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1. Introduction. The notion of algorithm permeates the experience of every 
mathematician, and goes back to the very origins of mathematics. To answer 
positively a problem asking for an algorithmic solution, the intuitive notion of 
algorithm is sufficient since we can simply exhibit a solution and convince 
ourselves that the procedure is effective. This has been done for centuries. If 
we have instead reasons to believe that the answer is negative, we need a 
formal characterization of algorithm to prove that each one is ruled out as a 
solution. Such a characterization was only obtained in the late 1930's with the 
work of Herbrand, Gödel, Church, Turing, Post and Kleene. (See [Dal].) 
They defined various notions of recursive function (on the set of natural 
numbers) and the related concept of recursively enumerable (r.e.) set, using 
for example abstract machines, routine rules of calculation or generative 
grammars. All of these prima facie different approaches defined the same 
class of functions and of sets. These are the precise analogues of the intuitive 
notions of computable function and effectively generated set. 

With the formal version of computability at hand, we can talk of an 
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unsolvable or undecidable problem, that is one with no recursive solution. 
Unsolvable problems naturally arise in many fields of mathematics: the 
halting problem (to decide if a Turing machine halts or not on a given input), 
Hubert's tenth problem (to decide if a polynomial Diophantine equation with 
integral coefficients has solutions in the integers), the word problem for 
finitely generated groups (to decide if two words, that is two strings of 
generators, are equal in the group: proposed by Dehn in 1911), the ergodicity 
problem for homogeneous random media (to see if there is exactly one 
time-independent probability measure on the set of states), the homeomor-
phism problem for «-manifolds for « > 4 (to decide, given two «-manifolds, if 
they are homeomorphic; for « = 2 it is a classic result of Riemann that the 
problem is solvable). (See [Da2] and [Ku].) 

Furthermore, undecidability results can be used to show that, although a 
group is completely defined by a presentation, it is not possible to obtain 
effectively from the presentation very much information about the group 
itself (e.g., we cannot even tell if the group is trivial or not). Indeed for any 
fixed algebraic property of finitely presented groups which is not trivial (i.e., 
some finitely presented group has it and some does not) and hereditary with 
respect to finitely presented subgroups, the problem of deciding-given a 
presentation-whether the group defined by it has the property or not is 
undecidable (Adjan-Rabin, see [Da2]). 

A surprising result in this direction is a recursion-theoretic characterization 
of a purely algebraic property. A finitely generated group is isomorphic to a 
subgroup of a finitely presented group if and only if it is recursively presenta­
ble, i.e., the set of words equal to 1 is recursively enumerable (Higman, see 
[Da2]). 

Rather than simply classifying problems into decidable and undecidable 
(or sets as recursive and nonrecursive) we want a precise measure of the 
relative difficulty of such problems. The proofs of unsolvability suggest a 
natural classification system. The idea of those proofs is to first construct an 
unsolvable problem A, roughly by Cantor's method of diagonalization over 
the recursive sets. Then to prove B undecidable, one gives an algorithm for A 
that uses B, i.e., an algorithm that would answer every question of the form 
"x EL AT9 if we knew B. Of course, if B were decidable then so would A be as 
well. In general if such an algorithm exists we say A is Turing-reducible to B 
or A is recursive in B, written A <T B. This yields a natural equivalence 
relation A =T B (when A <T B and B <T A) whose equivalence classes we 
call Turing degrees (T-degrees). If a T-degree contains an r.e. set, we call it an 
r.e. T-degree. 

T-degrees and r.e. T-degrees arise naturally in various branches of mathe­
matics. For example, for any T-degree there is a finitely generated group 
whose word problem has that degree, and if the T-degree is r.e. the group 
may be chosen as finitely presented. (See [Be].) Similarly, for any r.e. 
T-degree there is a recursive class of «-manifolds (« > 4) with homeomor-
phism problem of that degree (see [Da2]). Thus the classification of (r.e.) 
degrees is equivalent to the classification of such algebraic problems. For 
example, the existence of infinitely many r.e. degrees implies that there are 
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infinitely many genuinely different word problems for finitely presented 
groups. 

