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After its inception as part of Bernhard Riemann's new function theory, 
Algebraic Geometry quickly became a central area of nineteenth century 
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mathematics. The theory of "abelian functions" (that is, meromorphic 
functions on an algebraic complex torus) was regarded as an acme of 
function theoretic thought and at the very heart of this beautiful creation of 
the German school. It was also recognized that earlier mathematicians such 
as Legendre, Euler, Abel, Gauss, and Jacobi (to name a few of the more 
outstanding) had made substantial contributions to the subject, albeit in a 
purely function-theoretic and analytic disguise. Moreover, number theorists 
and arithmeticians began to sense connections between their interests on the 
one hand and function theory on compact Riemann surfaces on the other. 
(Riemann had proved such surfaces to be algebraic.) In this regard, there was 
a whole flurry of contributions by the likes of Eisenstein, Kummer, Kronec-
ker, Weber, Fueter, and Hensel-not to mention the redoubtable Hubert. 

Algebraic Geometry was a very active area in the late nineteenth century, 
especially with the added significant results of Picard, Hurwitz, Klein, and 
Poincaré. The German School of Brill and Noether created a predominantly 
geometric theory of one-dimensional algebraic varieties (that is, of two-
dimensional spaces over the reals which arise as the set of zeros of complex 
polynomials either in ordinary space or in projective space). They understood 
how to "resolve" singularities (so that the resulting variety would be a 
one-dimensional complex analytic manifold in the present day sense), how to 
compute the numerical invariants associated to their varieties, and they began 
to scratch the surface in a theory of higher dimensional phenomena. 

Starting about 1890, the brilliant Italian School studied mainly algebraic 
varieties of dimension two. The phenomena here were much more compli­
cated and bewildering than in the case of compact Riemann surfaces. 
Nevertheless, with a staggering geometric insight, no doubt sharpened by 
encounters with innumerable examples, the Italian school uncovered the 
major phenomena and introduced extremely fruitful methods into the subject. 
They discovered numerical criteria for when the function theory on an 
algebraic surface was the same as the function theory on the projective plane 
(Castelnuovo's criterion of rationality), numerical criteria for when the 
function theory on an algebraic surface was the same as that on a projective 
fibre bundle (with fibre P1) over a compact Riemann surface (Enriques' 
criterion of ruledness), numerical criteria for the contractibility of a curve in a 
surface to a point so that the resulting surface remained a manifold, and they 
gave a classification of surfaces by the values of certain invariants. 

Unfortunately, their results were complicated by the fact that they regarded 
two algebraic varieties as "the same" when they possessed the same field of 
meromorphic functions (birational equivalence) rather than when they were 
geometrically isomorphic. While the Italians recognized this and attempted to 
deal with it, they were only partially successful, and this only for algebraic 
surfaces. Moreover, this difference between algebraic geometry and the other 
geometric theories then in formation led to a serious lack of communication 
between algebraic geometry and these other geometric theories. It caused 
algebraic geometry to lose its central place in mathematics. There was also a 
problem of rigor in the proofs of the Italian School. The Italian proofs were 
permeated with strong geometric inventiveness and insight, but they some­
times lacked crucial details and frequently contained appeals to geometric 
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intuition. Corrective measures were instituted by Zariski, Weil and others as 
we shall explain later. 

Despite the above problems, cross-fertilization still took place. Poincaré 
made a beginning, but it fell to Lefschetz to "plant the harpoon of algebraic 
topology into the body of the whale of algebraic geometry" [3]. Almost 
simultaneously, E. Artin translated Riemann's famous hypothesis to the case 
of algebraic curves over a finite field, and he succeeded in proving it for the 
simplest curve, the projective line. Fifteen years later, Hasse proved it for an 
elliptic curve (i.e., the analog of a one-dimensional torus). Then, in 1940, A. 
Weil, who had already done fundamental work in the area where algebraic 
number theory and algebraic geometry meet, announced a proof valid for all 
curves. The proof was algebro-geometric but it used constructs and ideas of 
the complex-analytic case (intersection theory, homology theory, and comp­
lex tori). In a brilliant tour-de-force, Weil provided the foundations of an 
intersection theory [6], and succeeded in constructing the analogs of tori and 
the relevant homology theory necessary for his proof [7], [8]. Moreover, a few 
years later (1949) he was led to his celebrated conjectures on analogous 
questions for higher dimensional varieties. 

