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EINAR HILLE
(June 28, 1894—February 12, 1980)

BY NELSON DUNFORD'

Einar Hille died February 12, 1980 slightly more than a month after the
conference, commemorating his eighty-fifth birthday, was held at the Irvine
branch of the University of California.

He was born June 28, 1894, son of Professor Carl August Heuman and
Edla Eckman. His mother later changed her name to Hille, a mistranslation
of Heuman.

Hille’s early interests were in mathematics, organic chemistry and linguis-
tics. He entered Stockholm’s Hogskola in 1911 as a chemistry student and
published a paper [0] in biochemistry jointly with his professor, Hans von
Euler, who later was awarded the Nobel prize in chemistry and who was
remotely related to the Swiss mathematician Leonard Euler. This paper was
not Hille’s first appearance in print. In December 1912 he reviewed the work
which led to the two Nobel prizes in chemistry awarded to the Frenchmen
(Frangois Auguste) Victor Grignard and Paul Sabattier.

Since the laboratory part of chemistry did not appeal to Hille, he attended
lectures on elliptic functions given by Ivar Bendixson (1861-1935). Bendixson
was a liberal politician, a member of the city council, a pupil of Mittag-Lef-
fler and an excellent lecturer. It was Bendixson who won Hille over to
mathematics. The following year he attended lectures of Helge von Koch
(1870-1924) on differential equations, a subject which later became an
important part of Hille’s life work. He also studied von Koch’s specialty,
infinite determinants, which he used ten years later.

In 1913 Hille received the AB (Cum Laude Approbatur) in mathematics,
and in the fall of 1914 he started his mathematical studies in earnest. He also
attended lectures of the economist Gustaf Cassel and, for a term, those of
Torgny Segerstedt on Indian religions.

Of his teachers, I. Fredholm had little influence on him. Fredholm was
uninspiring and shy, but he did give Hille a general interest in mathematical
physics. Marcel Riesz had by far the greatest influence on him, not only as a
teacher, but also as an inspiring associate for many years. Through him Hille
was introduced to what was then modern analysis and developed an abiding
interest in Fourier series, Dirichlet series and the theory of summability. Riesz
suggested the topic of Hille’s first mathematical investigation, a study of the
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variation in the arc-length of images of concentric circles under conformal
mapping [1], earning him the Licentiate of Philosophy degree in 1916.

During 1916-1917 Hille did his military service as a typist in the Swedish
Army. It was 325 miles to the nearest scientific library, but he had books of
his own and could borrow what he needed through the local junior college.
He had much free time and used it fully. Three investigations resulted: a
continuation of [1], never published, a brief note on the relation between
Dirichlet series and binomial series, later incorporated in [17], published in
1926, and an investigation on the solutions of Legendre’s differential equation
for arbitrary complex values of the parameter. This grew into his dissertation
[2] of 1918 which gave him the Ph.D. degree and, half a year later, the title of
docent and the right to lecture. He was awarded a Mittag-Leffler Prize for his
dissertation. It contained many valuable ideas, not yet fully developed. One
of the most important was the use of integral identities, later known as
Green’s transforms, attached to a differential equation. These served as a
point of departure for his later work at Harvard. The study of certain
orthogonal systems, introduced in [2], was further extended, almost 30 years
later, by Harry Pollard, during and after his appointment as a Jowitt Fellow
at Yale.

Hille obtained leave to act as one of the secretaries of the 4th Scandinavian
Mathematical Congress in Stockholm. He was also able to attend the disputa-
tion of his lifelong friend, Harald Cramér.

The work in the Swedish Civil Service, 1918—1920, plus the teaching at the
University, left him little time for research, but the basic idea of [9], Dirichlet
series with complex exponents, hails from this period.

