
BULLETIN (New Series) OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 4, Number 1, 1981 

THE FUNDAMENTAL THEOREM OF ALGEBRA 
AND COMPLEXITY THEORY1 

BY STEVE SMALE 

PARTI 

1. The main goal of this account is to show that a classical algorithm, 
Newton's method, with a standard modification, is a tractable method for 
finding a zero of a complex polynomial. Here, by "tractable" I mean that the 
cost of finding a zero doesn't grow exponentially with the degree, in a certain 
statistical sense. This result, our main theorem, gives some theoretical ex­
planation of why certain "fast" methods of equation solving are indeed fast. 
Also this work has the effect of helping bring the discrete mathematics of 
complexity theory of computer science closer to classical calculus and geome­
try. 

A second goal is to give the background of the various areas of mathe­
matics, pure and applied, which motivate and give the environment for our 
problem. These areas are parts of (a) Algebra, the "Fundamental theorem of 
algebra," (b) Numerical analysis, (c) Economic equilibrium theory and (d) 
Complexity theory of computer science. 

An interesting feature of this tractability theorem is the apparent need for 
use of the mathematics connected to the Bieberbach conjecture, elimination 
theory of algebraic geometry, and the use of integral geometry. 

Before stating the main result, we note that the practice of numerical 
analysis for solving nonlinear equations, or systems of such, is intimately 
connected to variants of Newton's method; these are iterative methods and 
are called fast methods and generally speaking, they are fast in practice. The 
theory of these methods has a couple of components; one, proof of conver­
gence and two, asymptotically, the speed of convergence. But, not usually 
included is the total cost of convergence. 

On the other hand, there is an extensive theory of search methods of 
solution finding. This means that a region where a solution is known to exist 
is broken up into small subsets and these are tested in turn by evaluation; the 
process is repeated. Here it is simpler to count the number of required steps 
and one has a good knowledge of the global speed of convergence. But, 
generally speaking, these are slower methods which are not used by the 
practicing numerical analyst. 

The contrast between the theory and practice of these methods, in my 
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mind, has to do with the fact that search methods work inexorably and the 
analysis of cost goes by studying the worst case; but in contrast the Newton 
type methods fail in principle for certain degenerate cases. And near the 
degenerate cases, these methods are very slow. This motivates a statistical 
theory of cost, i.e., one which applies to most problems in the sense of a 
probabilistic measure on the set of problems (or data). There seems to be a 
trade off between speed and certainty, and a question is how to make that 
precise. 

One clue can be taken from the problem of complexity in the discrete 
mathematics of theoretical computer science. The complexity of an algorithm 
is a measure of its cost of implementation. In these terms, problems (or 
algorithms) which depend on a "size" are said to be tractable provided the 
cost of solution does not increase exponentially as their size increases. The 
famous P = NP problem of Cook and Karp lies in this framework. 

In the case of a single polynomial the obvious "size" is the degree d. So 
these considerations pose the problem. Given fi > 0, an allowable probability 
of failure, does the cost of computation via the modified Newton's method 
for polynomials in some set of probability measure 1-JU, grow at most as a 
polynomial in dl Moreover, one can ask that as ju, varies, this cost be bounded 
by a polynomial in 1/JLI. I was able to provide an affirmative answer to these 
questions. 

Let me be more precise. The problem is to solve f(z*) = 0 where f(z) = 
2f_o a 'z ' ' ' ai G ^ anc* ad = 1* T n e algorithm is the modified Newton's method 
given by: let z0 G C and define inductively zn = Th(zn_l) where Th(z) = 
z — hf(z)/f(z) for some A, 0 <h < I. If /t = 1, this is exactly Newton's 
method. 

We will say that z0 is an approximate zero provided if taking h = 1, the 
sequence zn is well defined for all n, zn converges to z* as n —» oo, with 
f(z*) = 0 and \f(zn)/f(zn_x)\ < \ for all n - 1, 2, . . . . 

Practically and theoretically this is a reasonable definition. One could say 
that in this case, z0 is in a strong Newton Sink. 

Let 9d be the space of polynomials ƒ, /(z) = Sf«0
 aiz\ ad ™ 1- Thus 9d 

can be identified with Cd, with coordinates (a0, . . . , ad_ j) == a G C*. 
Define 

Pl-{fe9tl\\al\<l,i~0,...,d-l} 

and use normalized Lebesgue measure on Pv for a probability measure. 

