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HILL’S SURFACES AND THEIR THETA FUNCTIONS!

BY H. P. MCKEAN AND E. TRUBOWITZ

Preface. In this paper we continue the investigations begun in McKean-
Trubowitz [1976] of infinite-genus hyperelliptic Riemann surfaces S which are
constructed from the spectrum of a Hill’s operator. Let g be a real infinitely
differentiable function of 0 < £ < 1 of period 1. The Hill’s operator is

= — d?/d§* + q(¢). The periodic and antiperiodic eigenfunctions of Q
determine an infinite spectrum Ay < A; < A, < A3 < Ay < - - - Too of simple
or double eigenvalues. S is formed by cutting two copies of the number
sphere along the so-called intervals of instability marked off by such pairs of
simple eigenvalues A,,_; < A,, as may occur. S is a hyperelliptic surface of
genus g (< infinity) equal to the number of such pairs. The purpose of this
paper is to develop some of the function theory of S in the case g = infinity
with special attention to differentials of the first kind, the Jacobian variety,
and the Riemann theta function. McKean-Trubowitz [1976] introduced a
Hilbert space of differentials of the first kind closely connected with the
interpolation of certain classes of entire functions, defined the Jacobi map for
divisors in “real position”, and constructed the “real part” of the Jacobian
variety. The present paper studies more refined Hilbert spaces of
differentials; one such space of particular importance is populated by
differentials with precisely “2 X (g = infinity) — 2” roots, just as in the
classical case. The associated (infinite-dimensional) Jacobian variety and its
theta function are also introduced. The basic properties of the latter include a
variant of the Riemann vanishing theorem. A theta function formula of Baker
[1897] and Its-Matveev [1975] is adapted to the present case and used to
express the solution of the celebrated Korteweg-deVries equation with peri-
odic initial data. Along the way, we prove period relations, derive an infinite-
dimensional analogue of Jacobi’s identity for the theta function, embed S in
its Jacobian variety, and prove the easy half of Abel’s theorem.

To the best of our knowledge the only previous work on transcendental
hyperelliptic function theory is that of Hornich [1933], [1935], [1939] and
Myrberg [1943], [1945). These papers contain some discussion of square-
summable differentials of the first kind and their period relations. The
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infinite-dimensional Jacobian variety and its theta function are introduced
for the first time in the present paper.

1. Preliminaries. Hill’s operator: Q denotes the Hill’s operator —d?/d¢? +
q(¢) with potential g in C°, the space of smooth real-valued functions of
period 1. [iq(§) d¢ is assumed to vanish with a view to the simplicity of certain
estimates. Let y,(§, A) and y,(§, A) be the solutions of Qy = Ay with y,(0,
A) = y5(0,A) = 1 and (0, A) = y,(0, A\) = 0. The discriminant A(}) is defined
to be y,(1, A) + y5(1, A). Most of the following basic material can be found in
Levitan-Sargsjan [1975], Magnus-Winkler [1966], and McKean-Trubowitz
[1976, §1].

The periodic spectrum is the sequence

AO<A1 <A2<A3<A4‘ . 'TOO
of simple or double eigenvalues of Q arising from eigenfunctions of period 2
(or 1); equality means that A,,_, = A,, has a 2-dimensional eigenspace. For
simplicity, let the periodic spectrum be purely simple, i.e., \,,_; < Ay, (n > 1).
The estimate

Aop_1s Ay = 0?2 + O(1/1?)

is noted for future use. The lowest eigenvalue A, is simple and f,, the
corresponding eigenfunction, is root-free and of period 1. The eigenfunctions
Jon—1s fon corresponding to A,,_;, A,, have n roots apiece in [0, 1) and are
periodic when n is even and antiperiodic when n is odd. The f’s are
normalized by [} f? d¢ = 1. The roots of A’(A\) — 4 =0 coincide with the
periodic spectrum: in fact A(\g) = 2 and A(A,,_;) = AQA,,) = 2(—1)"(n > 1).
The intervals (—oo0, Ag), (A;; Ay, (A3, Ay, ...are intervals of instability,
so-called because no solution of Qy = Ay is bounded on the line if A lies in
such an interval. The widths /, = A,, — A,,_, (n > 1) are rapidly decreasing
by a theorem of Hochstadt [1963].

