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SYMPLECTIC GEOMETRY

BY ALAN WEINSTEIN

0. Introduction. Classical mechanics in the time of Huygens (1629-1695)
and Newton (1642-1727) was very geometrical. Although Newton invented
the calculus in order to formulate and solve physical problems, many of his
arguments made heavy use of euclidean geometry. After Newton, there came
a period of “mécanique analytique,” during which Lagrange (1736-1813)
could boast that his treatise on mechanics contained no pictures.! Following
the path of Euler (1707-1783) and Lagrange, Jacobi (1804-1851) and Hamil-
ton (1805-1865) continued the development of analytic techniques for the
explicit solution of the differential equations describing mechanical systems.
Finally, geometry has taken a new role in mechanics through the contribu-
tions of Poincaré (1854-1912) and Birkhoff (1884-1944). Now, though, the
geometry is the more flexible geometry of canonical (in particular, area
preserving) transformations instead of the rigid geometry of Euclid; accord-
ingly, the conclusions of the geometrical arguments are often qualitative
rather than quantitative.

In this lecture (and paper), I would like to explain what symplectic
geometry is and to describe its role in contemporary mathematics. I think it is
not unfair to say that symplectic geometry is of interest today, not so much as
a theory in itself, but rather because of a series of remarkable “transforms”
which connect it with various areas of analysis.?

The lagrangian submanifolds play an especially important part in symplectic
geometry and its applications. In §3 of this lecture, I will outline an approach
to symplectic geometry in terms of a “category” in which the morphisms are
exactly the lagrangian submanifolds; this approach suggests some interesting
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! Poinsot (1777-1859) reacted strongly against this analytical tradition. Referring to “Pillustre
Lagrange” in his famous study of rigid body rotation, Poinsot wrote that in Lagrange’s treatment
of the subject, “on ne voit guere que des calculs, sans aucune image nette de la rotation du
corps.” (I would like to thank J. J. Duistermaat for calling my attention to Poinsot’s vivid critique
of analytical mechanics, as well as for his comments on this manuscript.)

2 G. D. Birkhoff’s “disturbing secret fear that geometry may ultimately turn out to be no more
than the glittering intuitional trappings of analysis” [BI] may be especially appropriate when
applied to symplectic geometry. I learned of Birkhoff’s statement from Chern [C], who tends to
dismiss the fear on the grounds that Birkhoff was an analyst. The recent success of symplectic
geometric methods in linear partial differential equations (see §5 for an example) suggests that
one might need the glitter to find the gold. This opinion is also expressed by Poinsot (see
previous footnote) who suggests that calculations are merely a tool in the service of geometrical
and mechanical reasoning.
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new problems as well as unifying previous results. Some of the ideas in this
section were developed independently by Guillemin and Sternberg, implicitly
in [G-S1] and explicitly in §§9 and 10 of [G-S2].

1. Symplectic spaces and manifolds. The model space for symplectic geome-
try is the 2n-dimensional cartesian space R?* with symplectic structure pro-
vided by the differential form €, = X7_,dg, A\ dp; in coordinates
(qp> - - - 5 Gus P1s - - - » P)- Eventually, we shall consider differentiable transfor-
mations preserving this structure, but for a moment let us look at the linear
ones, from which the name “symplectic” comes.

The planes (through the origin) in R?" on which £, vanishes (as a bilinear
form) form a hypersurface C in the Grassmann manifold G,,,(R). The
Grassmann manifold may be identified with the space of lines in RP?"~1,
and a hypersurface in this space of lines is called a line complex in projective
geometry. These complexes were studied extensively by Pliicker (1801-1868)
and others in the 19th century. The complex € is called a linear complex,
since it is defined by linear equations on the exterior product R A R?", so
the group of projective transformations leaving C invariant (equal to the
projectivization of the linear group leaving £, invariant) was called the l/inear
complex group. In 1946, Hermann Weyl [WL] decided that the terminology
was too confusing to perpetuate, so he took the Latin roots in com-plex
(meaning “plaited together”) and replaced them by the Greek roots sym-
plectic.® The name symplectic group is now universally used for the group of
linear transformations preserving {,,.

The mathematical point to be retained from this linguistic digression is that
the symplectic structure is essentially determined by the subspaces on which
it vanishes. In addition to the planes in R*" on which , vanishes, we may
consider larger subspaces with this property, called isotropic. The maximal
isotropic subspaces have dimension n and are called lagrangian (following
Maslov [MAS)).

A submanifold L of R?" is called lagrangian if its tangent space at each
point is lagrangian, i.e. if L is n-dimensional, and the pullback of @, to L
vanishes. If L projects diffeomorphically onto the subspace
{(g1»---54,0,...,0)}, so that L is defined by equations of the form
pi =0(q; ..., q,), then it is easy to verify that L is lagrangian if and only if
06,/9q; = 36;/3g; on R", i.e. if and only if there is a function S(g,, .. ., g,)
such that 8, = 35S /3q;. Such a function S is called a generating function for the
lagrangian submanifold L. One of the most important recent developments in
the applications of symplectic geometry is the discovery that, if we identify
this L with the function e’, then we can extend this identification so that
more general lagrangian submanifolds (not necessarily projecting diffeomor-
phically onto R?") correspond to generalized functions on R". (See [G-S1] for
a detailed account of this correspondence.) In a sense, we may think of the

3 According to the Oxford English Dictionary, the only use of “symplectic” in English is with
reference to a certain bone in the head of fish. The dictionary gives a citation from Todd’s
Cyclopedia of Anatomy (1839-47). A picture of the symplectic bone may be found on p. 67 of
[BOJ; it appears that the bone is quite small, but that it may serve to hold things together.
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lagrangian submanifolds themselves as being a generalization of functions.

