the complex-valued functions which would soon be revealed
as the irreducible characters of G. In 1897, Frobenius introduced matrix
representations of groups. The idea is simple: a representation of degree m of
G is a homomorphism from G to the group GL(m, C) of invertible m X m
complex matrices. Such a representation is irreducible if no nontrivial sub-
space of the space of column vectors of length m is invariant under all the
matrices in the image of the homomorphism. With each representation
0: G - GL(m, C) is associated a function called the character of o; its value
at g is the trace of 6(g). A character is said to be irreducible if it arises from
an irreducible representation.

Frobenius proved many interesting properties of the characters and of
other functions on the group which arise from the representations. At the
same time, others began working independently on the theory; some gave
other proofs of Frobenius’ results, while others discovered new phenomena.
For instance, Molien had published a thesis in 1892 in which he obtained a
number of results about algebras over the complex field, including the
information nowadays deduced from Wedderburn’s structure theory for
semisimple rings. Molien observed that any group determines the algebra that
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we now call the complex group algebra CG of G. This algebra has the
elements of G as a basis, with multiplication determined by that of the group.
His methods showed that this algebra was isomorphic to a direct sum of full
matrix algebras, and hence that any representation was a direct sum (in the
obvious sense) of irreducible ones. He then studied the irreducible represen-
tations by his methods, and obtained many of the basic properties of
irreducible characters. Burnside also found proofs of the basic facts, using a
rather indirect approach through Lie theory in some cases. Maschke, using E.
H. Moore’s construction of inner products invariant under a group action,
showed that any invariant subspace of a representation has an invariant
direct complement.

Once the foundations of the theory had been set, work began in earnest on
the applications of it to group theory and to other parts of mathematics. The
pioneers worked out many of these applications themselves. Thus, Frobenius
studied the special class of finite groups now known by his name, and
attacked the problem of estimating the number of elements of given order in
a group by-use of characters. Burnside showed that a group whose order is
divisible by only two distinct primes is solvable, and was led to frame his
famous conjecture (settled in the affirmative many years later by Feit and
Thompson, in a tour de force of character theory) that groups of odd order
are solvable. To point out the power of character theory, it should be noted
that Burnside’s two primes theorem has only recently been given a character-
free proof; the main results on Frobenius groups are still inaccessible without
representation theory. Many other things were done as well. For instance,
Frobenius, Schur and Young gave various separate discussions of the charac-
ters of the symmetric groups, while Blichfeldt found many clever results on
induced representations and on the eigenvalues of elements of finite linear
groups.

in time, more conceptual progress was inevitable. In 1929, Noether firmly
established the idea that representations can, and perhaps should, be viewed
as modules over group algebras, as was suggested in the neglected work of
Molien. Thus, let K be a field, G a finite group, and form the K-algebra KG,
as was done above for K = C. If 6: G - GL(V) is a representation of G by
invertible linear transformations on a K-vector space V (which is clearly
equivalent to the idea of a matrix representation as described earlier), then V
becomes a KG-module by

( > kgg)o = > k.o (8)(v)-
g2€G 2€EGC

Conversely, if V is given as a KG-module, multiplication by g € G is a
K-linear mapping on V; denoting this by o(g), we obtain a homomorphism
from G into GL(V). This interpretation permits the use of module-theoretic
language, in which many statements become more natural, and their proofs
more simple. Also, the scope of inquiry is enlarged, as one may replace the
field K by a commutative ring R, and make use of non-R-free RG-modules,
which do not correspond to matrix representations, but which occur naturally
in applications.






