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{Elementarrekursiontheorie vom hbheren Standpunkte aus.1) 

BY STEPHEN C. KLEENE 

ABSTRACT. An algorithm is a procedure, given by a finite set of instructions, 
to serve as follows in relation to a given infinite class of questions, (a) If we 
select any question from the class, the instructions will tell us how to 
perform a step, (b) After any step, if we do not receive the answer then, the 
instructions together with the existing situation will tell us what step to take 
next, (c) The instructions will enable us to recognize when a situation is 
reached in which the answer is before us, and to read it off then; and this 
will eventually happen if the question has an answer. In "steps" and 
"situations'*, what are we handling? Since there must be no ambiguity, 
surely some kind of regular complexes of occurrences of symbols from a 
given finite list. Such complexes can be coded by positive integers. Consider 
specifically an algorithm for computing a functional <p(B; 8T) where 0 are 
number-theoretic function variables and 31 are natural number variables. A 
question is selected from the infinite class "What is the value of ^(9; 31)?" 
by specifying (0; 21). I gain some space for maneuver by using instead 
(0; % 0). After any step, the situation will be represented by (0; 8, b) 
where b is the code for the complex of symbols in it. By (c), there must be a 
functional x(0; % b)> for which we already know how to get the values, 
such that, in the situation represented by (0; ft, b), x(6; ft, £) *• 0 if the 
answer is not before us, and otherwise x(0; % b) — <K0; % b) + 1 where 
<K0; ft, b) is the answer; and x(0; ft, 0) - 0. By (b) and (a), there must 
likewise be a functional p(0; ft, b) such that in the situation represented by 
(0; ft, b), if x(0; ft, b) - 0 then (0; ft, p(0; ft, b)) represents the situation 
after the next step; and (0; 21, p(0; ft, 0» represents the situation after the 
first step. Now, putting <K@î ft, b) « <f<0; ft, p(0; ft, b)) if x(6; % &) - 0, 
« x(0; ft, b) - 1 if x(0; % b) > 0, we have a definition of <K0; ft, b) of 
the form # 0 ; % b) « ^(mb^è\ ft, b), 0 ; 2t, b) as in Kleene's first recur­
sion theorem [15>52, p. 348]; and « 0 ; 3Q « <J<0; % 0). Thence it is argued 
that the first recursion theorem, in a proper setting, enables all functionals 
<K0; 21) to be defined for which there are algorithms; and consequences are 
deduced therefrom. 

The theory of recursive functions is nearly one hundred years old. For 
nearly the first fifty years it was the theory of what are now called "primitive 
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recursive functions" and some extensions thereof. A little under fifty years 
ago general recursive functions and equivalents came on the stage. 

The simplest infinite mathematical system is that of the natural numbers, 
i.e. the nonnegative integers 

0, 1, 2 , . . . . 

I choose to deal with these rather than with the positive integers 

1, 2, 3 , . . . , 

and I shall transpose to the natural numbers the part of the work I review 
that was phrased in terms of the positive integers.3 

On Tuesday, September 21, 1886, Kronecker declared, "Die ganzen Zahlen 
hat der Hebe Gott gemacht, alles andere ist Menschenwerk (God made the 
integers, all the rest is work of man)." We know so well the natural number 
system from Peano's five axioms, published by him in [1889] and [1891]. In 
fact, as Peano acknowledged in [1891, p. 93], these axioms come from the 
definition of a simply infinite system in Dedekind, "Was sind und was sollen 
die Zahlen?" [1888]. I think we can say that recursive function theory was 
born there ninety-two years ago with Dedekind's Theorem 126 ("Satz der 
Definition durch Induktion") that functions can be defined by primitive 
recursion, as I shall presently illustrate.4 

Under Dedekind and Peano's treatment, the natural numbers constitute the 
system of objects obtained by starting with an object 0 ("zero"), and re­
peatedly generating a next object by an operation ' ("successor" or "+1").5 

That one thus generates only natural numbers is stated in the first two Peano 
axioms. That objects thus differently generated are distinct is stated in the 
third and fourth Peano axioms. That all the natural numbers are so generated 
is given by the fifth Peano axiom, which says that we can parallel the 
generation of the natural numbers using 0 and ' by proofs that all the natural 
numbers have a mathematical property, i.e. proofs by mathematical induc­
tion. Indeed, in the set-theoretic terminology which was appearing about the 
same time, a subset of the natural numbers containing 0 and closed under the 
operation ' is the set of all the natural numbers. 

