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I. SIMPLE GROUPS AND LOCAL ANALYSIS 
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Dedication 

In memory of Richard Brauer, for his pioneering studies of 
finite simple groups. 

It is indeed unfortunate that Richard Brauer did not live to see the 
complete classification of the finite simple groups. He had devoted the past 
thirty years largely to their study and it is difficult to overestimate the impact 
he made on the subject. Early on, he realized the intimate relationship 
between the structure of a group and the centralizers of its involutions 
(elements of order 2). He established both qualitative and quantitative 
connections. As an example of the first, he showed by an elementary 
argument that there are at most a finite number of simple groups with a 
specified centralizer of an involution [30]; and of the second, he proved that if 
the centralizer of an involution in a simple group G is isomorphic to the 
general linear group GL(2, q) over the finite field with q elements, q odd, then 
either G is isomorphic to the three-dimensional projective special linear group 
L3(q),2 or else q = 3 and G is isomorphic to the smallest Mathieu group Mn 

of order 8 • 9 • 10 • 11 [27], [28]. This last result, which Brauer announced in 
his address at the International Congress of Mathematicians in Amsterdam in 
1954, represented the starting point for the classification of simple groups in 
terms of the structure of the centralizers of their involutions. Moreover, it 
foreshadowed the basic fact that conclusions of general classification 
theorems would necessarily include sporadic simple groups as exceptional 
cases (Mn being the sporadic group of least order). 

The methods which Brauer used were almost entirely representation-
theoretic and character-theoretic. In the middle 1930s he introduced and 
developed the concept of modular characters of a finite group. He soon 
realized the power of these ideas, which played an instrumental role in his 
proof of the Artin conjecture on Ê-series in algebraic number fields. Likewise 
he saw that these techniques provided a powerful tool for investigating simple 
groups. From the middle 1940s until his death, Brauer systematically devel-
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oped the general theory of modular characters and blocks of characters, which 
he subsequently applied to a variety of classification questions. For me at 
least, the culmination of these applications occurred in a joint paper with 
Brauer, and J. L. Alperin [3], [4] in which we determined all simple groups 
with quasi-dihedral3 or wreathed4 Sylow 2-subgroups (the answer being L3(q\ 
q odd, U3(q)9 q odd (U3(q) = PSU(3,q)9 denoting the three-dimensional 
projective special unitary group over the field GF(q)) or Mn). In the 
character-theoretic portions of the argument, about 100 pages in length, 
Brauer gives an unmatched virtuoso performance, bringing to bear all the 
insights about blocks of characters which he had developed over the years. 

Brauer's article in this journal, based on a lecture at the University of 
Connecticut in the fall of 1976, gives a clear picture of the kind of questions 
about finite groups which continually fascinated him. The field has grown 
enormously from the 1940s, when Brauer was a lone figure studying simple 
groups, to the present time, when there are perhaps as many as 300 
mathematicians scattered about the world investigating some aspect of them. 
But long after the simple groups are completely classified, the questions 
Brauer has raised about their representations and characters will continue to 
provide a strong stimulus for research in finite group theory. 
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CHAPTER I. INTRODUCTION 

1. From character theory to local analysis. Brauer's character-theoretic 
techniques turned out to be ideally suited for investigating "small" simple 
groups:5 linear groups of low dimension, alternating groups of low degree, 
groups with very restricted Sylow 2-subgroups (e.g., quaternion,6 dihedral, 
quasi-dihedral, wreathed, abelian, etc.). This was very fortuitous, since at the 
outset of the study of simple groups, it was obviously most natural to focus 
on the smallest ones. Moreover, these methods were so effective that in the 
early years there was a strong conviction that character theory would remain 
a principal tool-if not the primary one-for analyzing simple groups. 

However, even in treating small simple groups, the method had a serious 
drawback: to use it to determine the structure of a group G, one required 
very precise hypotheses on at least one subgroup H of G (e.g., the centralizer 
of an involution). When such conditions prevailed, it was possible to relate 
the characters and modular characters of H with those of G and use this 
connection to obtain information about G. This was the thrust of the Brauer 
methods. 

The difficulty occurs if one asks a broad enough question, for then one 
cannot assert a priori that any critical subgroup H of G has a very restricted 
structure. Let us consider, for example, the problem of determining all simple 
groups G of order paqbrc, p, q, r primes with p < q < r, which Brauer 
discusses briefly in his article. (In view of the classical Burnside result that all 
groups of orderpaqb are solvable, this is a problem of natural interest.) There 
are eight known simple groups having orders of this form:7 A5, A6, L2(7), 
L2(8), L2(17), L3(3), £/3(3), and f/4(2), each of which can certainly be 
considered to be a "small" group (the largest order is, in fact, 25,920). 

