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Virtually the entire development of modern algebraic number theory was
motivated by the attempt to explain and to generalize a simple but very
surprising fact about positive whole numbers which Euler first discovered in
the 1740s. He was pursuing some problems Fermat had posed relating to
numbers of the form x2 + y2, x2 + 2y% x? + 3y? and x* + 5y2 For a given
integer n, a prime p is said to “divide x2 + ny? nontrivially” if there exist
integers x and y, not both divisible by p, such that p divides x2 + ny2. Euler’s
surprising discovery was that the answer to the question of whether p divides
x% + ny? nontrivially depends only on the class of p mod 4n.

To say that there is no obvious reason why this should be so is an extreme
understatement. Euler was relatively young when he first made the discovery,
and, although he clearly understood the importance of the phenomenon and
returned to it many times throughout the rest of his life, he never made any
substantial progress toward a proof except in a few special cases like n = 1,
+ 2, +3, His knowledge of the phenomenon rested purely on the empirical
evidence of many numerical examples.

He observed another, equally puzzling phenomenon, which is closely
related to the first. For a given n, let x,(n) be +1 if the prime p divides
x% — ny? nontrivially and —1 otherwise. (The sign is changed in order to
make x, a character mod p. As far as Euler’s theorems are concerned, the
sign of n is immaterial.) The statement above is that x,(n) depends only on
the class of p mod 4n. Euler went on to observe that the mapping p > x,(n) is
a homomorphism in the sense that if p,, p,, p; are primes with p,p, =p;
mod 4n then x, (n)x, (1) = X, (n). Moreover thls homomorphism is onzo the
two element group {1} except when n = a for some integer @ (in which
case the choice x =a, y =1 gives x2 — ny? = 0 so that all primes p divide
x? — ny? nontrivially). Note that, for fixed p, the map n > x,(n) obviously
depends only on the class of » mod p; almost as obviously (see below) it is a
homomorphism from the group of classes of integers relatively prime to p
mod p to the group {*1}, and this homomorphism is onto. Euler’s observa-
tions about p > x,(n) are of a different order of difficulty altogether from
these facts about n > x,(n).

Assuming the truth of these theorems, it is easy to find, for given n, the
primes which divide x> — ny? nontrivially. For example, let n = — 5. Then
124 5.1 =6=2-3 shows that x5(—5) = + 1. Therefore x,(—5) = + 1

321



322 BOOK REVIEWS

whenever p is congruent to a power of 3 mod 4n, that is, whenever p = 3, 9,
7, 1 mod 20. With the exceptions of 2 and 5 (which obviously divide x> + 5y
nontrivially) every prime is in one of the 8 classes 1, 3, 7, 9, 11, 13, 17, 19
mod 20. These classes form a multiplicative group and p > x,(—5) defines a
homomorphism of this group onto {+1}. The kernel of this homomorphism
has 4 elements, so the elements in the kernel already found account for them
alland x,(—5) = — lif p = 11, 13, 17, 19 mod 20.

It is trivial to show that x,(n) = + 1 if and only if the congruence x*=n
mod p has a solution (on the one hand x> — n-12=0 modp gives a
nontrivial division by p, and on the other hand if x> — ny> =0 mod p is a
nontrivial division by p then y 2 0 mod p and division by y mod p solves the
congruence) and it is in this way, rather than in terms of divisors of x> — ny?,
that the number denoted x,(n) above has most often been described since
Euler’s time.

In particular, Legendre defined his famous symbol (r/p), for p prime and n
not divisible by p, to be x,(n), that is, to be +1 if the congruence x*=n
mod p has an integer solution and to be —1 otherwise. He used this symbol
to express an amazing fact which he discovered in the late 1780s: Let p and q
be distinct odd primes. If either p =1 mod 4 or ¢ =1 mod 4 then (p/q) =
(q/p) but if p=q=3 mod4 then (p/q) = — (q/p). He called this, for
obvious reasons, the law of reciprocity. His efforts to prove it fell short of the
mark.

Legendre apparently did not recognize the relationship between his law of
reciprocity and Euler’s work, but Gauss, who was the first to give a rigorous
proof of the reciprocity law, noticed how close the connection was, saying
that it would be easy to deduce Legendre’s law if Euler’s theorems were
known. Kronecker gave [2] an explicit deduction of the law of reciprocity
from the two theorems of Euler stated above and from an additional theorem,
also observed by Euler, which says that if » is positive and p = — 1 mod 4n
then x,(n) = + 1. (See [1, pp. 291-292]. The essential observation is that x,(q)
= + 1 whenever p = * k? mod 4¢, that is, ¢ is a square mod p if and only if
=+ pis a square mod 4q.)