While all this was taking place on the number theoretic front, Zariski, in 
the early 1930s, undertook to summarize and codify the Italian contributions 
to surface theory. In his words, "I succeeded, but at a price", [9]. The price 
was his personal loss of confidence in the validity of the Italian proofs and his 
consequent resolve that the whole edifice had to be rebuilt on purely 
algebraic foundations. But his loss was our gain. The required commutative 
algebra was largely nonexistent at the time; so, Zariski created, and stimula­
ted others to create, large chunks of the current subject of commutative 
algebra. He redid the Italian theory from the ground up and succeeded in: 

(a) giving the first complete proofs of the resolution of singularities for 
dimensions two and three by purely algebraic methods (in characteristic 
zero); 

(b) constructing a theory of birational transformations ("Zariski's Main 
Theorem") and an algebraic theory of when a variety was a manifold; 

(c) creating a beautiful theory of holomorphic functions (over arbitrary 
fields) and analytic continuation along algebraic subvarieties-culminating in 
a proof of the connectedness principle; 

(d) proving the Castelnuovo rationality criterion, the Enriques ruledness 
criterion, and the theorems on minimal models for surfaces-all by purely 
algebraic means valid in all characteristics; 

(e) stimulating a group of extremely gifted students to make wonderful 
contributions of their own. 

These successes also came at a price. For, all of Zariski's results were 
heavily algebraic in nature and some argued that they were excessively 
algebraic. Lefschetz [3] remarked that while he had contributed to "algebraic 
GEOMETRY", the modern school (Zariski and Weil) seemed to be studying 
"ALGEBRAIC geometry". This further increased the distance between the 
great geometric creations of the twientieth century-differential geometry and 
differential and algebraic topology-on the one hand, and algebraic geometry 
on the other. No less a contributor than David Mumford has remarked that 
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as a student he struggled to "see any geometry at all behind the algebra" [9, 
(introduction)]. How much more must have been the confusion of less gifted 
and less committed individuals? The centrality of algebraic geometry had 
been further eroded by lack of communication. 

Nevertheless, important progress was made, in the geometric spirit, on the 
complex analytic side. This was done notably by Hodge (early 1940s), by 
Kodaira and Kodaira-Spencer (late 1940s and throughout the 1950s), and by 
the infusion of newly developed algebraic and geometric topology into 
algebraic geometry. Hirzebruch's proof of the general Riemann-Roch Theo­
rem (1953) spearheaded this infusion. Algebraic Topology had also invaded 
pure algebra, precipitating a revolution of sorts, yielding a flurry of new 
results, and establishing a new area: homological algebra. Moreover, the 
theory of sheaves was making an impact in the theory of several complex 
variables, and, in retrospect, it was clearly time for a dénouement by synthesis. 
We did not have long to wait. 

The publication of J.-P. Serre's landmark paper Faisceaux algébriques 
cohérents [5] was the beginning of the latest era of algebraic geometry. Serre 
defined varieties on the model of manifolds and showed how sheaves and 
cohomology could be used with the ordinary Zariski topology to prove 
generalizations of old results and deep new results. He stressed the point of 
view of geometric isomorphism as opposed to birational equivalence, and in 
so doing brought algebraic geometry much closer to the other geometric 
theories. In 1957, Grothendieck [1] succeeded in giving a purely algebraic 
proof, valid in all characteristics, of a significant generalization of 
Hirzebruch's Riemann-Roch Theorem. (An independent proof was also given 
by Washnitzer.) Along the way Grothendieck created iC-theory. 

Simultaneously, Grothendieck began a systematic rewriting of the 
foundations of algebraic geometry and a deepening of its results as well as an 
infusion of entirely new techniques. His aims were many fold: 

(a) To include in as natural a geometric setting as possible (i.e., similar to 
the other great geometric theories) all the classical and new results proved in 
an algebraic manner independent of fields and considerations of characteris­
tic; 

(b) to have a sufficiently broad sweep that number theoretic questions 
would be included-one would have to include both the reduction of varieties 
from characteristic zero to characteristic p and the lifting of varieties in the 
opposite direction; 

(c) to introduce in a deeper way than had already occurred the methods of 
algebraic topology (homology, cohomology, and homotopy) into algebraic 
geometry; 

(d) to be able to use methods from other geometric theories and from 
analysis in algebraic geometry-for example, deformation theory, vector fields 
and vector bundles, and a suitable theory of jets; 

(e) to construct a "good" cohomology theory having all the usual formal 
properties so that Weil's blue print could be followed for the proof of the 
Weil conjectures (this unites aims (b) and (c)). 

I think it must be conceded that Grothendieck and the school he created 
have accomplished these aims. Grothendieck's construction of the algebraic 


