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THE ISOPERIMETRIC INEQUALITY

BY ROBERT OSSERMAN!

The circle is uniquely characterized by the property that among all simple
closed plane curves of given length L, the circle of circumference L encloses
maximum area. This property is most succintly expressed in the isoperimetric
inequality

L? > 474, 1)

where A is the area enclosed by a curve C of length L, and where equality
holds if and only if C is a circle.

The purpose of this paper is to recount some of the most interesting of the
many sharpened forms, generalizations, and applications of this inequality,
with emphasis on recent contributions. Earlier work is summarized in the
book of Hadwiger [1]. Other general references, varying from very elementary
to quite technical are Kazarinoff [1], Polya [2, Chapter X], Porter [1], and the
books of Blaschke listed in the bibliography. Most books on convexity also
contain a discussion of the isoperimetric inequality from that perspective.
One aspect of the subject is given by Burago [1]. Others may be found in a
recent paper of the author [4] on Bonnesen inequalities and in the book of
Santalo [4] on integral geometry and geometric probability.

An important note: we shall not go into the area of so-called “isoperimetric
problems”. Those are simply variational problems with constraints, whose
name derives from the fact that inequality (1) corresponds to the first example
of such a problem: maximize the area of a domain under the constraint that
the length of its boundary be fixed. There are also the “isoperimetric
inequalities” of mathematical physics. They are special cases of isoperimetric
problems in which typically some physical quantity, usually represented by
the eigenvalues of a differential equation, is shown to be extremal for a
circular or spherical domain. Extensive discussions of such problems can be
found in the book of Pdlya and Szegd [1] and the review article by Payne [1].
We shall discuss them here only insofar as they relate to the main subject of
this paper.

What we shall concentrate on here is “the” isoperimetric inequality (1) and
other geometric versions and generalizations of it. We shall also consider
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various analytic inequalities closely connected, and in some cases equivalent
to the isoperimetric inequalities, such as Wirtinger’s, Poincaré’s and Sobolev’s
inequalities.

This paper is divided into six sections whose contents in brief are as
follows:

1. The classical case: refinements of (1) for curves in the plane; Wirtinger’s
inequality.

2. Extensions of (1) to domains in R”: variational approach and constant
mean curvature; Minkowski’s theory; integral geometry.

3. Analytic inequalities: Sobolev inequality, Rayleigh quotient, eigenvalues
of the Laplacian, Poincaré inequality.

4. Analogs of (1) for domains on surfaces: Bonnesen inequalities; minimal
surfaces; inequalities depending on Gauss curvature.

5. Variants of (1): other inequalities between L and 4; submanifolds of R”
and Riemannian manifolds; Rayleigh quotient on compact manifolds.

6. Applications: physical problems; conformal and quasi-conformal
mappings; symmetrization; geometry and analysis.

Before starting, a historical note is worth inserting. Many mathematicians
have been attracted to the isoperimetric inequality, either by its intrinsic
geometric interest or with a view to applications, and they have approached it
from a variety of directions. In some cases this has led to parallel lines of
development by different groups of mathematicians, each happily oblivious to
the existence of the others. Although no claim to completeness is made here,
one of our goals is to tie together various threads of this development in an
effort to convey a more comprehensive picture of the current state of the
subject.

This paper has benefited from conversations and correspondence with a
large number of mathematicians. I should like to express my appreciation to
them, as well as to the Guggenheim Foundation for financial support during
its preparation, and to the University of Warwick and Imperial College,
London, who generously provided the use of their facilities.

1. The classical case: curves in the plane. To begin, consider how one might
prove the classical isoperimetric inequality. If C is a simple closed smooth
curve given parametrically, then its arc length L can be expressed as

L=L”\/(%’t-‘)2+(%)2 ar. (L1)

The area 4 enclosed by C can also be expressed as a line integral:

- _ - _ (%, d
A= fcydx- f,,ydz dt, (12)

where the orientation determined by C may be assumed to be the positive one
with respect to its interior. A little experimentation reveals that the usual
integral inequalities go the wrong way, giving an upper bound on L? and one
is forced to the simple artifice of introducing a special parameter in order to
eliminate the square root in the integral (1.1). Any multiple of the parameter s
of arc length will do. The most convenient is ¢ = (27 /L)s. Then
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and

27[ ( dx \2 dy 2 dx
2 _ = “r - oL
L? - 474 277](; [( t) +(dt) + 2y 7 dt

=27rf02”(% +y)2dt+2wf02” (%)z—yz] dr. (13)

The first term on the right is obviously nonnegative, and the result will be
proved if we can show that

f 2"( % )2 > [ 2 ar, (14)

The inequality (1.4) cannot hold for an arbitrary function y (), since it fails
when y(¢) is a nonzero constant. However, one has the following classical
result. (For a history of this result, and a discussion of its usual attribution,
“Wirtinger’s inequality,” see Mitrinovi¢€ [1].)