The symplectic group is too rigid for many purposes. The class of
lagrangian submanifolds, for instance, is invariant under the group of all
diffeomorphisms f: R?” — R?" for which f*Q, = Q,. More generally, we may
consider diffeomorphisms between open subsets of R>” which preserve Q,;
these diffeomorphisms are called canonical transformations, symplectic dif-
feomorphisms, or (following Souriau [SOJ]), symplectomorphisms. We may
define a symplectic manifold to be a differentiable manifold with an atlas for
which the coordinate changes are symplectomorphisms. Alternately, we may
define a symplectic structure on a manifold P as a closed 2-form £ which is
nondegenerate in the sense that the bundle map §: TP — T*P defined by
[@(v)J(w) = Q(v, w) is an isomorphism. It is a theorem of Darboux that, near
any point in a manifold with a symplectic structure, there are local coordi-
nates (qy, - - - » gy P1> - - - » P,) for which @ = 3, dg; A dp;, so the two defini-
tions are equivalent.

An important class of symplectic manifolds consists of the cotangent
bundles T*X. Every local coordinate system (q,, . . ., ¢g,) on X gives rise to
local coordinates (g, - - . 5 gps P15 - - - » P,) ON T*X, and the form X dg, A dp;
is independent of the choice of such coordinates; we denote the symplectic
structure on T*X by €. The image of a section o: X — T*X is a lagrangian
submanifold of (T*X, Q) if and only if do = 0; if ¢ = dS, S is called a
generating function for o(X).

2. Symplectic geometry as Lagrange did it. The first symplectic manifold
was introduced by Lagrange [LA1] in 1808.* In studying the motion of the
planets under the influence of their mutual gravitational interaction, he took
as a starting point the elliptical motion of a single planet around the sun.
(Actually, the focus of the ellipse is the center of the mass of the sun-planet
system, but we will ignore this point here.) This ellipse was then considered to
“drift” under the disturbing influence of the other planets. The drift was
described by a system of differential equations, and Lagrange sought to put
these equations in the simplest possible form.

Let & be the set of possible elliptical motions of a planet. A member of &
may be described by six real numbers, called elements of the orbital motion.
For instance, one may take the major axis and eccentricity of the ellipse, two
variables describing the orientation of the plane containing the ellipse, one
variable giving the orientation of the ellipse within this plane, and a final
variable specifying the time at which the planet passes a designated point on
the ellipse. In modern terms, we may say that & is a six-dimensional
manifold, with the elements forming a local coordinate system. (Chapter 9 of
[A-M] contains a nice discussion of various systems of elements.)

Let ay, . .., as be a system of elements. The problem faced by Lagrange
and his contemporaries, and solved by them in many different ways, was to
write down a system of first-order differential equations for the a;’s. Finally,
in 1808, Lagrange came up with a formulation of these equations which was

4 In this section, we take the symposium title “Mathematical Heritage of Poincaré” to refer to
what Poincare inherited, rather than what he left for us.
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much simpler than any which had been found before. He first constructed,
for any system of elements, and each pair of indices with 1 <i, j < 6, a
“bracket” [a;, @;] which, like each of the s, is a function on &. The bracket
expressions (now called Lagrange brackets) satisfy the antisymmetry condition

(@, 4] = -[a;,a]. (1
Lagrange also constructed a real valued function ® on &, called the disturb-
ing function, which depends on the perturbing forces but is independent of the

choice of elements, such that the drift caused by the perturbation satisfies the
equations:

Y 6 da

= - al—Z
AU @
The matrix of brackets satisfies the nondegeneracy condition
det([a;, ¢]) 0 3
so there is an inverse matrix (b,;), and the equations (2) become
da, $,  3®
— = b~ @
a <Y g

in which the derivatives of the elements are expressed in terms of one
function instead of six. At the time of Lagrange, this advance was of
advantage largely because it shortened by a factor of six some rather
complicated computations. The theoretical properties of equations of the
form (4) were yet to be explored, beyond the following further results due to
Lagrange.

The antisymmetry of the matrix (b;;) implies that the total derivative of ®
with respect of time along a solution of (4) is zero; i.e. the disturbing function
® is a conserved quantity for the drift motion. This conservation law could be
used to check computations, as well as in discussions of stability.

Lagrange also found another invariant for the solutions of (4), which we
may describe as follows. Let f,: & — & be the mapping which associates to
each elliptical orbit e the elliptical orbit f,(e) to which the planet will have
drifted from e after the perturbing forces have acted for ¢ units of time. For
any value of ¢, the six functions g; © f, are a new set of elements, and the
brackets [g; © f;, g; © f] may be formed. Lagrange’s last invariance principle
states that the functional form of the expression of [g; ° f;, g; © f] in terms of
the g; ° f’s is independent of time, i.e.

[afoaof]=[a-a]c) ®)
Finally, in [LA2], Lagrange found special elements (g, q,, 43, Py, P2, P3) for

which [g;, ¢;] = [p;» p;] = 0 and [p;, g = §;;. In terms of these elements, the
equations (4) become

dq,/dt = 3@ /9p,, dp;/dt = -3®/dg, (6
which are known today as Hamilton’s equations.

In modern differential geometric terms, we may identify the Lagrange
brackets [a;, a;] as the coefficients §2(3/9a;, 9/9a;) of a differential 2-form .






