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Introduction. Simple examples of foliations arise from submersions. Let Mn 

and Nq be smooth manifolds of dimensions n and q respectively, and let ƒ: 
M -* N be a smooth submersion, i.e. rank (dfx) = q < n for all x E M. Then 
the partition of M by the connected components of the inverse images ƒ ~\y) 
for y E N defines a foliation of Af. If the target manifold is further equipped 
with a G-structure in the sense of Chern[CH], where G is a closed subgroup of 
GL(q), then the foliation of M by the components of the inverse images of 
the submersion ƒ is an example of a G-foliation. Since foliations are at least 
locally defined by submersions as explained above, we can think of them as 
relative manifolds. In this view G-foliations are then the corresponding 
relative G-structures. This concept embraces Riemannian, conformai, sym-
plectic, almost complex foUations, etc. In short: the classical geometry of 
G-structures has its relative counterpart in the geometry of G-foliations. 
Much progress has been made in this theory in the past half dozen years 
through the work of Bernstein-Rosenfeld, Bott-Haefliger, Chern-Simons, 
Gelfand-Fuks, Godbillon-Vey, Kamber-Tondeur, Heitsch, Thurston and 
many others. In this lecture we discuss selected topics in the theory of 
characteristic classes which are naturally attached to G-foliations. This theory 
is very much in flux and the present exposition is by no means a survey of 
even this limited field. The aim has rather been to supply a rich variety of 
examples together with the necessary conceptual and computational 
background, so as to show the attractiveness of the subject. 

1. G-foliations and foliated bundles. For surveys on the general theory of 
foliations we refer to Lawson [LI], [L2]. Let M be a smooth manifold. An 
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infinitesimal description of a smooth foliation 5" on M is given by the vectors 
tangent to the foliation. They form a subbundle L c TM of the tangent 
bundle of M which is involutive, i.e. for any two vectorfields X E TL, 
Y ETL(X and Y are (local) sections of L), the bracket [X, Y] e TL. The 
theorem of Frobenius states that any such involutive subbundle L c TM does 
indeed occur as the bundles of vectors tangent to a well-defined foliation, 
namely the f oliation of M by the integral leaves of L. 

The normal bundle Q is the quotient defined by the short exact bundle 
sequence 

0-+L-»TMl>Q^0. (1.1) 

The codimension q of the foliation is the (fiber) dimension of Q. In the case 
of a foliation defined by the connected fibers of a submersion ƒ: M -» N as 
explained in the introduction, the normal bundle Q is the pull-back ƒ* TN of 
the tangent bundle of the target space (q = dim N). It is then visibly a trivial 
bundle when restricted to any leaf. This phenomenon is reflected in the 
general case by the flatness of Q when restricted to any leaf. The flatness of a 
smooth bundle is characterized by the existence of a curvature free 
connection on the bundle. In this vein the partial flatness of Q (flatness when 
restricted to any leaf) is characterized by the existence of a connection which 
is curvature free along the leaves. This is made precise by the Bott connection 
in Q9 defined by 

V ^ =p[X9 Y] for X e TL. (1.2) 

Here s denotes a section of Q and Y a vectorfield projecting to s under/? (see 
(1.1)). The covariant derivative of s is canonically defined only for X e TL9 

i.e. in directions tangent to the foliation. Thus V is a partial connection in the 
sense that it is only defined for certain vectorfields X, but otherwise has all 
the usual formal properties of a connection (see (2.10) in [KT 9]). The flatness 
of this partial connection is characterized by the identity 

VXVY - VYVX - V[XtY] - 0 (1.3) 

for*, Y ETL. 
1.4 DEFINITION. An adapted connection in Q is any (ordinary) covariant 

derivative operator in Q9 which for X GTL reduces to the definition (1.2). 
While the partial connection given by (1.2) is canonically given, an adapted 
connection involves a choice (the existence presents no problem in this 
smooth situation). Thus e.g. the curvature R(X9 Y) defined by the left-hand 
side of (1.3) has no intrinsic meaning for arbitrary vector fields X9 Y on M. 
Its vanishing for X, Y e TL on the other hand is intrinsic. In the same vein 
the holonomy of an adapted connection has no intrinsic meaning. What does 
have an intrinsic meaning is the holonomy of the restriction of Q to any leaf 
F of the foliation. Since Q/F is flat, this holonomy is characterized by a 
representation h: ir^F) -» GL(q)9 the holonomy homomorphism (see e.g. [KT 
I,p.l0]). 

