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Introduction. G. E. Sacks has remarked that recursion theory is the heart of 

logic, and recursively enumerable sets form the soul of recursion theory. 
Although some might challenge these claims, it is clear that recursively 
enumerable sets have played an important role in logic beginning with the 
first undecidability results of Gödel [Göl], Church [Ch] and Rosser [Rs]. 
Furthermore, the notion of a recursively enumerable set rather than that of a 
recursive (i.e, computable) function has proved to be the fundamental 
concept in attempts to generalize classical recursion theory to more general 
settings, such as admissible ordinals [Sh4], [Le6], or higher types [Sa9]. 

A subset A of <o (the set of nonnegative integers) is recursive (also called 
decidable or computable) if there is an algorithm for determining whether a 
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number is in A, and A is recursively enumerable (r.e.) if there is an algorithm 
for enumerating the members of A. 

Recursively enumerable sets are important because they are the next most 
effective type of set beyond recursive sets and they occur naturally in many 
branches of mathematics. This widespread occurrence of r.e. sets together 
with the existence of nonrecursive r.e. sets has enabled them to play a key 
role in famous results such as Gödel's incompleteness theorem, Hubert's tenth 
problem on Diophantine equations, and the unsolvability of the word prob­
lem for finitely presented groups. 

A set A Q co is Diophantine if there is a polynomial p(x,yl,y2,... 9ym) 
with integral coefficients (positive or negative) such that 

x E A «*(3y,)(3y2) • • • (3ym)[p(x,yl9... ,ym) - 0] . 

Clearly, every Diophantine set is r.e. The remarkable result of Matiyaseviö 
[Mtl], [Mt2] that every r.e. set is Diophantine demonstrates the abundance of 
r.e. sets arising naturally in number theory, and simultaneously yields a 
negative answer to Hubert's tenth problem, namely there is no algorithm to 
determine for a given polynomial Diophantine equation with integral 
coefficients whether it has a solution in the integers. 

For sets A, B Q <o, A is recursive in (also called Turing reducible to) a set 5, 
written A < T B, if there is an algorithm for deciding whether x E A provi­
ded we are given answers to all questions of the form "Is>> E BT\ Sets A and 
B have the same degree (A = r B)if A < r B and B < T A. The equivalence 
class of A under the equivalence relation = r is the degree of A, written dg(.4), 
and &g(A) < dg(2?) iff A <T B.A degree is r.e. if it contains an r.e. set. 

Let S be a set and D a collection of words on the elements of S and their 
inverses. The group G presented by <5; D > is the quotient group of the free 
group on S by the normal closure of the words in D, and G is finitely 
presented if both S and D are finite. The word problem for G is the problem of 
deciding given an arbitrary word w of G whether w * 1 in G. Clearly the set 
AG of such words w is r.e. (under some effective coding of words by integers) 
but Boone [Bol], [Bo2] and Novikov [No] proved that AG is not always 
recursive, and hence the word problem for finitely presented groups is 
unsolvable. Indeed Boone [Bo3] showed that for any r.e. set B there is a 
finitely presented group whose word problem has the same degree as B. Thus, 
all r.e. degrees (if not all r.e. sets) arise as word problems in group theory. 

Instead of considering these applications of r.e. sets for which there are 
already excellent expositions [Da3] and [Mr], we concentrate here on the pure 
theory of r.e. sets as initiated by Post in his epochal 1944 address before this 
Society [Po]. Post stripped away the formalism associated with the develop­
ment of recursive functions in the 1930's and revealed in a clear informal 
style the essential properties of r.e. sets and their application to Gödel's 
incompleteness theorem. Post went on to attempt to classify the r.e. sets and 
their degrees. He raised the question which became known as Post's problem: 
does there exist more than one nonrecursive r.e. degree? The existence of 
infinitely many such degrees was proved much later and implies for example 
that there are infinitely many genuinely different unsolvable word problems 
for finitely presented groups rather than just one. 
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The purpose of this paper is to give a survey of the main ideas and results 
on r.e. sets from Post's time up to the present state of the subject and latest 
research. Sketches of proofs will be given to illustrate important methods, but 
technical details will be kept to a minimum. The paper is intended for one 
who is not an expert in logic or recursive function theory. 

Most of the material will be written in expanded form with complete proofs 
in a forthcoming manuscript [So5]. Excellent introductions to the subject are 
Rogers [Rg2] and Shoenfield [Sf5]. 

We begin in Chapter I with a study of Post's program and the results it 
stimulated which concern the relationship between the structure of an r.e. set 
and its degree. In Chapter II we examine the lattice of r.e. sets, its structure, 
its automorphisms, and the question of decidability of its elementary theory. 
In Chapter III we consider the same question for the r.e. degrees R. 

CHAPTER I. THE RELATION OF THE STRUCTURE 
OF AN R.E. SET TO ITS DEGREE 

1. Post's program and simple sets. (All sets will be subsets of co and all 
functions will be on co.) A partial recursive (p.r.) function (from co to co) is a 
partial function whose graph is r.e. A recursive function is a p.r. function 
which is total, i.e., domain ƒ = co. Since we can effectively list all algorithms 
we can effectively list all r.e. sets { We}efEui and all p.r. functions {<pe}eew ^ u t 

not all total recursive functions since we cannot decide given % and x 
whether <pe(x) is defined. A simultaneous enumeration of the r.e. sets is a 
recursive function ƒ with range {<*, e>: x E We) and We^ = {x: (3t < 
s)[f(0 = <*> £>]}• (Let (x9y) denote the image of the ordered pair (x,y) 
under some effective 1: 1 map from co X co onto co.) 