In 1920 he received a fellowship from the Swedish-American Foundation.
He wanted to work at Harvard with George David Birkhoff, and in particular
in the field of difference equations, in which Birkhoff was one of the leaders.
In the fall of 1917, Hille had done some work in this field, but gave it up
when he realized that R. D. Carmichael had already obtained most of the
results. Birkhoff was also a leader in the field of differential equations. When
Hille came to Harvard, it turned out that a systematic use of the integral
identities mentioned above gave valuable information concerning the distrib-
ution in the complex plane of the zeros of solutions of linear second order
equations. With the encouragement of Birkhoff, Hille took up this field. It
resulted in papers [3]-[7], [10]-[13], [15], [16], published during 1921-1924.
The resulting theory of oscillation theorems in the complex domain has been
ably summarized by E. L. Ince in Chapter XXI of his Ordinary differential
equations. Of his later papers [23], [20], [53], [86], [92] in part, and [94], belong
to the same general range of ideas. The first deals with connections between
his investigations and those of Rolf Nevanlinna on the distribution of values
of meromorphic functions. Actually, it turned out that Hille’s examples of
meromorphic functions with preassigned equal defects, formed by quotients
of solutions of a class of differential equations with polynomial coefficients,
were the first valid ones in the literature. R. Nevanlinna in 1929 succeeded in
showing that, in a sense, all meromorphic functions having these defect
properties were obtainable in this manner. An ingenious use of the
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Schwarzian derivative was the decisive step. In 1948 Zeev Nehari proved an
important inequality for the Schwarzian derivative of a univalent function in
which one of Hille’s integral identities was useful. Later Hille proved that
Nehari’s inequality is the best possible by providing a counterexample in [94].

Hille’s stay at Harvard lasted two years, the second year as Benjamin
Peirce Instructor. These years were decisive for his future development. Hille
was always grateful for Birkhoff’s helpful interest, an interest which lasted
until Birkhoff’s untimely death in 1945.

The association with G. D. Kellogg in 1921-1922 was fruitful, and Bouton,
Coolidge and Osgood did much to round out Hille’s mathematical education.
In 1922 Hille moved to Princeton, where he was promoted to assistant
professor after a year. At first Hille continued under the impetus received at
Harvard. A couple of isolated papers on functional equations, [8], [14], show a
variation of interest, and the two papers on Dirichlet series, [9] and [17),
though started much earlier, belong to the same period.

In 1925 Hille became interested in expansions in terms of Laguerre and
Hermite polynomials, a topic to which he returned a number of times. The
first papers were the notes [19]-[21] on Laguerre series and [22] on Hermite
series. The latter contained basic results on Abel summability of such series
and a study of Gauss-Weierstrass transforms and their inverses. The latter
topic was later studied in great detail by A. Gonzalez Domingues who in 1941
wrote a long memoir on what he called Hille transforms.

In 1926 Oswald Veblen obtained a fellowship for Hille. He spent the time
in Copenhagen, Stockholm and Gottingen. The publications [23]-[25] were
from this period. The year began with a short sojourn in Copenhagen with
Niels Erik Norlund to work with partial difference equations. Hille then spent
three months at the Mittag-Leffler Institute, where he prepared a bibliogra-
phy, consisting of approximately 1000 papers (most of which he read) on the
analytic representation of monogenic functions. Among the fruits of this work
were [26], [33] and various counterexamples in [37] and [39]. The references
[24] and [25] are papers on various phases of the theory of the gamma
function and [25] is joint with G. Rasch, at that time one of Norlund’s
assistants. The latter two papers are closely related to the theory of difference
equations, a field in which Norlund is outstanding. Upon leaving the Mittag-
Leffler Institute, he returned to Copenhagen, where he worked on the zeros of
various functions connected with difference equations. He also constructed
meromorphic functions with preassigned defects. These turned out to be the
first valid examples; those constructed by Rolf Nevanlinna in his paper at the
Copenhagen Scandinavian Mathematical Congress of 1924 turned out to be
non-single-valued. Nevanlinna, a few years later, showed that Hille’s methods
could be used to construct a Riemann surface with a finite number of
logarithmic branch-points, the inverse being a meromorphic function.

The mathematicians at Copenhagen were a friendly group and Hille made
friends: Harald Bohr (also his famous brother Niels), Jakob Nielsen (a
topologist and specialist on Fuchsian groups), Bonnesen, Steffensen, Mol-
lerup and others.

Hille’s fellowship year would have made a lasting impression on his






