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1. Introduction. The use of symplectic geometry to describe classical
mechanics and to understand it on a deeper level has its origins in the work
of Poincaré (1889), Cartan (1922), Siegel (1950) and Reeb (1951). By the
1960s this topic was widely known and was available from several sources
such as Mackey [1963], Sternberg [1964], Abraham [1967], Hermann [1968]
and Godbillon [1969].

During the 1960s a new direction and impetus to the field arose when deep
links between symplectic geometry, group representations, quantization and
linear partial differential equations were found by Keller [1958], Segal [1960],
[1965], Kirillov [1962], Maslov [1965], Egorov [1969], Kostant [1970], Souriau
[1970], Hormander [1971] and Duistermaat and Hormander [1972], to men-
tion some of the key contributors. The subject is evolving rapidly and
therefore a definitive treatise is not possible at the present time. Nevertheless,
the books under review attempt to describe some of these new links.

To penetrate to the basic ideas in either of the books requires extensive
background preparation and a large investment of time. However, some of
the key ideas are already present in the simplest examples. Therefore we shall
spend some time discussing the one dimensional Schrodinger equation and
the relation between classical and quantum mechanics. This will give the
potential reader a glimpse at the theory and what type of results are obtained.

2. The one-dimensional Schrodinger equation. Let V: R — R be the poten-
tial, Yy: R— C the wave function, and let E, h, m be constants (energy,
Planck’s constant and mass, respectively). Consider the stationary Schro-
dinger equation:

Ly = E)
where

2
Ly= =9y + Vi ®)

and the Hamilton-Jacobi equation for Hamilton’s principal function S:
R->R:

1 n2 _
-2';(5') + V=E. (H-J)
The Hamilton-Jacobi equation is related to Hamilton’s equations
._O0H . 0H
*= op’ P= "% (H)

where H(x, p) = p?/2m + V(x), as follows. Let X = p/m = dH /dp and let
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p = S’(x). Then (H-J) holds for S iff (H) holds for (x, p).

Two related central questions are:

1. THE QUANTIZATION PROBLEM. How does one pass from classical objects
to quantum objects? Here, ‘objects’ can refer to the equations themselves, to
solutions, or to properties of the equations or solutions.

2. THE CLASSICAL LIMIT. In what sense are solutions of the Hamilton-Jacobi
equation a limit of solutions of the Schrodinger equation as # — 0?

Progress with these questions was made with the basic work of Weyl [1931],
Birkhoff [1931], Van Hove [1951], Keller, Maslov, Souriau and Kostant. Van
Hove showed that there is no general quantization having all the properties
one would want. Van Hove also found some positive results that were
rediscovered and extended by Souriau and Kostant in a procedure now called
pre-quantization. In studying problem 2 using the WKB method, Keller and
Maslov discovered the topological meaning of the corrected Bohr-Sommer-
feld quantization rules. The invariant they discovered is now called the
Keller- Maslov-Arnold- Hormander index. (Arnold’s article [1967] was instru-
mental in explaining Maslov’s ideas to mathematicians.) Our one-dimensional
example will contain many of the features of the general case, in terms
understandable without a lot of preliminaries.

If S is a solution of (H-J), we try to solve (S) with

§ = e’/ (1)
Substitution of (1) in (S) gives
0%
By= Ly + 5 935 @
Equation (2) differs from (S) by a term of order 4. Next, try
¥ = ae'S/h,
This time, if S satisfies (H-J) and a satisfies the transport equation
2a’S"+aS”" =0 3)
(whose solution is a = (const.)/ V|S’| ) then
Ey=Ly - iz_ _a_”. (4)
= 2m a

which differs from (S) by a term of order /2. This procedure is usually called
the WKB method (after G. Wentzel, H. A. Kramers and L. Brillouin, although
it probably goes back to Liouville, Green and Lord Rayleigh). One may
continue by writing an asymptotic series

o0
Y~ S apte’sSH
k=0
and deriving higher transport equations.

Suppose the energy surface for the classical system has the form shown in
Figure 1. There correspond two solutions of (H-J):
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P A
P+ V=E
+
> X
x, X2
FIGURE 1
S==* f p(x)dx + C. (5a)

where p(x) =V2m(E — V) and C. are constants. From (3) we have
corresponding amplitudes

d.
[2m(E — V(x))]"*

(5b)

which diverge at x, and x, and become imaginary outside the interval [x,, x,].