The roots p, (n > 1) of y,(1, p) = 0 coincide with the eigenvalues of Q
arising from eigenfunctions that vanish at { = 0 and £ = 1. They interlace the
periodic spectrum as follows:

A0<A|< ’11<A2<A3< M’2<A4<...
and are designated as the tied spectrum. The normalized eigenfunction
corresponding to p, is? y,(¢, p,) X [foy3(¢ w,) d€1~'/%; the number

]:)%(& m) d€ = y53(1, w)yi (1, 1)

is the nth norming constant. The following estimates of y, and y, will often be
used:

sin

VAE e .
U foqdn+0(>\ )

sinVA £ cosVA £
VA 2VA

NEN) =cosVAE+

»(EN) = k ‘gdn+ O

2 means 3/ dp.
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for Afeo, and
1(EN) = cosVAE[1 +o(1)]
inVA
ya& ) = 22 14 o)

for A | — oo0. These estimates can be differentiated with respect to x and /or A
and are uniform on 0 < x < 1. The functions y,(1, A) and A(}) are entire of
order 1/2 and type 1. They can be expressed as

B, — B
Yy 2(1’ “') = H 2.2

n>1 n'w

and

Ay, — AN(Ay— — A
A(A)=2(}\0—A)H (Zn )ainl )+2
n even nw
A, — A)A -A
A(A) =2 H ( 2n )(4 in—l ) _
n odd n'w
respectively; in particular, g, (n > 1) determines y,(1, A), while Ay, Ay, _;, A,
(n even) or A,,_,, A,, (n odd) determine AQA).
Spaces of entire functions. Two real Hilbert spaces of entire functions are
introduced for future use. First, 7'/2 is the Hilbert space of entire functions ¢,
real on the line, of order < 1/2 and type < 1, for which

1'7[¢] = fo ® BA)PAY2 dA < co.

I'(¢, ) = [PoYA!/2 d\ is the inner product of the space I'/2. Let p, €
A2n—1s Az) (n > 1) be any tied spectrum and let y,(1, A) = [[(n*r»)~(n, —
A). The functions y,(1, D[A = w,)y5(1, p,)]~! (n > 1) are in I'/2, Let ¢ €
I'/2. Then 3,,,,|¢( p,)|’n? is comparable® to 1'/%[¢], and*

_ )’2(1’ 7\)
o3 = En o) A = w)ya(lp,)

]

2,

=S em) I 222

n>1 i#n B~ ’
i.e., ¢ can be interpolated off p, (n > 1). The same is true of the Hilbert space
I3/ ¢ I'/? defined by
Prg] = [* [4PA2 N < oo
0

with one modification: now it is the sum =, ,,|¢( ,)|’n* which is comparable
to 13/?[¢]; see McKean-Trubowitz [1976, §5] for more information.
The Hill’s surface. The Hill’s surface S for the potential q is constructed by

3Here, comparable means al'/[¢] < =,5,|¢(1,)n? < bI'/%¢), with a, b > 0, independently
of ¢ € I'/2; the word is used in the same way below.
4The sums converge in norm and uniformly on compact subsets of C.
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cutting two copies of the Riemann sphere along the intervals of instability
and attaching all the lower lips on one sphere to the corresponding upper lips
on the other and vice versa. S is the Riemann surface of the transcendental

hyperelliptic irrationality R(\) =V (1/4)A*(A) — 1. In particular, S has
infinite genus. Figure 1 represents a topological model of S on which a
canonical homology basis 4,, B,, 4,, B,, . .. has been drawn.

