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I. Introduction. Finite simple groups. The title of my talk described a
problem in which I have been interested for a very long time:

Given a prime number p. We wish to find the relations between the properties
of the p-blocks of characters of a finite group G and structural properties of G.

Only the case is of interest that G is p-singular, i.e., that the order g = |G|
is divisible by p.

The problem of finding all simple finite groups is still unsolved. During the
last few years, very significant progress has been made by John Thompson,
Daniel Gorenstein, John Walter, Helmut Bender, Michael Aschbacher, and
others. It seems that most group theorists feel that it is only a matter of time
until all finite simple groups will be classified. Jonathan Alperin wrote to me
recently:

“It is a good guess that within five years everything should be pretty clear.
But how long it will take to clean up and correct all the papers-and they do
need that-is anybody’s guess.”

I may add that there may be some doubt about the exact meaning of a
classification of the finite simple groups. We shall come back to this point in
more detail below. While in our problem, we are concerned with arbitrary
finite groups, not only simple finite groups, there cannot be any doubt about
the importance of the recent developments for our problem.

Our notation will be more or less standard. By a group, we shall usually
mean a finite group without mentioning this explicitly. By a character x of a
group G, we shall always mean a complex character. The set of irreducible
characters of G will be denoted by Char(G). The symbol CI(G) will be used
for the set of conjugacy classes of G. Since characters x are constant on each
K € CI(G), it suffices to know the value of x for a class representative
ox € K. We then have the character matrix X;; of G,

Xs = (x(ox))  (x € Char(G), K € CI(G)). (L1)

The rows here are indexed by the x € Char(G) and the columns are indexed
by the K € CI(G). Since Char(G) and CI(G) both consist of the same
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number k(G) of elements, X; is a square matrix of degree k(G); the number
k(G) is the class number of G.

We conclude this introductory section with a discussion of the terminology
used in connection with the simple groups. We distinguish the following cases

1. The simple groups G of prime order p. Since they are of little interest, we
shall usually exclude them without mentioning this explicitly. In other words,
we shall restrict our attention to the nonsolvable simple groups.

2. The alternating permutation groups A,, n > 5. These are the groups of
particular interest in Galois theory since 4,, is the Galois group of the general
algebraic equation of degree n and the nonsolvability of 4, is equivalent with
the fact that the equation cannot be solved by radicals. It was already known
to Galois that a nonsolvable group of order at most 60 was isomorphic to 4.

3. The Chevalley groups (simple groups of Lie type). These are the groups
described in the celebrated paper [25] of Claude Chevalley. We find it
convenient to include their twisted analogues discovered by Robert Steinberg,
Jacques Tits, Michio Suzuki, and Rimhak Ree. Among the simple groups of
Lie type, we have the classical groups, i.e., the linear, symplectic, orthogonal
and unitary simple groups. The first cases of classical groups were already
discussed by Galois. A more systematic study was made by C. Jordan [F]
and by L. E. Dickson [A], [29], and [30].

4. Sporadic groups. It has been known for more than a hundred years that
there exist simple groups, not of the types discussed so far. It has become
customary to refer to these additional simple groups as “sporadic groups”.

The first five sporadic groups, the Mathieu groups, were described by E.
Mathieu in 1861 and 1873. The next sporadic group was discovered by
Zwonimir Janko in 1965, after a gap of almost one hundred years. Today,
twenty-four sporadic groups are known, and it seems probable that there are
at least two more such groups. On the other hand, it is quite possible that
there are infinitely many (nonisomorphic) sporadic groups.

The crux of the matter then is the question:

“Are there finitely many or infinitely many sporadic groups?”

The optimists among us will be inclined to accept the first alternative. If
they succeed in finding an upper bound for the order of sporadic groups, then
the whole problem can be handled by a computer, though the costs of the
project may very well be prohibitive. If they succeed only in establishing an
upper bound for the number of sporadic groups, but not for their order, there
is still a possibility that a kind of inductive procedure will be able to solve the
problem.

We have already indicated that if the pessimists are right and there are
infinitely many sporadic groups, this in itself need not be a disaster. After all,
there are infinitely many simple groups of Lie type, but we have an excellent
classification. On the other hand, it is quite possible that we have an infinite
sequence {G,} with the orders |G,| strictly increasing and that infinitely
often, entirely new types of groups occur in our sequence (or, as some people

21t is interesting to note that Jordan in the introduction of his fundamental book [F] refers to
the book as a “commentary” on the work of Galois. Historians of mathematics have remarked
that this is one of the most modest statements ever made by a mathematician.
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say, new monsters appear). Then, indeed, it may become necessary to state
more clearly what we mean by a classification of the simple groups. It is not
even impossible that no classification exists.

I have to confess that I find the uncertainty delightful. If it should be
shown, say in ten years, that the 26 sporadic groups mentioned above are all
there is, the theory of simple groups would lose much of its interest. It would
still require a lot of work such as the question of finding better and shorter
proofs, but the real excitement would be gone.

IL. Centralizers of elements of prime order. Suppose that G is a simple
group, not of prime order. A celebrated therem of Feit and Thompson [33]
states that |G| = g is even. Hence G contains elements z of order 2 or, as we
say, involutions z.

Now, I have shown in [7] that

£ <(|%()] +2)’% @.1)

the proof is quite elementary. It follows that there exists only a finite number
of (nonisomorphic) simple groups G in which the centralizer of an involution
is isomorphic to a given group H. Actually, it was this fact which formed the
starting point of the recent developments. We may also mention that, for
many particular choices of H, the problem of finding the simple groups
satisfying the condition has been solved. For an example of such a case, we
may refer to [47] in which Z. Janko constructed the first sporadic group J
which was not a Mathieu group.

As a first application of block theory, the following result can be proved,
cf. [9V, (6D)].

THEOREM (2A). Let G be an arbitrary group of even order g. Let P be a
Sylow 2-group of G and let ¢ > 0 be a real number. Then there exists an
involution z in the center Z(S) of S such that

|G: 0 (6)] <[2(1 + &)ISP|2a(2)"* 1. (22)

Here, O,(G) is the core of G, i.e., the unique maximal normal subgroup of G of
odd order.

Involutions in the center of a Sylow 2-group of G are often termed central
involutions of G. The following remark is obvious since |S| < |<s(2)].

COROLLARY (2B). The right side of (2.2) is at most equal to
7
[2(1 + 9)|2a(2) "]

The Theorem (2A) shows that we have inequalities such as (2.1) not only
for simple groups G but for all finite groups G which do not have a normal
subgroup of odd order larger than 1. The upper bound in (2.2) may or may
not be smaller than that in (2.1). No direct proof of (2A) avoiding block
theory is known.

Already in [7], it was remarked that no result of the type of (2.1) was
known in which elements of odd prime order p figured instead of involutions.






