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I. The central result. The grandfather of it all is the celebrated 1961
theorem of Bishop and Phelps (see [7], [8]) that the set of continuous linear
functionals on a Banach space E which attain their maximum on a prescribed
closed convex bounded subset X C E is norm-dense in E*. The crux of the
proof lies in introducing a certain convex cone in E, associating with it a
partial ordering, and applying to the latter a transfinite induction argument
(Zorn’s lemma). This argument was later used in different settings by
Brendsted and Rockafellar (see [9]) and by F. Browder (see [11]). The various
situations can be adequately summarized in a diagram:

This paper surveys my 1972 result on the variational principle and the various advances and
applications which have been registered since. They stretch over a vast field of mathematics,
from control theory to global analysis, and it is hoped that every mathematician will find
something to enjoy. This should be possible, because the ideas involved are quite simple, and I
have tried not to obscure them by too technical or detailed an exposition; the reader will be
referred to the original papers for the more peripheral lemmas; received by the editors September
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closed subsets L.s.c. functions
convex Bishop-Phelps Brondsted-Rockafellar
nonconvex F. Browder *

Note that the lower right-hand corner is empty. It was filled out in [19),
[20], by adapting the Bishop-Phelps argument to lower semicontinuous non-
convex functions; as was pointed out to me in [27], transfinite induction is no
longer needed. Here comes the result, with the most concise proof to date
(from [4]):

THEOREM 1. Let V be a complete metric space, and F: V>R U {+x} a
l.s.c. function, Z + o, bounded from below. Let ¢ > 0 be given, and a point
u € V such that

F(u) <inf F +e.

Then there exists some point v € V such that

F(v) < F(u), (1)
d(u,v) < 1, @
Vws# v, F(w)> F(v)—ed(v,w). O 3)

ProOOF. Let us define inductively a sequence u,, n € N, starting with
uy = u. Suppose u, € V is known. Now either:
(@) Vw # u,, F(w) > F(u,) — e¢d(u,, w). Thensetu, ., = u,.

n

(b) 3w # u,: F(w) < F(u,) — ed(u,, w). Let S, be the set of all such
w € V. Then choose u,,, € S, such that

F(t,41) —inf F <3 [F(u,,) ~ inf F]. @)
I claim this is a Cauchy sequence. Indeed, if case (a) ever occurs, it is
stationary, and if not, we have the inequalities
ed(u,, u,,1) < F(u,) — F(u,,,), alln €N.
Adding them up, we get
ed(u,, u,) < F(u,) — F(u,), alln < p. )

The sequence F(u,) is decreasing and bounded from below (by inf, F),
hence convergent, so the right-hand side goes to zero with (n, p) and (u,) is a
Cauchy sequence. Since the space V is complete, u, converges to some v € V.

I claim v satisfies properties (1), (2) and (3). Inequality (1) proceeds from
the string of inequalities

F(u)> F(u) > -+ > F(u,) > F(u,4y) > ...
and the fact that F is lower semicontinuous:
F(v) <lim F(u,).
n
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Inequality (2) comes from taking n = 0 in (5):
ed(u, u,) < F(u) — F(u,) < F(u) — ixll/f F

< ¢ by assumption.
Letting p — oo, we get d(u, v) < 1.
If inequality (3) were not true, there would be some w # v with F(w) <
F(v) — ed(v, w). Letting p — oo in equation (5), we get

F(w) < lim F(u,) < F(u,) — ed(u,, w),
and hence w € S, for all n. But relation (4) can be written as
2F(u,41) — F(u,) <i§1f F < F(w).

When n — oo, F(u,) — I, and this becomes / < F(w). Since F is ls.c., we
also have F(v) < [. Finally, we get the inequality F(v) < F(w), contradicting
the definition of w. []J

The Bishop-Phelps ordering argument may not be apparent any more,
although it still underlies this proof. The reader who wants it spelt out is
referred to the original proof (see [20] or [24]).

We immediately draw the obvious corollary:

THEOREM 1 bis. Let V be a complete metric space, and F: V>R U {+x}a
Ls.c. function, Z + oo, bounded from below. For any € > 0, there is some point
v € V with:

F(v) <il;1/f F + ¢, (6)
Vw € V,F(w) > F(v) —ed(v,w). O ™

This relies on the fact that there always is some point u with F(u) < inf F
+ . Inequality (6) then proceeds from (1) and (7) from (3).

