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PROBLEMS IN HARMONIC ANALYSIS RELATED
TO CURVATURE

BY ELIAS M. STEIN AND STEPHEN WAINGER!

PART I-SURVEY

1. Preface. Our point of departure for this paper is the standard real
variable theorem of Lebesgue on the differentiation of integrals of functions
of several variables. Lebesgue’s theorem asserts that for any locally integrable
function f defined on R"

) 1 _
11_1310 1B(& x)| j;(m) f) & =f(x) ae,

for certain types of n-dimensional sets B(e, x) shrinking to x as e —>0.
(|B(e, x)| is of course the Lebesgue measure of B(e, x).) Some standard
examples of sets B(e, x) are balls with center x and radius ¢, and cubes with
center x and diameter e.

The problem of considering other sets besides balls and cubes for B(e, x)
received much attention in the 1930’s. (See for example Buseman and Feller
[1934].) This subject again seems to be attracting interest.

One of the two main goals of this paper is an exposition of recent
developments in which B(e, x) is replaced by a lower dimensional set.2
Specifically we shall examine two cases:

(i) B(e, x) is replaced by a sphere with center at x and radius e,

(ii) B(e, x) is replaced by a piece of a curve emanating from x.

Thus we ask, does

im [ f(x - &) do(y) = f(x) ae? )
0 Jy|=1

Here do is the rotationally invariant measure on the sphere |y| = 1 having
total mass 1. For continuous f the answer is clearly yes. For discontinuous f it
is not even clear that [ f(x — gy) do(y) is well defined for all small & for
almost every x. In one dimension the answer to 1 is clearly no, even if f is
restricted to lie in the class of bounded functions. No positive results for (1)
are true in any dimension for all locally integrable f; however the answer is
yes if we restrict our attention to f’s which are locally in an appropriate L?
class and n > 3. Specifically, we have Theorem A.
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THEOREM A. If n > 3 and fis locally in L?,p > n/(n — 1),

lim [ f(x - 9)do(y) = f(x) aee.
This is false ifp < n/(n — 1), for any n.

We do not know what happens if n = 2 and p > 2. It is to be understood
that part of the assertion of Theorem A is that the limit above is well defined
for almost every x.

Incidentally, the analogue of Theorem A with the sphere replaced by the
boundary of a cube is false. This should be the first hint to the reader that
curvature will play a decisive role in these matters.

For our second question we let y(¢) be a continuous curve in R” with
v(0) = 0. We ask, does

lim f f(x - y(9) dt=f(x) ae? )

The answer to (2) is yes if y(¢) is a half-line, and this is, in fact, an easy
consequence of the one-dimensional theory. We shall (in Part III) give
examples of C* curves y(¢) such that the answer to (2) is negative even if we
restrict ourselves to the class of bounded functions. Thus to obtain positive
answers to question (2) it is necessary to restrict attention to a subclass of
curves. Again curvature is crucial. We obtain positive results if y has an
appropriate amount of curvature. Let us say that a C* curve y(f) in R" is
well-curved if y(0) = 0 and a segment of the curve containing the origin lies
in the subspace of R” spanned by

EY()

The following result holds:
THEOREM B. Let f be locally in L?,p > 1. Then

lim f f(x —v() dt=f(x) ae.

provided y(t) is well-curved.

b4 j=1’2’3"
t=0

To see the full significance of Theorems A and B, we shall, in §2, review
relevant classical aspects of singular integral theory, differentiation theory,
and especially the relation between them. This will suggest the control of
appropriate maximal functions is the basic underlying analytical problem,
and that there should be singular integral operators related to the curves y(?).
These operators are defined by

! dt
W)= [ fx=v()
(3C is well defined as a principal value integral if f is smooth.)

3 Note that in R? if y has nonvanishing curvature at the origin, it is well-curved. Similarly in
R3, if it has nonvanishing curvature and nonvanishing torsion. Also any real-analytic curve in R”
is well-curved.
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In fact, our subject matter actually arose with the study of JC rather than
differentiation theorems, because results on JC can be thought of as building
blocks for large classes of singular integral operators.

In view of this, our second main goal will be to prove inequalities of the

type
13f, < 40f,, 1<p<co. 3
We shall show

THEOREM C.
N3All, < 40 fl,, 1<p<oo,
provided vy is well-curved.

This assertion is false for arbitrary C* curves.

