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1. Introduction. Excitable media are most often modeled by “reaction-
diffusion” equations of the form

du/dt = F(u) + Adu. (L.1)

u(x, ?) is an n vector which defines the state of the system at a given point x at
time ¢. The nonlinear function F describes the “kinetics” of the medium while
the diffusion effects enter via the term AAuw. A is a diagonal matrix with
nonnegative entries and A is the Laplace operator in the appropriate number
of space dimensions, in this paper one or two. In a spatially homogeneous
configuration the state of the system evolves according to

du/dt = F(u). (12)

The features which characterize “excitability” can be described in terms of
this kinetic equation. They are (i) a globally stable equilibrium or rest state,
(i) an “excited” region of the state space which can be reached if a stimulus
is applied to the system which exceeds some threshold level, and (iii) a
refractory region of the state space in which the system will gradually return
to rest, and will not respond to further stimulation unless sufficiently near the
rest state. The behavior of a typical trajectory is summarized in Figure 1.1.
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FIGURE 1.1
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The striking feature of such media is that in a spatially inhomogeneous
situation, where diffusion effects enter, they may settle into nonequilibrium
modes which persist in time. In general these modes exhibit a high degree of
spatial organization. This can be illustrated by considering two well known
examples of “excitable” media, nerve tissue [4] and the Belousov-Zhabotinskii
reagent [8].

In the nerve axon, or “neural transmission line”, one observes that if a
stimulus of sufficient intensity is applied to one end of the line, a pulse of
electrical activity is generated which propagates along the line. Neither the
shape nor the speed of propagation of this pulse seems to depend on the
details of the end stimulus.
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Similar phenomena are associated with the Belousov-Zhabotinskii reaction.
If a thin layer of the initially pink reagent is stimulated with a hot wire at a
single point, a blue wave front is seen to spread outward from the point of
stimulation. If the petri dish containing the reagent is then tilted, the wave is
sheared and spiral wave fronts of blue appear. These spiral fronts rotate at a
frequency which is a characteristic of the medium.
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FIGURE 1.3

Our basic problem is to understand how the dynamical and diffusive terms
interact to produce persistent, nonequilibrium solutions.

In §2 we shall consider a “discrete” model of an excitable system. Versions
of this model have been considered by others (e.g. [6], [7]), usually in the
context of cardiac irregularities. The “kinetics” of this model are based on the
schematic of Figure 1.1 The underlying medium where the “reaction” takes
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place is taken to be an array of square cells which interface with one another
along horizontal or vertical boundaries. The model is mathematically trac-
table because of the simple mechanism which allows cells with a common
boundary to communicate with one another. For this model a detailed
analysis of the interaction of the kinetic and diffusive terms is possible. It is
relatively easy to see how nonequilibrium solutions are established and
maintain themselves. This model supports a wide variety of such solutions in
both one and two space dimensions.

In §3 we turn to the original system (1) when the state space is R% In
particular we consider

€du/0t = F(u,v) + e?Au and dv/dt = G(u,v) + e2Ado  (1.3)

where 0 < ¢ < 1 and A, F, and G are independent of the small parameter &.
The equations describing nerve axon and the Belousov-Zhabotinskii reagent
are of the form (1.3). We first give a brief analysis of the spatially homo-
geneous version of these equations:

edu/dt = F(u,v) and dv/dt = G(u,v). (14)

We restrict our attention to smooth functions F and G satisfying hypotheses
consistent with (i)(iii). Then, we turn to the full system (1.3). An integration
scheme for these equations which exploits the hypothesis 0 < e <1 is
presented. We are able to show that these approximating equations support
persistent nonequilibrium solutions of the desired type.

Strictly speaking, the approximating equations are just a more refined
discrete model of an excitable medium. The reason for this is we do not have
error estimates linking solutions of these equations to solutions of (1.3).
Nevertheless, we feel that the scalings employed to derive these appro-
Ximations are physically reasonable. These approximating equations are simi-
lar in structure to the discrete model considered in §2.

2. Discrete models.

2.1 Spatially homogeneous processes. We begin with the spatially homo-
geneous case. The state of the system at time ¢ will be described by a scalar or
phase u = u’. Both ¢ and u are discrete. u takes values from a fixed set

5={0,1,2,...,e,e+1l,e+2,...,e+r)

of nonnegative integers and 7 =0,1,2,.... Elements of the subset
{1,2,..., e} will be identified as the “excited” states, elements of the subset
{e+1,e+2,...,e+ r}as the “refractory” states, and the singleton {0} as
the “rest” or “equilibrium” state. We shall assume throughout that r > e.
This property models the observation that the refractory phase is of longer
duration than the excited phase for real excitable media. The dynamics of the
model are specified by the rule

u'tl = &(u'), 2.1

where
6(ky=k+1, 1<k<e+r—-1 and &(e+r)=565(0)=0. (22)
For any initial condition, after at most e + r time steps, u will arrive and
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subsequently remain at zero. The state of rest is a globally stable equilibrium
point for this model.

