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CANONICAL MAPPINGS BETWEEN TEICHMÜLLER SPACES1 

BY IRWIN KRA 

Introduction. In an important survey article [BIO] Bers reported on the state 
of knowledge of Teichmüller theory. There has been a lot of progress in the 
field since that time. The purpose of this paper is to summarize the recent 
work in one area of Teichmüller space theory. We will concentrate on the 
hyperbolic properties of Teichmüller spaces, and present as many conse­
quences of this hyperbolicity as we can. The starting point of this study is 
Royden's [Ro] fundamental paper showing that the Teichmüller metric on 
T(p, 0), p > 2, and the hyperbolic (Kobayashi [Ko, pp. 45-46]) metric are 
one and the same. The organization of the material of this paper follows that 
of an earlier joint paper with Clifford Earle [EK1], except that an introduc­
tory section on history and motivation has been added. 

We have neglected completely another area of Teichmüller space theory in 
which a tremendous amount of recent work has contributed greatly to our 
understanding of Riemann surfaces; namely, the study of fibrations and 
boundaries of Teichmüller spaces. I will only mention the people who have 
contributed to developments in this area: Abikoff, Bers, Earle, Hubbard, 
Jjafrgensen, Kerckhoff, Marden, Maskit, Masur, Thurston. 

I am grateful to Bernard Maskit for reading an earlier version of this 
manuscript and for his many helpful suggestions regarding this article, in 
particular, and Kleinian groups, in general; and to Lipman Bers for his 
continual help, encouragement, and interest in all aspects of mathematics. 

0. A short history and the most classical example. 
0.1. The classical theory of moduli of Riemann surfaces originated with 

Riemann's observation that the conformai type of a compact Riemann 
surface of genus p > 1 depends on 3(p - 1) complex parameters, known as 
moduli. Yet, the fact that the space of moduli of compact surfaces of genus 
p > 1 forms a normal complex space was not proven until the early 1950's. 
The key step is passing to a cover of the space of moduli, known as the 
Teichmüller space of genus p, T(p, 0). The space T(p, 0) appears implicitly in 
the continuity arguments of Klein and Poincaré. It was constructed explicitly 
by Fricke [FK] and Fenchel-Nielsen [FN]. Fricke proved that T(p, 0) is a 
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manifold real analytically equivalent to R6p~6. Teichmüller [Tl], [T2] intro­
duced a natural metric on T(p, 0). Ahlfors [Ah3], [Ah6], [Ah7] and Bers [Bl], 
[B5], [B6] showed that T(p, 0) has a natural complex structure, and Royden 
[Ro] completed this circle of ideas by recovering the natural metric from the 
natural complex structure. 

A compact Riemann surface together with a standard system of generators 
for its fundamental group (called a marked surface) determines a point in 
T(p, 0) and all points in the Teichmüller space arise this way. There is a 
natural group of biholomorphic mappings of T(p, 0), the modular group, 
which identifies points in T(p, 0) corresponding to conformally equivalent 
Riemann surfaces. The moduli space is T(p9 0) factored by the modular 
group. 

The model for T(p, 0) is the upper half-plane which can be canonically 
identified with the Teichmüller space for surfaces of genus 1, 71(1, 0). We will 
outline briefly the theory of moduli of compact Riemann surfaces of genus 1 
(elliptic function theory), showing the connections, similarities, and dif­
ferences with the theory of moduli for surfaces of genus/? > 1. 

0.2. It is well known that every compact Riemann surface of genus 1 can be 
constructed as XT = C/GT, where Gr is the lattice generated by 1 and T with 
T G U, the upper half-plane. It is more convenient to view Gr as a group of 
motions of C, generated by the two translations A: ZH>Z + 1 and Br: 
z i-» z + r. It should be remarked that this general uniformization theorem 
for tori does not depend on Koebe's uniformization theorem. To prove the 
uniformization theorem in genus 1, we need only use the more classical 
theorem of Abel (the map from a torus into its Jacobian variety is an 
isomorphism). The points in U form the Teichmüller space of genus 1: 
7X1, 0) « U. 

0.3. In attempting to generalize the above construction to higher genus one 
immediately comes across two problems. The first problem concerns the 
ad-hoc nature of the above procedure (to be discussed in this section); and 
the second, the questions connected with uniformization of surfaces of higher 
genus (see §0.7). 