The first attempt at such a classification began with Post [Po]. In this 
attempt he introduced several reducibilities stronger than T-reducibility. The 
reductions used in actual undecidability proofs are almost always of these 
sorts. They usually produce an algorithm ƒ such that questions of the form 
"x E AT' are reduced to questions of the form "ƒ(*) E BT\ In this case we 
say A is many-one reducible to B (A <m B). Moreover, the algorithm usually 
gives a one-one function/, in which case we write A <i B. A more general 
kind of reduction (but again stronger than < r) allows not only one question 
of the form "f(x) E BI" but a finite Boolean combination of them. It is 
called truth-table reduction (A < tt B). All these concepts have corresponding 
notions of degrees, and these are the degrees we will be dealing with in the 
paper. Word problems for finitely generated (resp. presented) groups again 
correspond to the (r.e.) //-degrees, but not to the m-degrees. The r.e. m-de-
grees correspond instead to the word problems for finitely presented semi­
groups, whose word problem was posed by Thue in 1914 (see [Be], [Da2]). 

Two sets of numbers are said to be recursively isomorphic if one is the 
image of the other under a recursive permutation of the natural numbers. The 
naturalness and importance of 1-degrees comes from the fact that they are 
exactly the recursive isomorphism types (a result which is the recursive 
analogue of the Schroeder-Bernstein theorem on the set-theoretical isomor­
phism of two sets such that each one can be one-one mapped into the other). 
The analogy between classical set theory and recursive set theory can be 
pursued along the lines above (giving for example an analogue of Cantor's 
theorem on the nonexistence of an onto function between œ and wco) with 
some interesting new features (infinite sets A not recursively isomorphic to 
A — {x} for x E A exist here but not classically, unless the axiom of choice 
fails). The most surprising analogy, which is actually more than that since it 
subsumes the classical theory and produces new results, is the one between 
functions on co recursive in a parameter and functions on wco (or, homeomor-
phically, the irrationals) continuous with respect to the topology which is the 
product of the discrete topology on co. In this analogy the r.e. sets correspond 
to the open sets and there are effective (and nontrivial!) analogues of Borel 
and projective hierarchies. The most delicate point in the analogy is probably 
the introduction of the analogue of Hv which turns out to be the first 
(countable) ordinal not representing the order type of a recursive well-order­
ing of co. 

All theorems of the classical descriptive set theory (like Souslin's theorem 
saying that the Borel sets are exactly the analytic-coanalytic sets) with the 
sole exception of the decomposition of every coanalytic set into N, disjoint 
Borel sets have effective versions of which they are consequences (but not 
conversely!) (see [Mt2] or [Hi]). Also, the effective theory has produced new 
classical results of which no classical proof is known, like the following 
extension of the old fact that every uncountable analytic set has cardinality 
2*°: any coanalytic equivalence relation (on w<o) has either countably many or 
2"° equivalence classes (Silver, see [KM]). 
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Recursion theory has provided new tools for the study of this subject. 
Sophisticated methods of proof like priority arguments, which were invented 
to solve Post's problem of classifying r.e. degrees, have been applied here, for 
example to prove the determinacy of Borel games (Martin, [Mtl]) and to 
obtain closed relations with no uniformizing functions of given countable 
Borel level (Harrington). Fine methods of classification of sets of reals have 
been introduced by analogy with m-reducibility (Wadge degrees, obtained 
from: A <w B iff for some continuous function ƒ, x E A <=>ƒ(.*) E E) or 
r-reducibility (Kleene degrees). Although the Wadge degrees were (at least in 
some sense) studied classically (when considering properties of sets preserved 
under inverse images of continuous functions), the concept of Kleene degree 
really requires the machinery of recursion theory even for its definition. 

The general problem of effective analogues of mathematical structures has 
been in the mind of recursion theorists since the beginning of the subject. The 
original paper in which Turing introduces his concept of mechanical com-
putability (see [Dal]) is really devoted to giving a precise notion of comput­
able real number. It is interesting to note that the usual equivalent definitions 
of real numbers (infinite decimals, Dedekind cuts, Cauchy sequences, nested 
interval sequences, complete ordered field) remain equivalent when effecti-
vized. They define a countable subfield of R with computable field operations 
(but not computable equality) and containing all the real numbers of practi­
cal interest, like the algebraic numbers, n, e, the real zeros of the Bessel 
functions, etc. Since classical methods of isolating and computing real roots 
are effective, the recursive real numbers are real closed and the recursive 
complex numbers are algebraically closed. Interesting new phenomena occur 
in recursive analysis, for example that every recursively continuous function 
on all reals is uniformly continuous, making the subject nontrivial (and very 
much related to intuitionistic analysis) (see [Go]). 