It is convenient to consider the same situation also from the principal 
bundle point of view. An adapted connection in Q corresponds then to a 
connection 1-form <o in the GL(#)-frame bundle F{Q) of Q. The horizontal 
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spaces Hu = ker <ott for u G F(Q) define a subbundle H c T^(Qy If m\ 
F(Q) -» M denotes the projection, then only the subbundle L C TF{Q) 

defined by L„ = Hu n ^"iCZ )̂ for x = TT(W) has intrinsic meaning. ITie 
identity (1.3) translates to the involutivity of L. Thus the intrinsic structure in 
F(Q) is a canonical foliated bundle structure in the following sense. 

1.5 DEFINITION. Let P be a principal G-bundle with projection IT: P-± M.P 
is a foliated bundle if there is_ a G-equivariant foliation L c Tp such that for 
each u G P the intersection Lu n Gtt with the tangent space Gu to the fiber of 
P through u is the 0-space._ 

The G-equivariance of L gives rise to a quotient foliation L = L/G on Af. 
An adapted connection in a foliated G-bundle is then a connection 1-form w 
such that ker <oM D LW for each u G P. This notion again involves a choice 
while the existence poses no problem. The intrinsic structure is also called a 
partial flat connection in P (partial because the direct sum Gu © Lu does in 
general not equal TUP). All this is elaborated in great detail in [KT 9]. These 
concepts were introduced independently by the authors and Molino. 

Let now G be a closed subgroup of GL(q). 
1.6 DEFINITION. A codimension q foliation L c TM on a manifold M is a 

G-foliation, if there exists a G-reduction P of the GL(#)-frame bundle F(Q), 
such that the canonical foliated bundle structure on F(Q) arises from a 
foliated bundle structure on P. 

Recall that P is a G-reduction of F(Q), if F(Q) is the natural extension of 
P under the change of groups from G to GL(q\ i.e. 

F(Q)^PXGGL(q). (1.7) 

A G-equivariant foliation on P gives rise to a GL (#)-equivariant foliation on 
F(Q). The requirement in definition (1.6) is then that the canonical foliation 
L on F(Q) arises in this fashion from a foliated bundle structure on P. Note 
that both foliations on P and F(Q) project onto the given foliation on M In terms 
of adapted connections, this condition means that there is an adapted 
connection with holonomy group in G. 

For the previously discussed example of a foliation defined by a 
submersion/: M-»N, the pullback f*P = P of a G-structure PonJV has 
obviously the desired properties with respect to the bundle F(Q) s ƒ*F(N), 
where F(N) denotes the GL(#)-frame bundle of N. 

To discuss alternate definitions of G-foliations, consider a (l°ca0 
vectorfield X G TL. Any such vectorfield has a canonical lift to a vectorfield 
X G TL on F(Q), its partial horizontal Uft [KT 9, p. 14], characterized by 
TT̂ Â  = Xx for w G i'XôX fl"(") = *• Recall further that a G-reduction P of 
F(Q) is given by a section s: M -» F(Q)/G of the projection F(Q)/G -» M 
in the form P s 5*P(g), the pullback of the G-bundle F(Q)-*F(Q)/G 
under $. 

At this point we need to recall Haefliger's cocycle definition of a foliation 
as follows. A codimension q foliation on M is given by an open covering 
U = m}iei a nd submersions/: Ui ^>Rq for i G ƒ, satisfying the following 
properties. For each / , / G I and x G Uf n Uj there is a local diffeomorphism 
y^ of R* such that fj = yjlft on a neighborhood of x. The cocycle condition 
Y*/ " Y# ° ty? guarantees that the local foliations on the Ut defined by the 
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submersions f piece together to a global foliation. If now Rq is equipped with 
a G-structure, and the local diffeomorphisms y£ are local automorphisms of 
this G-structure, then the corresponding foliation on M is a G-foliation. Rq of 
course has a particular canonical flat G-structure. G-foliations defined by a 
Haefliger cocycle with respect to the local automorphisms of this flat G-
structure are integrable. But every G-foliation (integrable or not) can be 
defined by a Haefliger cocycle with respect to the local isomorphisms of some 
G-manifold. 

Such a G-manifold is constructed as follows (Duchamp [D, 2.4]). Let 
F(Rg) -> R* be the GL(q)-framc bundle of Rq and consider the total space 
N(G, Rq) of germs of C°°-sections of the projection F(Rq)/G-*Rq. Then 
N(G9 Rq) is equipped with a canonical G-structure. 

The following characterizations of G-foliations illustrate then the concept 
from various points of view. 

