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1. Introduction. In the past several years there have been some remarkable 
links forged between two rather distinct areas of research, namely complex 
manifold theory on the one hand, and mathematical physics on the other. 
Complex manifold theory has its roots in the theory of Riemann surfaces and 
in algebraic geometry, and has seen significant progress in this century based 
on the introduction of ideas from algebraic topology, differential geometry, 
partial differential equations, etc. Mathematical physics has been involved in 
this century in the developments of relativity theory, quantum mechanics, 
quantum electrodynamics, and quantum field theory, to mention some major 
developments. Most of these disciplines are formulated in forms of field 
equations, i.e. partial differential equations whose solutions (under some 
boundary conditions) represent physical or measurable quantities. The link 
mentioned above between complex manifold theory and mathematical 
physics is that in many cases, the solutions of a given field equation can be 
represented entirely in terms of complex manifolds, holomorphic vector 
bundles, or cohomology classes on open complex manifolds with coefficients 
in certain holomorphic vector bundles. In simplistic terms the field equations 
can be reduced to the Cauchy-Riemann equations by making suitable 
changes in the geometric background space. 

The purpose of this paper is to survey some of these interactions which 
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have been under intense investigation during the past several years. 
In §2 we give a survey of some of the principal interactions of complex 

manifold theory and mathematical physics that we are familiar with. In the 
remainder of the paper, we pick on one of the themes mentioned in §2 and 
develop it in more detail. Namely, we study the representation of the solution 
of Maxwell's equations (and more generally, but with no more work, the 
zero-rest-mass field equations) in terms of cohomology classes on certain 
open subsets of P3(C) with coefficients in certain holomorphic line bundles. 

In §3 we review the geometry of Minkowski space. In §4 we introduce the 
Penrose correspondence between the space of twistors and Minkowski space. 
This is the "change in background space" referred to above, in which points 
in space-time become complex projective lines in P3 (= projective twistors), 
and points in a specific real hypersurface in P3 become null lines or light rays 
in Minkowski space. The geometry of twistor space is very important, and it 
is studied in some detail in §§4 and 5. In §6 we introduce the language of 
spinors, which enables us to write down certain equations of mathematical 
physics in a compact form, and this is carried out in §7. In §8 we survey 
briefly the basic concepts of holomorphic vector bundles and cohomology on 
complex manifolds. §9 is devoted to showing how certain cohomology classes, 
via the Penrose correspondence, yield solutions of these zero-rest-mass field 
equations (including Maxwell's equations). In §10 we present briefly an 
account of why the zero-rest-mass field equations arise naturally from the 
Penrose correspondence. 

I would like to express my gratitude to Roger Penrose, whose lectures at 
Pittsburgh in the summer of 1976 inspired me to learn more about this 
subject, for his hospitality and long discussions at Oxford University, and for 
commenting on the first draft of this paper. Also, I'd like to thank P. 
Dolbeault, P. Lelong, and P. Malliavin for their invitation to lecture at the 
University of Paris VI, where these notes were first written. Finally, I'd like to 
thank Isadore Singer and Richard Ward who gave me helpful comments on 
my first draft; in particular Singer suggested to me that the zero-rest-mass 
field equations should be a consequence of the "integral geometry" of the 
Penrose correspondence, which I have described briefly in §10. 

2. The interaction of complex manifold theory with mathematical physics: A 
summary. We want to give a brief survey of some of the recent interactions 
between certain areas of mathematical physics and the general theory of 
complex manifolds. This includes, in particular, the relativistic wave equa­
tions for particles of zero-rest-mass and Einstein's equations of general 
relativity. Most of the interactions depend on a correspondence between P3(C) 
and a complexification of compactified Minkowski space due to Roger 
Penrose. This correspondence has the property of transferring problems in 
mathematical physics in Minkowski space into problems of several complex 
variables on (subsets of) P3(Q. There are various levels of interactions and we 
will give a somewhat historical survey. 

The topics in physics we will attempt to describe in terms of holomorphic 
objects include: 

(1) Minkowski space M0 = {R4 equipped with a flat Lorentz metric of 
signature (4-, - , - , - ) } (§3). 
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(2) Solutions of Maxwell's equations in M0 (§7). 
(3) Solutions of the Zero-Rest-Mass Field Equations of spin s in M0: 
s = \ : Dirac-Weyl equation of a neutrino, 
5 = 1 : Maxwell's equations, 
s = 2: Linearized Einstein's gravitational equations corresponding to 

"weak gravitational fields" (see §7). 
(4) Solutions of Einstein's gravitational field equations for curved space-

time. 
(5) Solutions of the Yang-Mills field equations for arbitrary gauge groups. 
The first three topics are discussed in further detail in later sections of the 

paper. The latter two topics are discussed briefly in this introduction. 
All of these equations can be described in various explicit forms using 

certain notations which the mathematical physicists have developed over the 
years, including special coordinate systems, tensors, van der Waerden's 2-
spinor notation, some of which will be developed later in this paper. In this 
section we will suppress the notation of mathematical physics and discuss the 
physical fields of interest in general terms to get an idea of what kind of 
holomorphic objects are useful in their representations. 

A. TWISTOR GEOMETRY. This is the basis for the applications of complex 
manifold theory for mathematical physics. Briefly, 

T = {twistors} = {C4 with an Hermitian form $ of signature (+ H )}. 