The reason for introducing recursive analysis was that among the basic 
structures of mathematics, R does not have a natural effective character, 
while N, Z and Q do. Consider for example Q. When we abstract some of its 
properties to obtain the concept of field, much gets lost. The natural topology 
induced by the order is not considered, and to restore part of the original 
richness topological fields are introduced. Another interesting feature not 
considered is the fact that Q has recursive domain and recursive operations. 
The notion of recursive field is hence defined to recapture this effective 
character. Thus a theory of recursive algebra can be developed, in which 
some classical facts remain true, sometimes requiring new effective proofs 
(e.g., every recursive field has a recursive algebraic closure) but others fail 
(e.g., a recursive field has a unique-up to recursive isomorphism-recursive 
algebraic closure iff it has a splitting algorithm, i.e., an algorithm to determine 
whether a polynomial on it is irreducible or not). This type of result which 
depends upon the priority method from the theory of r.e. degrees shows that 
some constructions cannot be done effectively starting with effective struc­
tures, such as finding a transcendence basis given the field operations (see 
[MN]). 
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As in the case of descriptive set theory, algebra receives from recursion 
theory new concepts and tools. For a given (recursively presented) algebraic 
structure, the lattice of the recursively enumerable substructures of it can be 
considered, and a theory analogous to (but not consequence of) the one for 
recursively enumerable sets can be developed. The concept of degree can be 
used to give a measure of the complexity of a structure, although it is usually 
not enough to define the degree of a structure as its degree as a set (e.g., an 
independent subset of a recursive vector space may not always be effectively 
extended to a basis, so it seems more natural to consider the degree of the 
dependence relation itself). Another interesting part of the theory studies 
which structures may be thought of as effective (e.g., a finitely presented 
group is a recursive group iff it has a solvable word problem) and, among the 
effective structures, which are invariantly effective in the sense that any 
structure of the same kind isomorphic to it is already recursively isomorphic 
and thus the recursive structure is unique (e.g., a recursive Boolean algebra is 
invariantly recursive iff it has a finite number of atoms). 

We have talked until now about classifications of undecidable problems, 
but the decidable ones can also be classified by combining the strong 
reducibilities with notions and methods of complexity theory. Reducibilities 
that nontrivially split the class of the recursive sets are very strong, and will 
not be dealt with in this paper (but we will treat them in [O]). The idea 
needed to define a hierarchy among the decidable problems is to order them 
for example by the time needed to perform an algorithm for the problem (as a 
function of the input). Upper and lower bounds are known for many 
decidable problems (see [FeR]), and the degrees of recursive sets obtained 
from various notions of complexity have a structure similar in many respects 
to the one of r.e. T-degrees (for example they are a dense upper semilattice 
which is not a lattice, see [Lad]). We only quote here (a formulation of) a 
challenging open problem in the area, known as P = NP. Given a formula in 
the propositional calculus, there is an algorithm to decide whether it is 
satisfiable which runs in exponential time (the usual method of truth-tables). 
Is there any procedure running in polynomial time? 

This last example brings in the relationships between recursion theory and 
logic. Again decidability and undecidability arise naturally when we look at 
theories formulated in the first order predicate calculus. For example, the 
theories of groups, fields, lattices, the algebra of closed sets of the plane, the 
sentences in the language of plus and times for N, Z and Q are undecidable. 
On the other hand the theories of abelian groups, finite fields, Boolean 
algebras, the algebra of closed sets of Cantor's discontinuum, the sentences in 
the language of plus and times for R and C are decidable (see [ELTT]). 
Indeed, any //-degree is the degree of a theory and any r.e. //-degree is the 
degree of a finitely axiomatizable theory. This correspondence does not hold 
however for (r.e.) m-degrees (see [Be]). 

Recursion theory provides once again useful concepts to analyze theories. 
A surprising connection is for example: a consistent axiomatizable theory is 
not independently axiomatizable iff there is an enumeration {x0, xv . . . } of 
it such that the set {n: xn+l is deducible in the predicate calculus from 


