
BULLETIN (New Series) OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 3, Number 2, September 1980 

BLOCKS OF RATIONAL REPRESENTATIONS 

OF A SEMISIMPLE ALGEGRAIC GROUP 

BY STEPHEN DON KIN1 

Let G be a semisimple algebraic group over an algebraically closed field k. 
Any rational representation of G gives rise naturally to a representation of the 
Lie algebra L of G. If the characteristic of k is zero then, by a classical theorem 
of Weyl, every finite-dimensional representation of L is completely reducible. 
From this, it follows that every rational representation of G is completely reduc
ible. However, when the characteristic of k9 say p, is not zero, there are always 
rational representations which are not completely reducible. The extent of the 
lack of complete reducibility is measured, in some sense, by the block theory of G. 

We say that simple rational G modules Mx and M2 are adjacent if both Mt 

and M2 occur as composition factors of some rational indecomposable G module. 
A block is then an equivalence class of simple G modules under the equivalence 
relation generated by adjacency. We shall also, less precisely, use the expression 
WK belongs to the block 2?" to indicate that each composition factor of the 
rational G module V belongs to B. Suppose that {Bf: i £ ƒ} is the set of blocks 
and that Kis an arbitrary rational G module. Then F has a unique G module 
decomposition 

/e/ 

such that Vt is in the block Bt for each i G ƒ. 
Let T be a maximal torus of G, W the corresponding Weyl group and ( , ) 

a positive definite, ^-invariant, inner product on X(T) ® ZR, where X(T) is the 
character group of T. Assume now that G is simply connected and that the root 
system of G is indecomposable (a description of the blocks in this case yields 
easily a description in the general case). The simple rational G modules are in
dexed by the elements of X+, the set of weights in X(T) which are dominant 
relative to some fixed choice of system of positive roots of G. For an element 
X of X* we denote by L(\) the simple rational G module of highest weight X. 
Each simple rational G module is isomorphic to precisely one member of 
{I(X): X G X+}. Thus a block of rational representations of G may be identified 
with a subset of X* ; for X in X+ we denote by B(\) the set of dominant weights 
T such that L(T) is in the block containing Z,(X). 
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We denote by p half the sum of the positive roots. The Weyl group W has 
a natural action on X(T), which we modify to obtain the 'dot' action, given by 
w.X = w(X + p) - p for w in W and X in X(T). The 'dot' actions also plays an 
important role in the similar problem of sorting out the indecomposable modules 
in the category 0 of Bernstein, Gelfand and Gelfand. The analogy between that 
problem and ours was first pressed by Verma in [7]. 

For a dominant weight X we define r(X) to be the nonnegative integer such 
that X + p belongs to prWX(T) but not to pr^+1X(T). We denote by R the 
root system of G and by ZR the subgroup of X(T) generated by R. 

The result we wish to announce is the following 

THEOREM [4] . For any dominant weight X, 

B(X) = (WX + prW+lZR) n X+. 

An equivalent formulation of this is the statement that dominant weights 
X and T are in the same block if and only if r(X) = r(r) and X and r are conjugate 
under the 'dot' action of the affine Weyl group with respect to p r ^ + 1 . 

The result was proved for the two-dimensional special linear group by 
Winter in [8] and for G of arbitrary type and X "p-regular" by Humphreys and 
Jantzen in [5] . Results on the blocks of G are also to be found in [2]. 

The easier half of our proof consists of showing that the set (W.X + 
prM+ijjfy n X+ is a union of blocks. Here we build on the recent work of 
Andersen [1] which implies the desired conclusion when r(X) is zero. We argue 
by induction on r(X) via results from the author's thesis [3] -though one could 
also use here the results of §2.4 of [5]. In the second half of the proof we 
show that the elements of (W.X + p r ( x ) + 1ZR) n X+ belong to the same block. 
Of crucial importance here is the following observation: suppose thatX is a dom
inant weight, a a simple root and suppose that 2(X + p, a)/(a, a) is equal to bpr + 
apr+1 for integers a, b, r with 0 < b < p; if X - bpra is dominant then it is in the 
same block as X. Using this simple result one can go a long way (using the 
arguments of Jantzen in §5.5 of [6] ) but for weights close to the walls of the 
dominant region something more is needed. We must rule out the possibility 
that there is some block B such that each element of B is close to some wall of 
the dominant region. This possibility is excluded by considering composition 
factors of indecomposable summands of G modules of the form LÇX) ® 
L((pn-l)p)ïoï\eX+. 

I am grateful to Professor R. W. Carter for his part in many illuminating 
discussions on this subject. 
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