1.8 PROPOSITION [D]. Let $ be a foliation of codimension q on M, G c 
GL(q) a closed subgroup and P a G-reduction of the frame bundle F(Q). The 
following conditions are equivalent. 

(i) The canonical foliated bundle structure on F(Q) arises from a foliated 
bundle structure of P. 

(ii) There is an adapted connection in F(Q) with holonomy group in G. 
(iii) The section s: M-* F(Q)/G maps leaves of *$ onto leaves of the 

quotient f oliation L/G on F(Q)/G. 
(iv) For every vectorfield X on M tangent to *% the flow of the partially 

horizontal lift X on F(Q) leaves P invariant. 
(v) For every x G M there is an open neighborhood U C M, a q-dimensional 

manifold N with a G-structure P and a submersion f: U-> N with connected 
fibers such that the restriction of ^ to U is defined by the fibers off and such 
that P/U = f*P. Moreover, the transition functions yt* for eachjpair f,fj of 
submersions as above are local automorphisms of the G-structure P on N. 

We explain one more important geometric concept. Let L c TM be a 
G-foliation on M, and co the connection form of an adapted connection in the 
bundle of G-frames P. 

1.9 DEFINITION. An adapted connection is basic, if 

0(*)<o = O for a l l* e TL. 

Here X E TL denotes the partially horizontal lift to P of a vectorfield 
X GTL and ®(X) the Lie derivative along X. 

If the foliation is in particular defined by a submersion f: M-* N onto a 
manifold N with G-structure P, than any connection 05 in the bundle P pulls 
back to a basic connection co in P = f*P, which explains the terminology. We 
have however to point out that this terminology is not universally accepted. 
In fact some authors use the adjective basic for the adapted connections in 
the sense of Definition 1.4. Molino's terminology for these connections is 
protectable, which evokes the same associations as basic. 

In terms of the cocycle description, the existence of a basic connection 
means that the defining pseudogroup consists of local automorphisms of a 
G-structure preserving a connection in that G-structure. The basic connection 
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is locally given as the puUback of that connection via the defining 
submersions. Since the transition functions are connection preserving, the 
connection in P is well defined. 

In the examples of §2, we make use of the following calculus for foliations. 
Let (o be a covariant tensor of degree/? on Q. Then the Lie derivative ®(X)a 
for X E TL is given by the formula 

p 
(@(X)o))(sl9 ...,sp) = Xo)(sv . . . , sp) - 2 <*(s\> • • • > Vxsi> --•>%) 

i * i 

(1.10) 

for $„ . . . , sp E TQ and VXS; as in (1.2). For/? = 1 this formula shows that 
in fact 

(0(*)<o)(s) = Xo>(s) - (o(V^) = (V*<o)(*) (1.11) 

i.e. the dual connection V£ in Q* is given by the Lie derivative. The identity 
@(X) - i(X)d + di{X) implies in view of i(X)u = 0 for X E TL also the 
formula 

V$o) = i(X)dü> for a> E TQ*. (1.12) 

We further need in §2 the Lie derivative of a tensor J on Q which is 
contravariant of degree 1, covariant of degree p. It is given for X E TL by 
the formula 

p 
(®(X)J)(sx, ...,sp) =VxJ(sly..., 5 ) - 2 J(s\> • • • » VA:^ . . . , sp) 

i - i 

(1.13) 

where sl9...9spE. TQ. 

2. Examples. 
2.1 RIEMANNIAN FOLIATIONS. Here the group G = 0(q). These are the 

foliations with bundle-like metrics introduced by Reinhart [RE]. The normal 
bundle Q is equipped with a metric g (fiber metric) such that 

®(X)g = 0 for all X E TL. (2.2) 

Here ®(X)g denotes the Lie derivative of g. This condition is by (1.10) 
equivalent to the identity 

Xg(s91) = g(Vxs, t) + g(s, Vxt) (2.3) 

for X ELTL and s, t E TQ. An equivalent definition of a Riemannian 
foliation is the condition that the transition functions in the cocycle definition 
can be chosen as local isometries of a Riemannian manifold. The metric g is 
locally the puUback of the Riemannian metric on the target via the local 
submersions. A Riemannian foliation obviously admits a basic connection, 
namely the local puUbacks of the Riemannian connection on the target via 
the local submersions (Pasternack [P]). If the model manifold is in particular 
R* with its Euclidean metric, the foliation is an integrable Riemannian 
foliation. 

2.4 SL(Ç)-FOLIATIONS. In this case the natural bundle Q is equipped with a 