MAIN THEOREM. There is a universal polynomial S(d, l//x), and a function 
h = h(d, fi) such that for degree d and /A, 0 < /x < 1, the following is true with 
probability 1-JU. Let x0 = 0. Then xn = Th(xn_l) is well defined for all n > 0 
and xs is an approximate zero for f where s = S(d, l/ju). 

More specifically we can say, if s > [100(*/ + 2)]9//x7, then with probability 
1 — /A, xs is well defined by the algorithm for suitable h and xs is an 
approximate zero off 

Note especially that h and s do not depend on the coefficients. 
The use of probability is made more precise in the following very brief idea 
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of the proof. There is a certain subset W+ C 9d such that ƒ E W„ z0 = 0 is a 
"worst case" for the algorithm "in the limit" /i -> 0. We don't expect the 
algorithm to work in this case, no matter how small h is taken. But if ƒ S W+ 
the algorithm will converge for sufficiently small h. It will be shown that Wn 

is a real algebraic variety in ^d using elimination theory. Then a certain 
family of open neighborhoods Ya of W^ 0 < a < 1, are described, decreasing 
to W+ as a -> 0. 

Using a theorem of Weyl on the volume of tubes, and formulae of integral 
geometry (Santalo) we are able to estimate the volume of Ya. 

The idea then is that if Vol Ya/Vo\ Px < /x and ƒ g Ya, then the algorithm 
with a suitable choice of h will arrive at an approximate zero after s steps. 

The algorithm is "tracked" in the target space of ƒ: C -> C. Thus we want 
to estimate \f(zn)/f(zn-i)\

 m terms of values ƒ(#) of critical points 9 where 
ƒ'(») = 0. 

What is needed can be seen more precisely in terms of the Taylor series 
expansion 

f(z) H + <è2
{h) ni f{zf 

where z' = z — hf(z)/f'(z). 
This motivates 

THEOREM (1A OF §2, PART II). Iff is a polynomial with f (z) ¥* 0, then there 
is a critical point 9 (i.e. f'(9) = 0) such that 

i/*(;)ii/(fl)-/(*)r'<4*-, , = 2)3 
k\ \f{z)f 

Thus ifz = 0,/(0) = 0, f(z) = 2 atz\ then 

I/(Ö)I i%/a ,*r*-» < 4. 
The proof uses mathematics related to the Bieberbach conjecture. The 

particular result used is due to Loewner. 
In general, a number of related questions remain unsolved and new ones 

are suggested. Part III is devoted to these. The proof of the main result is in 
Part II, while the rest of Part I is devoted to background material. 

Names which are italicized are listed in the bibliography at the end. 
There is a final comment on the spirit of the paper. I feel one problem of 

mathematics today is the division into the two separate disciplines, pure and 
applied mathematics. Oftentimes it is taken for granted that mathematical 
work should fall into one category or the other. This paper was not written to 
do so. 

I would like to acknowledge useful conversations, with a number of 
mathematicians including L. Blum, S. S. Chern, G. Debreu, D. Fowler, W. 
Kahan, R. Osserman, R. Palais, G. Schober and H. Wu. 

Special thanks are due Moe Hirsch and Mike Shub. 

2. There is a sense in which an important result in Mathematics is never 
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finished. In particular one might ask "Has the fundamental theorem of 
algebra been proved satisfactorily?". 

What do historians of mathematics say about this? They most frequently 
assert that the first proof of the Fundamental Theorem of Algebra was in 
Gauss' thesis. Here are some examples. 
D. Struik (p. 115): 

"GAUSS: THE FUNDAMENTAL THEOREM OF ALGEBRA. The first satisfactory 
proof of this theorem was presented by Carl Freidrich Gauss (1777-1855) in 
his Helmstadt doctoral dissertation of 1799 . . . ." 
D. E. Smith (pp. 473-474): 

"Fundamental Theorem . . . ." After these early steps the statement was 
repeated in one form or another by various later writers, including Newton (c. 
1685) and Maclaurin (posthumous publication, 1748). D'Alembert attempted 
a proof of the theorem in 1746, and on this account the proposition is often 
called d'Alembert's theorem. Other attempts were made to prove the state­
ment, notably by Euler (1749) and Lagrange but the first rigorous demonstra­
tion is due to Gauss (1799), with a simple treatment in (1849)." 
H. Eves (p. 372): 

"In his doctoral dissertation, at the University of Helmstadt and written at 
the age of twenty, Gauss gave the first wholly satisfactory proof of the 
fundamental theorem of algebra . . . ." 