Theorem 1 certainly is stronger than Theorem 1 bis. The main difference
lies in inequality (2), which gives the whereabouts of point v in ¥, and which
has no counterpart in Theorem 1 bis. In the sequel, we will refer to Theorem
1 as the strong statement, and to Theorem 1 bis as the weak statement. There
is also a local statement, which is due to myself and Lebourg [23], and which
will be stated as Theorem 1 ter. It starts with a definition:

DEFINITION. Let ¥V be a Banach space, and F a function from V to
RU {+}, with dom F = {v € F|F(v) < +}. It will be called -
supported at v, with ¢ > 0 and v € dom F, if there exists v* € V*andn > 0
such that

[w—ov|<m=F(w) > F(v) +{v*w—0v)—¢w—o|. O (8)

This can be regarded as a very weak and one-sided kind of differentia-
bility; in fact, it can be proved (see [23]) that if both F and —F are
e-supported at v for all ¢ > 0, then F is Fréchet-differentiable at v. On the
other hand, it can also be regarded as a local and slanted version of
inequality (7): it now holds only in some neighbourhood of v, and the linear
term {v*,w — v) tilts the vertical cone {(w, a)la > F(v) — ¢||w — v||} in
V X R.
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THEOREM 1 ter. Let V be a Banach space, and assume there is a Fréchet-
differentiable function ¢: V — R with ¢(0) > 0, and ¢(w) < 0 outside the unit
ball. Let F: V >R U {+ o} be l.s.c. Then, for any € > 0, the set of points
where F is e-supported is dense in dom F. []

Proor. Let u € V be given, and some a > 0. We have to find in the ball
B(u; a) some point v where F is e-supported. Since F is L.s.c., we can assume
that o has been chosen so small that F is bounded from below on B(u; a).

Define (w) = 1/max[0, ¢((w — u)/a)]. It is clear that u € domy C
B(u; @), and that ¢ is Fréchet-differentiable on dom y. Applying Theorem 1
bis to Y + F, we get a point v such that

Vw eV, Y(w)+ F(w) > ¢(v) + F(v) — ¢|w — ||

It follows immediately that ¢(v) < oo (hence v € B(u; «)) and that F(v)
< oo (hence v € dom F). Moreover, since ¢ is Fréchet-differentiable at v,
there is some v* = — ¢/(v) € V* and some 1 > 0 such that

[w = of| < n=>¢(v) — {v*,w — v) + g|w — v|| > Y(w).
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Adding the last two inequalities, we get the desired result (8), with ¢
replaced by 2e. []

Not all Banach spaces allow such a function ¢. Hilbert spaces do (take
o(u) = 1 — (u, u)), and L? spaces for 1 < p < oo (take ¢(u) =1 — ||u||?),
but L' and L® do not. We refer to [23] for details.

The significance of these various statements will become clear as we
proceed with the applications, which take up the rest of the paper. I have
classified them according to which statement they use: weak (Theorem 1 bis),
strong (Theorem 1), or local (Theorem 1 ter). Note that this does not coincide
with the chronological order.

IL. The weak statement.

A. FIXED-POINT THEOREMS.

Al. J. Caristi. In his 1976 paper [12], he proved a fixed point theorem
which has aroused a considerable amount of interest, since it requires no
continuity of the mapping under consideration.

THEOREM 2. [12]. Let V be a complete metric space and f a self-map V — V
satisfying

Vu eV, d(uf(w) < ¢(u) — 6(f()) )

where ¢: V — R is a prescribed l.s.c. function. Then f has a fixed point:
FJoeV:f(v)=v. O

PrOOF. Apply Theorem 1 bis to the function ¢, taking e = 3. We get some
point v € V such that

Vw eV, ¢(w)> ¢(v) —3d (v, w).
This should hold also for w = f(v), yielding
$(v) — ¢(f(v)) <zd(v,f(v)).

Writing # = v in inequality (9), we get

d(v,f(v)) < ¢(v) = $(f(v))-
Comparing the last two inequalities, we get d (v, f(v)) < 3d(v, f(v)), and
hence d(v, f(v)) = 0. [
This argument readily extends to multi-valued mappings [30]: if we

associate with every u € V a closed nonempty subset I'(«) C V in such a way
that

Vu e V,Yw €T (u), d(u,w) < ¢p(u) — dp(w), (10)

then some point v € ¥ can be found with I'(v) = {v}.

These results are best understood in the framework of dynamical systems.
The Ls.c. function ¢ is called the entropy, and the system is seen as going
from state x, at time # to state x,,, = f(x,) (or x,,, € I'(x,)) at time n + 1
(see [2]). Inequality (9), or (10), implies that ¢(x,) > ¢(x,,,) unless x, =
X,+1: the entropy decreases until the system reaches a stationary state. Such
systems are “dissipative” in a very strong way.

A2. F. Clarke. Aside from his main contributions, which presently will be
dealt with, he proved in 1976 a fixed point theorem of another kind. It is an