Let us fix as a base surface the torus corresponding to T = / = V— 1 , 
Xt = C/G,. The group Gt can, of course, be identified with the fundamental 
group of Xt. Consider the space of isomorphisms of G, onto other lattice 
subgroups of Aut C (that is, onto free discrete commutative subgroups of the 
group of automorphisms of C, Aut C). Two isomorphisms Bx and 02 will be 
called equivalent if they differ by an inner automorphism of Aut C. It is easy 
to check that each such isomorphism is equivalent to a unique isomorphism 0 
with 

9(A) = A, 9(Bt) = BT, some T 6 [ / . (0.3.1) 

Thus we see that T(l9 0) could as well have been defined more abstractly as a 
set of equivalence classes on the space of isomorphisms of Gt onto lattice 
subgroups of Aut C. This concept can be used to define the Teichmüller 
spaces T(p,0) for p > 2 (see §1.12). However, in more general settings 
algebraic conditions alone will not suffice to construct deformation spaces. 
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0.4. Every isomorphism of Gt onto GT is induced by an orientation-preserv­
ing homeomorphism of C onto itself. In fact, the homeomorphism can be 
chosen to be quasiconformal and even affine (that is, of the form 

zt->az + bz +c (0.4.1) 

with a, b9 c E C, a ^ 0 and \b/a\ < 1). The whole modern development of 
moduli of Riemann surfaces was initiated by Teichmüller with his study of 
extremal quasiconformal mappings [Tl], [T2]. (Quasiconformal maps will be 
discussed further in §1.2; extremal quasiconformal maps in §4.2.) Quasicon­
formal mappings already appeared in the earlier work of Grötzsch [Gz] and 
Ahlfors [Ahl]. They were introduced in a systematic way, before Teichmüller, 
by Morrey [My] and Lavrentieff [La]. Alternate (equivalent) definitions of 
quasiconformality were studied by Pfluger [Pf] and Ahlfors [Ah2]. (See 
Gehring's review [Ge] for more on the history of quasiconformality.) How­
ever, it was Teichmüller who first noticed the deep connection of quasiconfor­
mal mappings and function theory. The existence theorems for quasiconfor­
mal mappings with prescribed dilatation (Lavrentieff [La], Bojarski [Bo], 
Ahlfors-Bers [AB]) became, during the 1950's and 1960's, an essential tool in 
the study of variation of complex structures on (Riemann) surfaces. For a 
long time Teichmüller's work on extremal quasiconformal mappings was 
(despite its beauty and elegance)2 unnecessary to study moduli (see Bers' 
survey article [BIO]). However, in order to understand the hyperbolic nature 
of T(p, 0), Teichmüller's characterization of extremal quasiconformal map­
pings is essential. 

Using quasiconformal mappings, it is easy to define a metric on T(p, 0). 
The affine mappings of (0.4.1) are extremal quasiconformal mappings, and 
one can define the Teichmüller distance on T(l, 0) as follows. 

Let Xx and X2 be two points in T(l, 0). We represent Xj by a normalized 
(satisfying (0.3.1)) isomorphism Oy. G, -> Aut C. Let ƒ be an affine map of the 
form (0.4.1) that induces the isomorphism 92 ° 9{~l. Define the Teichmüller 
distance r on T(l, 0) by 

r(Xv X2) = p(0, b/a), 

where p is the non-Euclidean (Poincaré) metric on the unit disk. This simple 
construction generalizes directly (see §4.2). 

Quasiconformal mappings have important applications to the study of 
homeomorphisms between surfaces as well as to other branches of mathe­
matics. In this connection see the very interesting papers by Bers [B12], [B13]. 

REMARK. See Earle [E3] for a proof of the existence of quasiconformal 
mappings with prescribed dilatation ]u, for a restricted class of /A. Earle shows 
that for a special class, existence can be obtained as a consequence of the 
Banach space implicit function theorem (one of the few indispensable tools 
for analysis). 

2Two contributing factors might have been the fact that the proofs were not convincing (the 
ideas are all correct, nevertheless-Ahlfors [Ah2] and Bers [B2]), and the fact that the author of 
these beautiful theorems was far from beauty (and grace). 



146 IRWIN KRA 

0.5. The TeichmüUer space T(p, 0), p > 2, is a generalization of the unit 
disk. The TeichmüUer space is contractible (due to Fricke, TeichmüUer), a 
domain of holomorphy (Bers-Ehrenpreis [BE]), and equivalent to a bounded 
domain (Bers [B6]). It, of course, satisfies a universal mapping property 
(Grothendieck [Gk]). It is tempting to try to translate as many properties of U 
to T(p, 0). The upper half-plane carries a natural Riemannian metric of 
constant negative curvature-the Poincaré metric. The natural metric on 
T(p, 0) is a Finsler metric. For a long time it was thought that the 
TeichmüUer metric has negative curvature. However, the paper claiming to 
prove this result (Kravetz [Kz]) has a serious mistake, discovered by Linch 
[Li]. Recently, Masur [Mrl] has shown that this metric is not of negative 
curvature. Despite this, the TeichmüUer metric tries to behave as if it were of 
negative curvature (see §3.5). 

In many ways the boundaries (there are many!) of TeichmüUer space 
behave like the boundary R u {oo} of U (see for example, Bers [B14], 
Abikoff [Ab]). We will, however, not pursue this line much further (see §0.10). 