LemMMA 1.1. If y(¢) is a smooth function with period 2w, and if [¥"y(f) dt = 0,
then (1.4) holds, with equality if and only if y = a cost + b sin ¢.

The easiest proof of this lemma is by using a Fourier expansion of y (7). The
hypothesis guarantees that the constant term is zero, and (1.4) follows
immediately. For another proof, and a reference to this whole discussion, see
the book of Hardy, Littlewood, and Pélya [1, p. 185]. A somewhat different
earlier version is in Lewy [1, p. 41].

In order to apply Wirtinger’s lemma to our case, we need only observe that
the hypothesis 2" (#) dt = 0 can always be satisfied by suitable choice of
coordinates. Specifically, choose the x-axis to pass through the center of
gravity of the curve C. Then both terms on the right of (1.3) are nonnegative,
giving

L? > 474. (1.5)

Equality holds in (1.5) only if both terms on the right of (1.3) vanish, and
using Lemma 1.1, one sees immediately that C must be a circle.

It is interesting to note that this proof does not use anywhere the
assumption that C is simple. The inequality (1.5) holds for an arbitrary
smooth closed curve, where L and A4 are defined by (1.1) and (1.2). In fact,
one has

LeEMMA 1.2. Wirtinger’s inequality (Lemma 1.1) is equivalent to the statement
that the isoperimetric inequality (1.5) holds for every smooth closed curve, with
equality only for a circle, where L and A in (1.5) are defined by (1.1) and (1.2).

PROOF. Let y(#) be a smooth function with period 2, satisfying (27 (¢) dt
= 0. Let x(£) = — f5y(7) dr. Then x(¢ + 27) — x(¢) = = [***"y(¢t) dt = 0, s0
that x(z) has period 27, and the pair (x(¢), y(¢)) defines a smooth closed
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curve. Its length L, by Schwarz’ inequality, satisfies

e V%) (%) 4]

< 2wf02"[( a )2 + (%yt- )2. ar. (16)

Thus, using (1.2) and (1.5) gives

2

27f dx 2 2a[ dy 2
2 _ ax Y _.2
0< L? - 4n4 <2ﬂf0 (dt +y) dt+2wf0 (dt) y2la. (1)
The first term on the right vanishes by the definition of x(¢), and thus (1.7)
reduces to Wirtinger’s inequality (1.4). For equality to hold it must hold in
(1.6) which can only happen if

2 2 2
(%’t_) =(%) +(%) = ¢?, aconstant.

By (1.1), it follows that L = 2#c, and hence ds/dt = L /2. Since the curve
must be a circle, it now follows easily, using (2% (¢) dt = 0, that y(?) is of the
form y = a cos ¢ + b sin ¢. This proves the lemma.

The obvious question is whether the quantity 4 in (1.2) has any geometric
meaning in the case of a curve C with self-intersections. In fact it does. The
complement of C consists of a number of components D,, and with respect to
each domain D,, C has a well-defined winding number #,. Then the
expression (1.2) has the interpretation A = In, A, where A4, is the area (in
the usual sense) of the domain D,. (See Rado [1], or [3, III. 3.88].) Thus, the
proof given above for (1.5) shows that for an arbitrary closed curve one has

L*> 4ﬂ%nkAk, (1.8)

3

and Lemma 1.2 says that this inequality for all curves is equivalent to
Wirtinger’s inequality. An application of (1.8) to a physical problem will be
given in §3.

Actually a much stronger result is true. Namely

L? > 473 |n|A,. (19)
k

Note that for a lemniscate, for example, the right-hand side of (1.8) is zero,
whereas (1.9) gives the sum of the areas inside each loop.

Inequality (1.9) was proved by Rado [2, §4.6). It also appears as a special
case of the isoperimetric inequality given by Federer and Fleming in their
basic paper on normal and integral currents [1, Corollary 6.5 and Remark 6.6
on p. 487]. In fact, the expression T = Zn, D, denotes an integral current,
defined as a linear functional on 2-forms w by

To=Xn|
Dy,