For brevity, we call these eight groups Kygroups and call an arbitrary 
group of order paq brc a three prime-group. 

Two special situations exist in which character theory can be used to 
determine the structure of a simple three prime-group G: 

(a) The centralizer of an involution of G is isomorphic to (or at least 
"closely resembles") that of a ^-group; 

(b) The largest prime r dividing the order of G occurs only to the first 
power (or more generally, G has cyclic Sylow r-subgroups). 

If (a) holds, one takes H to be the centralizer of an involution of G and 
investigates the modular characters of H and G for the prime 2; while if (b) 
holds, one takes H to be the normalizer in G of a Sylow r-subgroup and 
investigates the modular characters of H and G for the prime r. 

5The term simple group always refers to a nonabelian simple group. 
6A 2-group S is (generalized) quaternion or dihedral, respectively, if S is generated by elements 

x, y subject to the relations x~ xyx = y ~l and correspondingly x4 = y2" = 1, x2 = y2"~ , n > 2, 
or x2 = y2" — 1, n > 1. 

7 Here A„ is the alternating group of degree n and Un(q) = P5C/(w, q) = 
SU(n, q)/(mod scalars) is the projective special unitary group over GF(q). (See Chapter II for 
the definition of SU(n, q).) 
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We can view conditions (a) and (b) as saying that G "resembles" one of the 
^-groups. Thus character theory enables one to prove the following 
assertion: 

If a simple three prime-group resembles a AT3-group, then, up to 
isomorphism, G is a A^-group. 

But why should an arbitrary such simple group G resemble a J^-group? 
Why cannot the centralizer of any of its involutions have arbitrarily high 
order or its Sylow r-subgroup have arbitrarily complex structure? Clearly 
unless one can establish such a resemblance, there is no hope of proving the 
natural conjecture that every simple three prime-group is a AT3-group. 
Unfortunately character theory does not seem effective for attacking this 
problem. 

However, general methods do exist now for treating such problems. They 
originate in the monumental paper of Feit and Thompson which proved that 
all groups of odd order are solvable [57]. It is in this paper that what has 
come to be called local group-theoretic analysis reached full development. 
(Intimations appear in Thompson's doctoral thesis, in which he proved the 
well-known Frobenius conjecture that a finite group which admits an 
automorphism of prime period leaving only the identity fixed is necessarily 
nilpotent [197].) 

It is immediate that if G is a counterexample of least order to the 
solvability of groups of odd order, then G must be simple and each of its 
proper subgroups is solvable. To establish the theorem, a contradiction must 
be derived from these conditions. Suzuki made the first significant 
breakthrough in the problem, treating the special case in which the centralizer 
of every nonidentity element of G is abelian [187]. Under this assumption, it 
is very easy to determine the structure and embedding of every maximal 
subgroup M of G: 

(1) M = A K, where K is an abelian normal subgroup of M9 A is cyclic, 
A =£ 1, and every nontrivial element of A induces by conjugation an 
automorphism of K leaving only the identity fixed (M is an example of a 
Frobenius group with kernel K and complement A); 

(2) K has order relatively prime to its index in G (one says that K is a Hall 
7r-subgroup of G for some set of primes TT); and 

(3) if g G G, then g~ lKg n K = 1 or K (K is said to be a trivial intersection 
set (T. I. set) in G). 

Under these very restricted conditions, the theory of so-called exceptional 
characters, developed by Brauer and Suzuki (cf. [84, §4.5]), enables one to 
relate certain characters of M with those of G. This connection applies to 
every maximal subgroup of G. Choosing representatives M,, Af2,..., Mn f or 
the conjugacy classes of maximal subgroups and applying the procedure for 
each /, 1 < / < ft, Suzuki was able to obtain information about all the 
characters of G. At this point he was able to derive a contradiction by a 
delicate arithmetical analysis of the character values on the elements of G. 

In a subsequent paper [55], Feit, M. Hall, and Thompson extended Suzuki's 
argument to the case in which it is assumed only that the centralizer of every 
nonidentity element of G is nilpotent. They again showed that the maximal 
subgroups of G are Frobenius groups whose kernels are Hall 7r-subgroups and 