We shall begin in §2, as we have indicated, with a review of some of the
classical ideas of maximal functions, differentiation theorems, singular
integrals, their relationships and their applications. We shall then try to
indicate the difficulty of carrying over the old methods to the present
problems. Finally we shall try to explain new ideas that enter our analysis;
namely, we show how to exploit the curvature of the curves and spheres
mentioned above-via the Fourier transform-to obtain Theorems A, B, and C
above as well as other related results.

Part II will be more technical and will contain the detailed proofs of the
new results described in the first part. The final part will be a brief
epilogue-where further results will be stated and some problems will be
posed.

We want to take this opportunity to record our great debt to Alexander
Nagel and Nestor Riviere with whom we have worked side-by-side on several
of the results described below. If we have shared some disappointments, we
have also shared the satisfaction of the fruits of this labor.

2. Background. We shall begin by reviewing those parts of the theory of
harmonic analysis which will be directly relevant to us. We focus our
attention on two kinds of basic estimates made in the theory of singular
integrals: L? estimates, and L? estimates. For the former the crucial tool is
the Fourier transform, as is well known; the latter proceeds by using ideas
which have a very different origin, namely covering lemmas leading to the
“maximal functions” of Hardy-Littlewood or differentiation theorems to
control singular integral operators. We shall anticipate one of our main ideas
when we say that, in distinction to what had been done in the past, we shall
use singular integrals, or more precisely variants of Littlewood-Paley
functions to help estimate maximal functions. Thus we shall control maximal
functions at least in part by the use of the Fourier transform, and in effect use
the Fourier transform to prove differentiation theorems.

2.a L? estimates and the Fourier transform. There is, to begin with, the
Plancherel theorem. For f an appropriate function on R”, its Fourier trans-
form f is given by

f®= fR _exp(2mix - §)f(x) dx.
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The mapping f — f extends to a unitary operator on L(R"); thus in particu-
lar,

A1l = 11f1l2- @)

The rather immediate application of Plancherel’s theorem is then as
follows. Consider any operator T of convolution type

T:f— [ K(»)f(x =) &. ©)

In order not to get entangled in technicalities we assume here that the
kernel X is quite general (a tempered distribution) and that T is thus initially
defined for f which belong to the test class & of Schwartz. (5) is the most
general operator (defined on &), which commutes with translations. Now the
condition that T extends to a bounded operator on L*(R™) (to itself) is a very
simple one: Namely K (the Fourier transform of X as a distribution) should
be equivalent to a bounded function. Let us give several examples of this. The
first is the Hilbert transform H on R'. Here K is the principal-value
distribution representing the function K(x) = 1/7x. A simple argument (in
effect, an evaluation of a classical integral) shows that K (£) = i sgn ¢ These
considerations show that the Hilbert transform is bounded on L? (and in fact
unitary). Among the many reasons why the Hilbert transform H is funda-
mental in harmonic analysis on R! we list the following:

(a) H connects the real and imaginary parts of functions on R' which are
boundary restrictions of suitable holomorphic functions in the upper-half
plane. Closely connected with this is the fact that the operator C = (I +
iH)/2 is the orthogonal projection on L%(R') whose range is the restrictions
of 2holcl)morphic: functions (more precisely those belonging to the Hardy space
H*R")).

(b) H is characterized (up to a constant multiple), by very simple structural
properties. H commutes with translations and also with dilations (the
mappings f(x) —= f(tx), t > 0), and anticommutes with the reflection f(x) -
f(—x). These facts are, on the formal level, simple consequences of the
corresponding homogeneity of the kernel 1/(7x) (or the multiplier i sgn £).

To discuss examples for R”, n > 1, we turn to partial differential equations,
and in particular to constant coefficient elliptic differential operators. A
differential operator P(3/3x) = 2, <xa,(3/09x)*, with (3/0x)* =
(@/0x)% -+ - (3/0x,)" a = (ay,...,a,), |a| =a, + + -+ + a, or order k
is said to be elliptic if the part of the characteristic polynomial of degree k,
Z)a|=k9$", vanishes only when § = 0. For these operators using the Fourier
transform one can prove the a priori estimate

(2)d <{lp(2)x
0x 5 ox
for u which are suitably smooth.

This estimate, and others of the same kind, can be used as the starting
point for proving existence and regularity results for elliptic differential

operators with constant coefficients, and then one can prove as a
consequence similar estimates and results for equations with variable

}, o] < &, ©
2