The subtlety of questions 1 and 2 centers on the multiple valuedness of S
and the presence of the turning points at x, and x,. To get around these
difficulties there have been several approaches.

1. Use analytic continuation methods to avoid the turning points. This
approach was developed by Zwaan (see Kemble [1937]).

2. Approximate the potential by a linear one near each turning point.
Schrodinger’s equation then yields an Airy function which is asymptotically
matched by Bessel functions (Langer and Jeffreys).

3. Use a modified WKB method near the turning point and an asymptotic
expansion (Maslov). We shall describe this method shortly.

There are other approaches too. For instance, Miller and Good [1953]
effectively used area preserving maps to deform Figure 1 into that for a
harmonic oscillator. The same idea was used by Maslov [1965] for higher
order approximations.

To deal with the behavior near x, and x,, we replace ¥ = ae’S/* by a
superposition of such expressions, i.e. by

Y(x) = f:o a(x, a)e’S*0/k gy,

(This integral is called an oscillatory function; the theory of such integrals
parallels that of Fourier integral operators.)
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To simplify ¢ slightly, we consider

¥(x) = [ alx, ayeler= T/ gy, ©6)
-
Then
2 ih da K 0%
Ly-Ey=[" [ a3tV -E)+ (i'n: " Im @)]
X eflox=T(I/h gy, ()
The classical method of stationary phase states that
. ef/h
foow c(x, a)ef =0/t do =\ 27k 2 cxp( sgnfaa) 7 + 0(n) (8)
- aa

where the sum is over all « such that f, = df/da vanishes; these critical points
are assumed to be nondegenerate, i.. f,, = 0%/9a? % 0. The equation (8)
may be found in virtually any text on asymptotic expansions and most books
on complex variables. Guillemin and Sternberg’s book contains a nice proof
of (8).

Applying (8) to (7) and requiring Ly — Ey = O(F) gives the condition

2
2%; + V(x) = E whenever x = —T'(a) )
i.e. the graph of —T” as a function of p is contained in the energy surface.
Here we have the Hamilton-Jacobi equation with the roles of x and p
reversed, which is indeed appropriate near the turning points x,; and x,.

If we apply (8) to the formula (6) we get

—insgn T"(p)/4 ,i(px+ T(p))/h
) =VIE S & e a(x, p)

x==T'(p) T"(p)

soy ~ h'/2 and Ly — Ey ~ 1% if (9) holds (with & = p).

We now seek to represent ¢ near x, and x, using functions 7, and T, by
equations (9) and (10) and seek to represent y on the * portions by using
equations (2) and (5). We are, in effect using a superposition of two WKB
approximations.

Notice that

+ 0(h) (10)

4 —p+ P "(p) L =
P+ TP =p+ - x+T(p) 5o=p

so both S and px + T(p) are given by integrating p with respect to x; i.e.,
they are both actions.

Since x = — T’(p) along the energy curve in Figure 1, we see that
T"(p) > 0 on the + side and T”(p) < 0 on the — side. Thus the term
e~ imsen T"(p)/4 (11)

in (10) jumps, or suffers a phase shift, as p crosses the x-axis.
In Figure 2 we show the different regions and functions being considered.
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FIGURE 2

Observe that the term \/T”(p) in (10) is the same as the term [2m(E —
V(x)]'/* occurring in (5b). If we absorb the phase shift (11) and
V2xzh a(x,p) of (10) into d., the solutions will match, except for higher
order terms. However, there is an obvious consistency condition; when we
circumnavigate the energy curve, we must end up where we started. In fact,
matching at points D @ and Q) fixes all the constants, and @ will match up
only if the phases in (11) match. The phase changes in the exponentials

eiS/h and ei(px—- T(p))/h

1

% ¢ pdx
since both S and px — T(p) are given by integrating p, as we have said,
where § is the line integral over the energy curve. (In hamiltonian mechanics,

p dx is the canonical one form and its differential dp A dx is the symplectic
form.) The phase change due to the term (11) is

(- (-5)] -

so the consistency condition is

are given by

%¢pdx—w=27m

ie.

gﬁ’igf=n+l. (12)

The 1/2 is the correction to the Bohr-Sommerfeld rules which one sees, for
example, in the harmonic oscillator solution. Equation (12) is the quantization
condition.

The generalization of (12) reads

] " l — .
3 ¢y p;dq 1 I, = integer (13)