2.2 Spatially inhomogeneous process. We now augment this model to
account for the presence of spatial inhomogeneities. We consider a two
dimensional setting and partition the plane into square cells. The (i, j)th cell,
C,» is that unit square whose lower left-hand corner has the integer coor-
dinates (i, ).

ili

i
FIGURE 2.1

Let u € S denote the state of the cell G, at time ¢. Then, the state of C,; at
time ¢ + 1, u/!, is given by

H.l ( ) + GD(uu’ -1, uu,; p u|+|,,s u.'.+|) (2.3)

&(-) is the reaction term defined in (2.2) and D(:; -, *,, -) the diffusion
term which defines how the four adjacent cells C, |i — ¥'| + |j —Jj| =1,
affect the cell C;; from one instant to the next. We take

1, fu=0and1< v <e
D(u; v), 0y 03, V) = forsomei = 1,2, 3,0r4, (24)
0, otherwise.

The diffusion mechanism together with the evolution equation implies that if
C,; is not at rest, then it evolves according to its local dynamics, while if it is
at rest it becomes excited at the next instant if and only if at least one of the
cells adjacent to it is excited.

This model, while very simple, exhibits a surprising variety of persistent
nonequilibrium solutions. It is not new. Several authors did computer studies
of its behavior in the context of studies of cardiac irregularities. In two
preceding papers ([2] for e =r =1 and [3] for e + r > 3) it has been
analyzed reasonably thoroughly. Here we summarize the main results of this
earlier work and give examples of some of the more interesting persistent
nonequilibrium solutions.

2.3 One dimensional solutions. One dimensional solutions of (2.3) and (2.4)
evolve according to the rule

wt = 6(u) + D (us ulsr i) (2.5)
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where

A 1, fu=0andl<y<e
D (u; vy, v)) = fori=1o0r2, (2.6)
0, otherwise.
These equations are obtained from (2.3) and (2.4) by looking for solutions
which are independent of the indices i or j.
The simplest initial-value problem is that generated by point-stimulation
data. We seek a solution of (2.5) satisfying the initial-condition

W0 = { 1, k=0,
k 0, otherwise.

The solution is given by

w,=U(+1-Ik|) t>0, 2.7
where
, , 0<j<e+r
uy)=1{7, ’ 2.8
V) {O, otherwise. (28)

The profile, U(), is a “steady” solution of (2.5), that is, it satisfies
UD=8(UG-D)+DUG-1UG -2, U() @3y
and also the start up condition
U()=0 forj<0 and U(l)=1

A graph of the solution for £ > 0 is shown in Figure 2.2.
This solution has the form of two outgoing waves, moving in opposite
directions from the point of initial stimulation. Observe that for each k,
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lim,_, .« = 0, but this decay is not uniform in k.
On the other hand, some “nontrivial” initial data will decay uniformly. For
example, choose an integer N > 0 and let

W0 = { |k|=N, ifN<k|<N+e+r,

%
0, otherwise.

This generates two incoming waves, starting from k = = (N + 1). When the

waves “collide”, they are both destroyed, and uf =0 forallkift > N + e +

r+ 1.

In order to decide whether or not an initial pattern generates waves which
die out uniformly, it is convenient to identify the state space & =
{0,1,...,e,e+1,..., e+ r} with points on the unit circle in the complex
plane, letting

S={z=exp(e—_::2—:ﬂ_€|_—l),k=0,l,...,e+r}. 2.10)

Given points m and n in &, we define the distance between m and n,
d(m, n), by

d(m,n) =min[|m — n|,e+r+1—|m—n|]. (2.11)
It is easily checked that d(m, n) is also given by

2.9)

etr+l length of the shortest arc on |z|=1 @11
dimn)=———1|... . i2mm . i2mn . A1)
2z Jommgm=exp(e+r+l)wn exp(————e+r+l)

For convenience we assume that the initial data have finite support (40 = 0
if |k| is sufficiently large) and satisfy the “continuity” condition

d(up, up_,) < e forallk. (2.12)

It is then not hard to show that for each t=0,1,2,..., there is an
M = M (?) such that 4 = 0 if |k| > M, and also that d (u, u{_,) < e for all
t > 0 and all k. We then define, for each ¢, a winding number W (u"), as the
number of times the states # = exp(i2mu; /(e + r + 1)) wind around the
circle |[z| =1 as k goes from —M to M. An analytical formula for the
winding number is given by

1 M(s)

n = [ .
W (u') Py k=_2M(')o(uk, u{_y) (2.13)
where
d(m, n), if the shortest arc joining i = exp( e—:—?:—m_‘_—l- )
. i27n P .
o(m, ) = ton= exp( Py ) is oriented counter
clockwise or if 1 and 7i are diametrically
opposite each other,?
L —d(m, n), otherwise. (2.19)

2Note that e < r and (2.12) together prevent the diametrically opposite case from occurring in
the flows % under consideration.






