534 BOOK REVIEWS

Hanner, and Karhunen had shown that, (in Cramér’s terminology) if £ is a
(scalar) stationary process which is purely nondeterministic then it has
multiplicity M = 1 and spectral type ([m]), where m is Lebesgue measure.
This contrasts with the results for nonstationary processes where, even in the
purely nondeterministic case any value of M can occur.

In the book under review Rozanov surveys the indicated problem area,
including the situation where § may be vector space valued. Rozanov himself
has made many contributions toward the solutions of these problems. It
seems remarkable that he manages to give complete proofs and numerous
examples in this book of 133 short pages. The translation from the Russian,
edited by A. V. Balakrishnan, reads very well. The book should be welcome
by both novice and experts in the field.
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Just what is an equation of mixed type? Equation here means partial
differential equation, and if some of these are of mixed type, there must be
others not of mixed type. What are they? To answer these questions we must
know the labels which are attached to various classes of partial differential
equations. As one would expect, the labeling process has evolved over the
years in a disorderly way; by now however the terminology has stabilized for
many (but far from all) classes of equations. As is the case for the problem of
taxonomy in the biological sciences, the subdivision of partial differential
equations into clearly defined classes has not been systematic. New terms
continue to develop as the need arises. For example, the term strongly elliptic
was invented to identify a special subclass of the class of elliptic equations.
Classes overlap: hypoelliptic equations contain some elliptic equations and
some which are not elliptic; both the class of linear equations and the class of
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nonlinear equations contain elliptic and nonelliptic subclasses. Someday it
may be worthwhile to try to systematize completely the taxonomy of partial
differential equations. Meanwhile, in order to identify the niche occupied by
equations of mixed type, we give here a brief account of where we now are in
the classification process.

Let D be a region in R”, n > 2, and « a smooth function from D into R.
We denote by x = (x;, x,, .. ., x,) an element of R". With a, a,, ..., o
positive integers and D%u a partial derivative of u of order o; with respect to
any combination of the x;, a partial differential equation is an equation of the
form

F(x,u, D%, ..., D%u) = 0. M

The order of such an equation is the largest of the integers aj, . . . , .

One of the most important problems of partial differential equations,
designated the Basic Problem, is easily stated: suppose that some information
about u (e.g. the value either of u, or some of its derivatives, or other
quantities involving u and the derivatives of «) is known on all or part of the
boundary of D. When does there exist a unique solution u of (1) in D which
satisfies the conditions prescribed on 3D and which varies smoothly with
these conditions? Since the answer may depend on the particular geometry of
D as well as on the information given on 0D, an additional facet of the Basic
Problem is the determination of those regions D and those conditions on dD
for which a unique, smoothly varying solution exists.

The assumptions on the function F are crucial for solvability. The simpler
the form of F, the easier it is to attack the Basic Problem. As a result, the
study of partial differential equations has been fractured into large numbers
of classes, each consisting of a collection of functions F with the property that
progress on the Basic Problem can be made for that particular set of
functions. The order of the equation provides one easy decomposition into
classes; in particular, equations of the second order, especially those related
to problems in mathematical physics and engineering, have been studied most
intensively and for the longest time.

A partial differential equation is linear if F is a linear form in u and its
partial derivatives. The division of equations into linear and nonlinear classes
is a natural one since the methods for attacking the Basic Problem are quite
different for these two classes. The classifications, certainly bewildering to the
nonspecialist, continue. For example, nonlinear equations may be semilinear,
or fully nonlinear with each of these subclasses decomposed further into
equations having special properties. Linear equations may be homogeneous,
nonhomogeneous, with constant coefficients, contain terms of only one order,
and so forth.

The Basic Problem has been solved for some small classes of equations.
However, for most linear equations practically nothing is known about the
solution of the Basic Problem.

A classification of equations has developed which is related to the geometry
of the region D and the kinds of conditions prescribed on the boundary of D.
By this means an equation is identified according to its fype. In describing the
type of an equation we shall limit ourselves to linear equations of the second
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order, although similar definitions can be made for equations of any order,
both linear and nonlinear. In fact, systems of partial differential equations
(i.e., equations such as (1) in which both u and F are vector-valued) have also
been classified in various ways, but the classifications of systems are much
less comprehensive than those of a single equation. We put aside entirely the
discussion of the decomposition into classes of systems of partial differential
equations.
The general second order linear partial differential equation

n

.2 a;(x) a 5T 2 b, (x)— +c(x)u = f(x), a;(x) = g,(x) (2

I,]—

is of elliptic type at a point x if the quadratic form

n
2 a;(x)Ed
ij=1

is never zero for all £ =(§,4,...,¢%) in R" except £=0. That is, an
equation is elliptic if the signature of the quadratic form consists of n plus
signs (or n minus signs). The equation is elliptic in a region D if it is elliptic at
every point of D. If at a point x the signature of the quadratic form consists
of n — 1 plus signs and one minus sign, the equation is of hyperbolic type at x.
If the rank of the form is n — 1 and the signature has n — 1 plus signs and if
the b(x), i=1,...,n, are restricted properly, then the equation is of
parabolic type at x. In general the type at a point x of an equation (2) is
described by the rank and signature of the quadratic form, although in some
cases properties of the first order terms in (2) are needed.

Most of the results on the Basic Problem in partial differential equations
have been obtained for those equations which are elliptic or parabolic or
hyperbolic throughout a region. Although other types of equations have been
identified, we know very little about them. For example, equations of
ultrahyperbolic type are those for which the signature of the quadratic form
consists of k plus signs and n — k minus signs withn > 4and 1 < k< n —
1. In contrast with the rich theory which has developed for elliptic, hyperbol-
ic, and parabolic equations, not a single solution to the Basic Problem has
been obtained for an ultrahyperbolic equation in any region D for any given
set of conditions on all or part of dD, despite the fact that ultrahyperbolic
equations have been studied for some time. Moreover, if the signature of the
quadratic form has plus and minus signs and is anything other than those
described above, not only is very little known about the solution to the Basic
Problem but there is not even a generally accepted nomenclature which
identifies equations according to their type.

The type of an equation may change from point to point. For example, if
the form 27;_,a;(x)§; is nonnegative for all values of £ # 0 and all x in D,
then (2) may be elliptic at some points, parabolic at others, and have rank less
than n — 1 (even zero) at still other points. The term equations with nonnega-
tive characteristic form is used to identify this class. More generally, we say
that equation (2) is of variable type in a region D if (2) is not of one type
throughout D. Sometimes hyphenated terms such as elliptic-parabolic, ellip-