The term “law of reciprocity” caught the imaginations of later generations
of number theorists. This had an unfortunate effect on the development of
the subject, because it forced the generalizations of the law into a form that
they did not seem to want to take. Indeed, the modern generalization known
as the “Artin reciprocity law” expresses no reciprocal relationship whatsoever
and is instead a generalization of Euler’s original version of the law. In short,
the notion of reciprocity has had to be separated from the law of reciprocity.

About the only later number theorist who did not use the term “law of
reciprocity” was Gauss, who gave the first rigorous proof of the law. He
called it the “fundamental theorem” and, as is well known, he published six
different proofs of it. It is less well known that he devoted so much effort to
these proofs not just out of an interest in the theorem itself but also out of an
interest in its generalizations, which, as he said in his introduction to his
treatise of 1818 giving the Sth and 6th proofs, he had found long before by an
empirical study of the evidence but which long resisted his efforts at a proof.



BOOK REVIEWS 323

Gauss’s generalizations, which were almost immediately named (by others)
the laws of “cubic and biquadratic reciprocity”, were, very briefly, as follows.
First, he observed after extensive examination of examples that the study of
3rd or 4th roots mod p in the integers becomes intelligible only when the
integers are extended by the adjunction of a 3rd root of unity w or a 4th root i
respectively. For example, in the case of 4th roots, this means that 5 should
no longer be regarded as prime because 5 = (2 + i)(2 — i). Thus, in the case
of 4th powers one considers what are now called the Gaussian integers, the
ring Z[i]. If p is any prime Gaussian integer then Np = pp is always an
integer that is congruent to 1 mod 4 and the multiplicative group of nonzero
Gaussian integers mod p is cyclic of order Np — 1. Therefore, provided
D = 0 mod p, D is a 4th power mod p if and only if D??~D/4 = 1 mod p.
Since the fourth power of D™ ~V/4 is 1 mod p, it must be one of the four
fourth roots of unity *1, *i mod p. Define x,(D) by x,(D) = D™ ~V/4
mod p, x,(D) = £ 1 or %i.

For fixed p, the mapping D - x,(D) is obviously a homomorphism from
the multiplicative group of nonzero Gaussian integers mod p to the four
element group {*1, +i}. Gauss found that the unexpected phenomenon
from the quadratic case carried over to fourth powers as well, namely, the
mapping p b x,(D) is a homomorphism in p, not mod D but mod a multiple
of D. Specifically, the value of x,(D) depends only on the class of p mod 16D
and p > x,(D) defines a homomorphism from the group of classes of Gaussian
integers mod 16D relatively prime to 16D to {+1, *i}. There is a little more
to Gauss’s law of biquadratic reciprocity than this, relating the value of x,(¢)
for g prime to that of x,(p), but the real surprise is that p > x,(D) is a
homomorphism mod 16D.

Gauss never published a proof of the theorem for 4th powers, and for third
powers he never even published the statement of the law. Naturally this
stimulated younger mathematicians—notably Jacobi, Dirichlet, Eisenstein,
and Kummer-to try to discover them for themselves. This, more than
anything else, led to the creation of modern algebraic number theory.

It was quickly discovered that the cases of 2nd, 3rd, and 4th powers were
especially simple in that the fields Q, Q(\3/T ) Q({‘/T ) have a finite number of
units—so that a prime modulus corresponds to only a finite number of prime
numbers—whereas this no longer holds for Q(\'7T) forn > 5 (\n/T = a primi-
tive nth root of unity). The problem was further complicated by Kummer’s
discovery in 1844 that unique factorization does not generally hold in
Q(\”/T ), so that it is not even meaningful to speak of “primes” in the general
case unless one means “ideal primes” in the sense defined by Kummer in
1847.

In 1847, Kummer overcame these difficulties and discovered what he
believed to be the correct statement of the law for Ath powers in all cases
where A is a prime which is “regular” (that is, A does not divide the class
number of Q(% )). However, as Gauss had found in the cases 2, 3, and 4,

the discovery of the statement of the law was much easier than a discovery of
the proof.

After three years of unsuccessful efforts to prove the law himself, Kummer