FIGURE 1

Potentials with a common periodic spectrum. Fix g, € C;° and let M be the
space of all potentials ¢ € C;® with the same periodic spectrum A, (n > 0) as
qo- M is compact in the topology it inherits from C;°. Slit the nth interval of
instability (A,,_,, A;,) and for ¢ € M, place p, € [?\2,, 1» Az,] on the upper or
the lower hp according as the radical R(py,) is positive or negative. A
potential ¢ in M is mapped thereby to the point p = (p,, p,, . . . ) of the torus
of Figure 2 determined by p, = (p, R(p,)) (n>1). This map is a
diffeomorphism onto. Thus, M is a torus naturally diffeomorphic to a
product of circles sitting inside the infinite product of S with itself; see
McKean-Trubowitz [1976, §4] for more information.

R>0

R<O

FIGURE 2

For fixed real A, let the vector field X be defined by Xg(§) =
(d/d&)(3AN)/34(£)). Then the flow e™™ generated by solving dg/0t =
preserves M, and any two of these flows commute. Observe that the map
q(€) > Xq($) is not local. The X’s are Hamiltonian vector fields on M with
respect to the Poisson bracket

(F.G} = [ (aF/29(¢))(d/d£)(2G/2q(®) ds

between functions F and G of ¢, ie, X is the gradient 9/9g of the
Hamiltonian A(\) followed by the skew symmetric operator d/d§. The
tangent space to M at a point q is the span of the functions Xg; see §§3, 8 and
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9 of McKean-Trubowitz [1976] for a complete discussion of these matters.
There is an important hierarchy of local vector fields V,, (n > 1) on M
which is constructed from the semigroup e ~*<. The trace

tr(e™@) = 3 e™™
n>0

has the asymptotic expansion®
1 ( - t)"Hn -1
Vat nzo (2n—3).---3-1

in which H_, = 1 and H, (n > 0) is an integral over the period 0 < £ < 1 of
a universal polynomial in ¢ and its derivatives. The vector field V,, (n > 1) is
defined by

tr(e™"?) ~

(10)

_d 0H,
V.q(§) = PP

and induces a local Hamiltonian flow e*V~ on M. The first three are V,q = ¢/,
Vog = 3¢¢’ — 34", and Vaq = (15/2)¢’q’ — 54'q" — (5/2)qq"” + (1/Hq"",
the flow induced by V, being equivalent to the well-known Korteweg-deVries
equation dq/9t = 3qq’ — (1/2)q’’. The general rule is
V,q = (¢D + Dg — (3)D*)(0H,_,/9q). See Gardner, Greene, Kruskal-
Miura [1974] and McKean-Trubowitz [1976: 147-148] for more information;
note that
d 9A(\z,) .
vlq 2 p:(A2n) ds aq(g) (l > O)

n>0

where p; is a polynomial of degree i depending upon M but not upon g; see
McKean-Trubowitz [1976: 176] for a proof.

Differentials, Abelian sums, and the real part of the Jacobian variety for S. A
differential d® of the first kind on S is of the form ¢dA/ R, ¢ being a suitable
entire function. Let I = I*/? and introduce the subspaces (a) J, and (b) K,
defined by the requirements (a) ¢(u,) is rapidly decreasing, and (b) K[¢] =
Sasilo(w) 2 < 005 m, (n > 1) is any tied spectrum; it does not matter
which one is employed since ¢*(\) = O (A ~3/?) for ¢ € I. Notice that such a
differential is completely determined by its real periods

4@ =f @/RYN=2[" @/R)dN (2> 1)

since 4,,(¢) = 2¢(p,)/A»_ R ' d] for suitable g, € [A,,_,, Ay,), so that 4,(¢)
= (0 (n > 1) implies ¢ = 0 by interpolation. For future use, note that the
period B,(¢) of the differential d® is the integral of d® around the oriented
cycle B, i.e., counterclockwise about the segment [Ay, A,, _;]-

The next topic is the dual space IT of 1. To begin with, the periods 4,
belong to I, and by the previous remark they span I7; in fact, any x € I is

%2n~3): ...-3-lisconstruedas 1ifn = Oor 1.






