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COMPLEX ANALYSIS AND ALGEBRAIC GEOMETRY 

BY PHILLIP A. GRIFFITHS1 

The theme of these four lectures is roughly "the history of, and some recent 
developments in, the study of algebraic geometry by analytic methods". Since 
this topic is much too broad I have chosen to isolate one particular analytic 
tool, the local notion of residue and subsequent global residue theorem, and 
will attempt to illustrate some ways in which residues may be used in both 
classical and modern problems in algebraic geometry. 

The first lecture begins with the definition and basic local and global 
properties of the point residue in several variables. Next, both as an applica­
tion of one of these local properties and for use in the third lecture, we derive 
some theorems of Macaulay from the classical theory of polynomial ideals. 
Finally we discuss the global residue theorem for the projective plane, where 
it will turn out to pertain to the possible configurations of points arising as 
the intersection of two algebraic plane curves. The simpliest special case here 
is the Pascal theorem, with which we conclude the lecture. 

In the second talk we begin by deducing the classical form (which is in 
many ways more flexible than the modern version) of Abel's theorem, also 
from the global residue theorem for P2. This result is then applied to the 
inversion of the elliptic integral, with which much of modern algebraic 
geometry began and with which, at least on the number-theoretic side, it is 
still concerned with. Next we turn to two topics from elementary geometry. 
The first is the theorem of Poncelet which is given as an application of the 
elliptic integral, and the second is a recreational result shown to me by Joe 
Harris and Dave Morrison giving a geometric property of the cardioid as an 
application of Abel's theorem for singular curves. 

Now I said previously that the motif of these lectures was to be "residues", 
but from here on this should probably be amended to read "residues and 
Hodge theory". With this in mind the second lecture represents the begin­
nings of our new main theme, one which will now to some extent be 
formalized both for curves and for higher-dimensional varieties. Following a 
recollection of the highlights of the relationship between an algebraic curve 
and its Jacobian we give a very brief sketch of some aspects of Hodge theory 
for general varieties. Then we turn to smooth hypersurfaces in projective 
space where the relation between Hodge theory and residues turns out to be 
quite direct. For example, using Macaulay's theorem from the first lecture it 
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is shown that the Hodge structure on the cohomology locally determines the 
hypersurface up to a projective transformation. 

Finally, in the fourth lecture we specialize to cubic hypersurfaces. Here the 
interplay between the Hodge theory and the projective geometry has in the 
second lecture been explored for cubic curves, and for cubic surfaces it 
essentially amounts to the famous configuration of 27 lines. Turning to the 
cubic threefold F c P 4 the Hodge theory amounts to the intermediate 
Jacobian, the projective geometry has to do with the Fano surface S of lines 
on V, and the relation between these may be expressed by interpreting, via 
the Abel-Jacobi map, the differentials on S as residues of differentials on P4 

having a double pole along V. Our point here is to explain how analytic 
considerations centered around Hodge theory and residues enter into contem­
porary as well as classical problems in geometry, and it is with this discussion 
that these lectures conclude. 

A list of the references for the individual talks appears at the end of all four 
of the lectures. 

I. Residues and elementary applications. 
(a) Local properties of residues and the residue theorem. We begin by 

discussing the definition and local properties of residues. The notation 0 for 
the local ring of complex analytic functions f(z) defined in some neighbor­
hood U (depending on ƒ) of the origin in Cn will be used; 0 is just the 
convergent power series in z„ . . . , zn. The locus {z G U: f(z) = 0}, suitably 
counted with multiplicities, defines the divisor D of/. In one variable D is just 
the origin counted with multiplicity, while f or n = 2 we may picture D as a 
piece of analytic curve generally having a singularity at the origin; e.g., Figure 
1 gives the real points of the cusp. 

FIGURE 1 

Given n analytic functions fl9 . . . , ƒ , E 0 having respective divisors 
Dl9..., Dn with the origin as isolated intersection, e.g. Figure 2, for any 
g E 0 we set 

_ g(z)dz{ A • • • /\dzn 

/ i (*)- - 'A(*) 
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and define the residue by 

ReS{o) w={̂ krïfc' (u) 

where the cycle of integration 
T - [z: \f,(z)\-8,} 

is oriented by rf(arg fx) A • • • Ad(arg fn) > 0. Although this definition has 
been around since the early days of several complex variables its deeper 
properties emerged only recently in connection with Grothendieck's general 
duality theory, and for this reason (1.1) is generally referred to as the 
Grothendieck residue symbol. 

FIGURE 2 

The residue symbol has elementary properties familiar from one variable, 
such as invariance under deformation of the path r in U — D where 
D = Dx u • • • U Dn is the polar locus of co. Also Res{0} co is clearly linear in 
g but is alternating in f l 9 . . . , fn due to the orientation of T. One property not 
so visible in the classical case is that there is canonically associated to co a 
closed differential form TJW of degree 2/i — 1, which is C00 in U - {0} but has 
a point singularity at the origin, and which satisfies 

Res{0} co = f 7jw. (1.2) 
•1*11-* 

Of course, r?w = co when n = 1, but when n > 2 it is necessary to leave the 
class of meromorphic forms in order to express (1.1) as an integral over a 
small sphere around the origin. Setting/(z) = (fx(z),... >fn(z)) viewed as a 
holomorphic mapping ƒ : ( / - > C1, in the generic case when the Jacobian 
determinant 

y/°)=iyi""'fn\(o)*o, 
o(z„ . . . , zn) 
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which is equivalent to saying that the Dt are smooth and meet transversely, 
we may make the change of variables w, = ƒ (z) to write 

g{w) dwx dwn 

and evaluate (1.1) by iterating Cauchy's formula obtaining 

Res{0)W = A . (1.3) 