Let 

T + = { Z G T : $ ( Z ) > 0}-positivetwistors, 

T° = {Z E T: $ ( Z ) = 0}-null twistors, 

T" = { Z G T : $ ( Z ) < O}-negative twistors. 

By going to the projective space we have the corresponding portions of 
projectivized twistor space P(T) = P3(C) and P3", P3, and P "̂ (having homo­
geneous coordinates in T+ , T°, T~ respectively). We let N = P3, and we see 
that N is a real 5-dimensional hypersurface in P(T) which divides P(T) into 
the two complex-analytically equivalent parts, P3" and P^~. P3" and P^ are in 
particular not Stein manifolds, and admit no nonconstant holomorphic 
functions. The complex manifolds P^, P "̂ and their common topological 
boundary N, which is a real-analytic hypersurface (with Levi form having two 
eigenvalues of opposite sign), is where the holomorphic objects of interest will 
have their domain of definition. The space of twistors is a representation 
space for SU(2, 2) which is a 4-1 covering of the conformai group acting on 
(compactified) Minkowski space which will be discussed in §3. This is 
analogous to spinors which are a representation space for SX(2, Q, a 2-1 
covering of the Lorentz group. The conformai group contains the Lorentz 
group as a proper subgroup (cf. §3), so twistors are generalizations of spinors. 
The field equations of particles which move at the speed of light (zero-rest-
mass), are conformally invariant, and thus amenable to study in terms of 
twistors (neutrinos, photons, etc.). Particles with nonzero rest mass have also 
been studied recently in terms of twistors, but that is less well understood 
(Hughston [13], Penrose [23]). 
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Let M be compactified Minkowski space, which is a compact 4-
dimensional Lorentzian manifold (= Sl X S3) which has an open dense 
subset conformally equivalent to flat Minkowski space M0 (cf. Kuiper [13], 
Penrose [17]). Heuristically, M = M0 u {light cone at oo}. It can be explicitly 
realized as a quadric in P5(R), where the conformai group is induced by 
projective transformations. 

There is a Penrose correspondence between M and N c P(T) of the form 

{complex lines in N } <-> {points in Af}, 
correspondence 

{points in AT} «* {null lines in Af}. 
correspondence 

Null lines are curves whose tangent vectors are null with respect to the 
Minkowski metric, and it's clear that the set of null lines depends only on the 
conformai structure of M, not on any specific choice of metric. These are the 
paths of motion of zero-rest-mass particles. More generally we can introduce 
a complex manifold Mc of 4 complex dimensions which is a complexification 
of M so that the correspondence above extends: 

{complex lines in P(T)} 

Î 
{complex lines in N } 

«* Mc 

Î 
<-> M 

and Mc turns out to be nothing other than the Grassmanian manifold of 
2-dimensional complex planes in C4, G2A(C), which is clearly equivalent to the 
set of all complex lines in P3(C). This correspondence was developed with 
many applications in [17]-[23]. It will be studied in more detail in §4. 

B. ROBINSON-KERR THEOREM. Consider a null solution of the homogeneous 
Maxwell's equation in A/0, i.e. a 2-form F on M0 satisfying: 

(l)dF=d*F = 0 (Maxwell), 
(2) | |F|| = ||*F|| = 0 (nullity), 

where * is the Hodge duality operator and d* is the adjoint of d with respect 
to the Lorentz metric on Af0. These are a special type of "symmetrie" 
solutions to Maxwell's equation where the electric and magnetic fields have 
equal intensities and are orthogonal. Robinson [26] showed that there is a 
correspondence between (local) null solutions of Maxwell's equations and 
shear-free null congruences (= shear-free null 1-dimensional foliations). Here 
shear-free corresponds to a first order differential equation satisfied by the 
vector field generating the congruence (or foliation). 

circle ^ ^ ^ ^ circle 

twisting, but shear-free flow lines 

FIGURE 2.1 
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This corresponds to the usual notion of "shear" in classical continuum 
mechanics. For our purposes here we won't make that notion precise, but the 
flow lines correspond to the flow of electromagnetic radiation, and it cannot 
flow in an arbitrary manner, but is restricted by the shear-free condition. 
Now any null congruence is locally a 3-dimensional family of light rays (null 
lines), so by the Penrose correspondence in §2A we see that this corresponds 
to a 3-dimensional set of points in N C P(T). Let the congruence be denoted 
by C, and let the corresponding parametrizing submanifold in N be denoted 
by C, then we have the Kerr theorem: If the congruence is real-analytic, then 

C is shear free <=» C = N n Fc , 

where Vc is a locally defined complex-analytic submanifold of 2-complex 
dimensions. 

This is developed in Penrose [17], and there is a new proof in [9]. 

C {null solution of Maxwell's equations} 

FIGURE 2.2 

This was the first time complex analysis objects (the complex submanifold 
Vc) entered into the study of field equations in the twistor context and was 
the motivation for most of the later work. This result has been generalized by 
R. Penrose and D. Lerner (cf. [14]), who noted that if C were only of class C1 

then C is maximally complex in P3 (i.e. in this case, its holomorphic tangent 
space at each point has complex dimension 1). There are still many unresol­
ved global questions concerning this result, in particular, its relationship to 
the recent work of Harvey-Lawson [10]. 

C. CONTOUR INTEGRALS. The Robinson-Kerr Theorem was generalized by 
Penrose's contour integral representation of solutions of Maxwell's equations, 
which no longer had to be null. Let (zv z2, z3) be local coordinates in P(T) 