Notice that the r.e. sets form a distributive lattice & since if A and B are 
r.e. then A u B and A n B are r.e. It is easy to see that a set A is recursive 
(has a recursive characteristic function XA) iff both A and A are r.e. (To 
compute XA (n) simultaneously enumerate A and A until n appears in one of 
them.) Thus the recursive sets form a Boolean algebra <3l consisting precisely 
of the complemented members of &. Now by simultaneously enumerating all 
r.e. sets one can construct the r.e. set K = {e: e E We}9 which must be 
nonrecursive since K ^ We for any e. 

Notice that K is effectively noncomplemented (and therefore effectively 
nonrecursive) in the sense that there is a recursive function ^_(the identity 
function in the case of K) such that We d K implies f(e) E K - We. Such 
r.e. sets were called creative by Post [Po] because their existence together with 
the representation of all r.e. sets in such a fragment of mathematics as 
elementary number theory implies the impossibility of mechanically listing all 
statements true in such a fragment. Post remarks: "The conclusion is 
unescapable that even for such a fixed, well defined body of mathematical 
propositions, mathematical thinking is, and must remain, essentially creative." 

Myhill later proved [Myl] that any two creative sets A and B are recur­
sively isomorphic, namely there is a recursive permutation ƒ of co such that 
f (A) « B. Hence, there is really only one creative set up to recursive 
isomorphism. An r.e. set A is complete (Turing complete) if We <TA for 
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every e. The set K (and hence all creative sets) are complete. Post9s problem 
was to construct a nonrecursive r.e. set A which is incomplete^ namely 
0<TA <T K. Post9S program for constructing A was to find an easily 
definable property of A (compatible with A nonrecursive) which would 
guarantee incompleteness. _ 

Now if C is creative (via say ƒ) then C must contain an infinite r.e. set 
{*„}„(=«• (Let *o -/(*o)> where WXo = 0 , and ak+l « f(xk) where WXk ^ 
(OQ, al9. • . , ak}.) Post's idea for constructing A incomplete was Jo make A 
sufficiently "thin" withjespect to containment of r.e. sets so that I£ could not 
be Turing reduced to A. He defined an r.e. set S to be simple if S is infinite 
but S contains no infinite r.e. sets. As a special case of Turing reducibility 
Post defined A to be m-reducible to_B (A_< m B) if there is a recursive 
function ƒ such that ƒ (A) Q B and f (A) Ç 5. Post constructed a simple set 
and proved that any simple set A is m-incomplete, namely K 4 m A. However, 
Post realized that simple sets could be (Turing) complete and thus he defined 
r.e. sets with even thinner complements called hypersimple (A-simple) and 
hyperhypersimple (AA-simple). 

If xx < x2 < • • • < xk andj> « 2*« + • • • + 2** let Dy denote the finite 
set {*!, x29..., xk}. A sequence {Fn}nBù3 of finite sets is a strong (weak) 
array if there is a recursive function ƒ such that Fn = Z>/(w) (F„ = W/(w)) for all 
n. An array is disjoint if its members are pairwise disjoint. A coinfinite r.e. set 
A is /z-simple (M-simple) if there is no strong (weak) disjoint array {Fn}ne<û 

such that FH n A i-0 for all n. _ 
(The intention is that instead of specifying an infinite r.e. set {an}nSc3 C A, 

we specify an array {Fn)nBu such that each Fn contains some a„ G Âbut we 
cannot tell which x E Fn has this property. In a strong array we can explicitly 
compute max(ir„) and all its members, whereas in a weak array we can merely 
enumerate Fn.) 

Post constructed an /t-simple set //, proved that A A-simple implies K 
4 a A for a certain intermediate "tf-reducibility," but he was unable to 
construct an AA-simple set or to prove that this property guaranteed (Turing) 
incompleteness. 

2. Dominating functions and quotient lattices. More than ten years passed 
with little progress on r.e. sets until two previous mathematical ideas were 
applied with ultimately fertile consequences for S, namely dominating 
functions and maximal elements in quotient lattices of &. The idea of 
dominating functions arose in the classification of A-simple sets. A function ƒ 
dominates a function g if ƒ (n) > g(n) for all but finitely many n (a.e. n). If 
A * OQ < ax < . . . is an infinite set the principal function of A is pA where 
pA(n) * an. A f'unction ƒ dominates an infinite set A if it dominates/?^. Let 
[m, n] be the closed interval {m, m + 1, • • . , it}, (m, n] •* [m + 1 , . . . , h) 
and so on. Let A[n] * A n [0, n], and |>4| denote the cardinality of A. 

THEOREM 2.1 (KUZNECOV, MEDVEDEV, USPENSKIÏ [Md]). An r.e. set A is 
h-simple iff no recursive function dominates A. 

PROOF. <=. Let {Dg{x)}xŒu> be a disjoint strong array such that Dg(jc) n A 
T£0 for all x. Let/(x) * max U {Dg{yy y < *}• 