0.6. We have seen that the TeichmüUer space T(\9 0) with its canonical 
metric can be identified with the upper half-plane U with its canonical metric 
(the Poincaré metric). The result for arbitrary genus is remarkably similar (see 
§§4.2, 4.7). The space T(l, 0) represents marked tori. To obtain the "space of 
tori" (= the "space of moduli"), one has to identify the points of T(l, 0) » U 
that represent conformally equivalent tori. Using the identifications of §0.2, 
two points r and T' G U represent the same torus if and only if we can find 
an affine map F that is complex analytic and conjugates Gr onto GT/. It is a 
simple exercise to show that such an F exists if and only if 

T' = with a D c d E Z, and ad — be = 1. 
cr 4- a 

Thus the modular group T = SL(2, Z ) /{±7} acts naturally on T(l, 0) to 
produce the space of moduli for surfaces of genus 1. The fact that U/T is a 
manifold (s* C with two distinguished points or C U {oo} with three dis­
tinguished points (of which one is not there)) is an accident of dimension 1. 
However, in general, a discrete group acts analytically on T(p, 0) to produce 
the space of moduli for surfaces of genus/? > 1. In genus one (bigger than 
one) this group can (must) be defined more abstractly in terms of certain 
classes of automorphisms of the base group (see §3). 

The automorphism group of T(l, 0) is, of course, SL(2, R) /{± ƒ}, a real 
Lie group. For higher genus, however, the modular group is (essentially) the 
full group of automorphisms of T(p, 0), p > 2 (see §5.6). The TeichmüUer 
spaces thus provide examples of contractible domains of holomorphy with 
discrete automorphism groups. 

0.7. The complex structure of T(l, 0) is quite natural because every torus is 
uniformized by a subgroup of the (three-dimensional) complex Lie group 
Aut C ^ ( 2 X 2)-upper triangular matrices of the form (g *) with a G C*, 
b G C. However, a surface of genus p > 2 is uniformized by a Fuchsian 
group-a subgroup of SL(2, R)/{ ± / }. Since ££(2, R) is only a real Lie group* 
it is not at all obvious how to give a complex structure to a space of 
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isomorphisms from a fixed Fuchsian group T onto other Fuchsian groups. 
Ahlfors gave T{p, 0) a complex structure by constructing specific local 
coordinates using periods of abelian differentials [Ah3]. 

A very simple and beautiful idea of Bers [B4] provides an alternate 
construction. A Fuchsian group T represents two Riemann surfaces U/T and 
its mirror image (U*/T, where U* is the lower half-plane). If one varies the 
Fuchsian group, each of the surfaces changes-but the change of one com­
pletely controls what happens to the other surface. These changes in complex 
structure of the underlying Riemann surfaces are only real analytic. 

Bers [B4] observed that for any two surfaces Xx and X2 of the same genus 
p > 1, there is a group that algebraically looks just like a Fuchsian group and 
represents precisely the two surfaces Xx and X2. These groups (called quasi-
Fuchsian) act on two (topological) discs in C U {°o}. Bers [B5] constructs the 
TeichmüUer space T(p, 0) by keeping fixed the complex structure of the 
surface produced by the quasi-Fuchsian group acting on one of these two 
disks, and varying the complex structure of the surface produced by the 
action of the group on the other disk. This idea has very wide applicability 
(see §1.2) and is the basis of much of the work on deformation spaces of 
Kleinian groups (and almost all of this paper). 

0.8. The TeichmüUer space 1(1, 0) s (/ represents the space of marked tori. 
To get the surfaces into the picture, we construct various fiber spaces. We 

77"! 

view U X C-> U (irl = projection onto first coordinate) as a fiber space over 
T(l, 0) with fiber over T (TT^^T) = Q the holomorphic universal covering 
space of the torus XT = C/GT. We let Z2 act on U X C by 

(«, m)(r, z) = (T, Z + n + mr), «, m G Z, T G U, z G C. 

The quotient space V(l, 0) = (U X C)/Z2 is a fiber space over U with 
projection 

*: K(l,0)-> 71(1,0) 

induced by tirl. Note that IT~1(T) = XT. 
(As an exercise, let T = (SL(2, Z)/{ ± ƒ }) X Z2 act on U X C by 

(g, n, m)(r, z) = (gr, z + n + mgr), 

g G SL(29 Z ) / { ± / } , n, m G Z, T G U, z G C, 
and compute (U X C)/T.) 

The holomorphic sections s of the map m (that is, holomorphic maps s: 
r ( l , 0) -> K(l, 0) such that m ° s = id) are in canonical correspondence with 
the holomorphic maps ƒ: U -» C (given ƒ, set s(r) = (T, / (T))) , and hence not 
much can be said about sections of m. Note that a section of *n is a choice of a 
point on a torus, with the choice depending holomorphically on moduli. The 
abundance of sections of m is, of course, not surprising since every torus is 
homogeneous (it has a transitive group of conformai automorphisms). It is 
precisely this homogeneity that allows us to identify T(l, 0), the TeichmüUer 
space of tori, with T(l, 1), the TeichmüUer space of once-punctured tori. In 
this setting 

K(l, ! ) ' - ( ! / X Q ' / Z 2 , 