Our discussion of further properties will be facilitated by introducing the 
ideal ƒƒ={ƒ„ . . . ,ƒ„} c 0 generated by the ft{z). If g(z) E If; e.g., if g = 
hfl9 then 

^ h(z)dzy A • • • Adzn 

and the path T may, without crossing a singularity, be shrunk to a lower 
dimensional cycle by letting ô1 -^ 0. Thus 

Res{O}<o = 0 iîgelp (1.4) 

and so we may define a pairing 

Res/ 0 / 7 ® C 0 / / ^ C (1.5) 

by setting 

Res (e to -Res *&*&** A ' ' ' A<fe" Res/g, *) - Re»{0) fl(z). . . fn{z) • 

Our last two local results give the basic properties of this pairing. For the first 
suppose that we have relations 

J 

where the divisors D[ also have the origin as isolated common intersection; 
algebraically this means that If c If. Then, setting 

A(z) - det(^(z)) 

the transformation formula 

g(z)dz1 A • • • f\dzn _ à(z)g(z)dz1 A • • • /\dzn 
5{0) ƒ , ( * ) • • - A W " {0} / Ï W - - - J 2 W 

is valid. When everything is nondegenerate (1.6) follows from (1.3). The 
general case is reduced to this one by using a perturbation to break the 
degenerate zero into a finite number of nondegenerate ones and writing the 
original residue as the limit of a sum of residues at nondegenerate zeroes. The 
second property is the 

(1.7) LOCAL DUALITY THEOREM: The pairing (1.5) is nondegenerate. 

This is proved in the following way: In case ƒ (z) = zp the question may 
effectively be reduced to one variable by iterating the residue integral. In 
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general by Hilbert's nullstellensatz we will have an inclusion of ideals 

{zx
k •, . . . , z£}clp 

and the result may be deduced from the previous case using the transforma­
tion formula (1.6). 

The global residue theorem concerns a meromorphic differential form <o of 
top degree on an «-dimensional compact complex manifold M, one whose 
polar divisor is expressed as a union D = Dx u • • • U Dn of n divisors with 
the property that their intersection Z = Dx n • • • H Dn is a discrete, and 
hence finite, set of points. Given a point p E Z, in a small neighborhood U 
around p the form to will have an expression as above where fê defines 
Dt n U, and so the local residues may be defined and by (1.6) are indepen­
dent of choices. The global residue theorem is 

2 Res{/,} co = 0. (1.8) 

For M a compact Riemann surface (o is a meromorphic 1-form in the usual 
sense, and if Ue(p) is an c-ball around p then setting M* = M — 
U,6 2£/.Q» 

S Res{W o>= *2 [ co 

= f (0 = 0 

by Stokes' theorem. In the higher dimensional case we construct the closed 
2n — 1 form rjw on M — Z which converts the local residues into the form 
(1.2), and then the same argument may be applied. 

(b) Having in mind the third lecture below on "Hodge theory and residues" 
we shall give an application of the local duality theorem to polynomial ideals. 
Denote by R(d) the homogeneous forms/(z) of degree d and by R = 0 R(d) 

the graded ring of all polynomials. Iffx(z)9..., fn(z) are homogeneous forms 
of respective degrees dl9..., dn and whose common zeroes consist only of 
the origin, we denote by If = © I{d) the homogeneous ideal they generate 
and set 

p = dx + • • • +dn — n. 

For any homogeneous form g(z) 

g(z)dzx A • • * /\dzn 

We recall that the ideal quotients are defined by 

[ R : If]
ld'e] = { g G R « >: g • ƒ/«> C l}d+e) }. 

From (1.7) we deduce the following theorem of Macaulay: 

[ * : / ƒ ] " " = ƒ<"> f o r < / + e < p , 

/«O = flOO ford>p+l. 

A noteworthy special case arises by taking^ = 3//6z( where/(z) is a homoge-

Res{0} ,,_[ t ,_^ " = 0, deg g ¥= p. 
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neous form. The condition that the divisors Di intersect only in the origin is 
equivalent to the nonsingularity of the hypersurface in Pn_, defined by f(z). 
In this example If is called the Jacobian ideal of the homogeneous form/, and 
in the third lecture (1.9) will be applied to study its properties. There we shall 
also need the following: If we have a relation 

2&/Î-0 

where the gt are homogeneous forms of degree et with et + dt = d for all /, 
then 

& = 2 ^ fy + fy = o, (l.io) 

where the htj are homogeneous forms of degree ei — dr We may prove (1.10) 
from (1.7) as follows: Setting Ü = dzx A • • • /\dzn, for any form h 

Res &*Q - Res &fi*° 
K e S ( 0 } f . . . f ~ K e S { 0 } T x2 * 

by applying (1.4) to the ideal {ƒ„ . . . , ft,..., ƒ„}. It follows from (1.9) that 
g, G /ƒ. Writing 

Si = 2 *ÖÜ&. 

we may similarly conclude that htj + h}i E /̂ . 
An induction argument then gives that 

hv + hJê = 2 M 

where ^ = kjV = - Â -. Then we may modify htj to have hi} + A,, = 0. 
(c) Even the simplest special cases of the global residue theorem (1.8) are 

interesting. For example, suppose that M = P„ is a complex projective space 
with affine coordinates (x{9 . . . , xn) on Cn c Pw. The divisor Dt will be given 
in C" by the zeroes of a polynomial ji(x) of some degree di9 and consequently 
the meromorphic n-ïorm co has on Cn an expression 

_ g{x)dxx A * ' * /\dxn 

where g(x) is a polynomial. To determine its degree d we set 
1 x2 x„ 

A l A I A l 

a = (rfj + • • • + <<,)-(» + 1), 

and then 

gOO^i A • • • A4v„ 
to = 

^ . W - - ' / . W 