And finally Gauss himself, fifty years later, as related by D. E. Smith 1929, 
in Source book in mathematics, McGraw-Hill, New York, pp. 292-293: 

"The significance of his first proof in the development of mathematics is 
made clear by his own words in the introduction to the fourth proof: 'the first 
proof] • • • had a double purpose, first to show that all the proofs previously 
attempted of this most important theorem of the theory of algebraic equa­
tions are unsatisfactory and illusory, and secondly to give a newly con­
structed rigorous proof." 

On the other hand, compare this with the following passages of Gauss' 
thesis translated into English from the Latin in Struik: 

"Now it is known from higher geometry that every algebraic curve (or the 
single parts of an algebraic curve when it happens to consist of several parts) 
either runs into itself or runs out to infinity in both directions, and therefore 
if a branch of an algebraic curve enters into a limited space, it necessarily has 
to leave it again."7 . . . and 7[footnote by Gauss], "It seems to be sufficiently 
well demonstrated that an algebraic curve can neither be suddenly inter­
rupted (as e.g. occurs with the transcendental curve with equation y = 
1 /log x), not lose itself after an infinite number of terms (like the logarithmic 
spiral), and nobody, to my knowledge, has ever doubted it. But if anybody 
desires it, then on another occasion I intend to give a demonstration which 
will leave no doubt. . . ." 

These passages from Gauss are interesting for several reasons and we will 
return to them. But for the moment, I wish to point out what an immense gap 
Gauss' proof contained. It is a subtle point even today that a real algebraic 
plane curve cannot enter a disk without leaving. In fact even though Gauss 
redid this proof 50 years later, the gap remained. It was not until 1920 that 
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Gauss' proof was completed. In the reference Gauss, A. Ostrowski has a 
paper which does this and gives an excellent discussion of the problem as well 
(I am grateful to Horst Simon for providing me with an English translation of 
Ostrowski's paper). 

One can understand the historical situation better perhaps from the point 
of view of Imre Lakatos. Lakatos in the tradition of Hegel, on one hand, and 
Popper, on the other, sees mathematics as a development which proceeds as a 
series of "proofs and refutations". 

As an example of his critique, in connection with the origin of the concept 
of real function, Lakatos writes (p. 151): 

"Some infallibist historians of mathematics use here the ahistorical tech­
nique of condensing a long development full of struggle and criticism into 
one single action of infallible insight and attribute to Dirichlet the maturity of 
later analysts." 

It seems as if the idea of this quote could also be applied to the written 
history of Gauss' thesis. 

Another line of questioning of the proof of the fundamental theorem of 
algebra was undertaken by the Constructivists. Brouwer and Weyl in 1924 
both published articles which gave constructive proofs for yielding a zero of a 
complex polynomial. But as is emphasized by the computer scientist, what 
good is a constructive solution if it takes 1010 years with the fastest computers 
(say even fastest in principle). Thus a Constructivist approach to be satisfac­
tory today should be paired with a theorem on the speed or cost of computa­
tion. In fact in some of the literature on root finding methods, there is a 
successful effort to measure the number of steps. See for example Dejon and 
Henrici, Henrici, and Collins, Also, the book by Ostrowski gives a very useful 
account of fast algorithms for solving systems of equations in general and for 
finding a zero of a polynomial in particular. 

3. Here we give some of the background of our project related to econom­
ics and numerical analysis. Why economics?! There are a couple of related 
reasons. I was brought to the complexity questions through my work in 
economics. Also economic theory, besides being concerned with the existence 
of equilibria, has seriously considered the computational question of finding 
equilibria as well. 

About 100 years ago the great early economic theorist L. Walras saw 
economic equilibrium for several markets as a solution to a system of 
(nonlinear) equations, supply equals demand. In this model, supply and 
demand functions are generated by the individual agents of the economy, 
consumers and producers. 

The modern rigorous development of this theory is due especially to Arrow 
and Debreu and can be found in Debreu. Arrow and Debreu transform the 
equation of supply equals demand into a fixed point problem, and then apply 
a fixed point theorem (that of Kakutani, or in simpler versions, Brouwer's). In 
this way a coherent unifying structure is given to classical economic theory. 

Scarf has developed a technique for computing these economic equilibria, 
and fixed points generally. Although Scarf is himself a mathematical 