Recursion, or definition by induction, is the principle of definition corre­
sponding to proof by induction. The example that comes to mind first is the 
definition of the sum function a + b, by the two equations 

\ a + b' = (a + b)'. K ' 

3Of course the two systems by themselves are isomorphic. They differ in their application as 
cardinal numbers, and in the definitions (suited to that application) adopted for the functions 
a + b,a-b and ab. 

4Peter [1534] introduced the name "primitive recursion**, and the name "primitive recursive 
functions'* came in with my [1936] for what had been called simply "recursive functions** by 
Gödel [1991], [1934] and Péter [1934], [1935], [1936]. "Recursion** (but not "recursive function**) 
appeared in Skolem [1923, p. 11] and Hubert [1926]. 

5Dedekind and Peano dealt with the positive integers 1, 2, 3 , . . . ; but as stated I am 
transposing to the natural numbers 0, 1, 2 , . . . . Other work cited below which was phrased in 
terms of the positive integers is that of Skolem, Church, Kleene before [1936], Post and Smullyan. 
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You may wonder why in 1980 I am dwelling on this. There is a point of 
view (developed by me since 1977) from which the quantum jump at midlife 
of recursion theory from dealing only with primitive and other special 
recursive functions to general recursive functions can be based on thinking 
through the form of a recursion as exemplified by this definition of a + b. 

However, let me first deal with this less boldly. The definition of a + b 
comes under the general form of a primitive recursion on b with n — 1 ( > 0) 
parameters al9 . . . , an,4 

<J>(0, a2, . . . , an) = \p(a2, . . . , an)9 

<j>(b\ a2, . . . , an) = x(b> <K&> <*2> • • • > <*n)> <*2> • - - > anY 

In our example of a + b9 there is one parameter a (n = 2), and the functions 
\p and x assumed as already known are 

xp(a) = a9 x(P, c, a) = c'. (3) 

To complete the definition of the class of the primitive recursive functions, I 
need to make precise the context in which primitive recursions are to be used. 
Specifically, what functions are to be taken as known initially, and what other 
kinds of definition may be interspersed with primitive recursions? I shall 
make these items precise presently. 

Dedekind [1888] and Peano [1889] followed the recursion for the sum 
a + b by those for the product a • b and the exponent function ab,s 

0 - 0 = 0, 
a • V = (a - b) + a, 

U°=i, 
\av-ab-a. 

The characteristic feature of primitive recursion is that, e.g. with one 
parameter a, the value of the function </> being defined for any given pair 
(b9 a) of arguments with b > 0 is made to depend via a previously known 
function on its value for the pair (b — 1, a) (besides on b and a), and so by 
iteration on its values successively for (b — 2, a), (b — 3, a),.. . and ulti­
mately for (0, a), which value is given by a previously known function of a. 
This makes Dedekind's [1888] theorem that a function is defined by the 
recursion quite transparent. 

The functions commonly used in arithmetic or elementary number theory 
are primitive recursive. Something of a calculus of primitive recursive func­
tions was developed by Skolem [1923], Gödel [1931] and Péter [1934], from 
which my exposition in [1952, Chapter IX] drew heavily. 

In [1928] Ackermann gave an example of a recursion on two variables n 
and b simultaneously (with one parameter a). In this recursion, the value of 
the function £ in question for a triple («, b, a) of argumentswith n9 b both 
> 0 is made to depend on its value for certain triples (n, by a) with (n9 b) 
preceding (n, b) in the ordering by the ordinals n<o + b9 and is given by a 

(4) 

(5) 
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known function if either n = 0 or b = 0, 

f € ( 0 , * , a ) - f l + 6, 
I i(n\ 0, a) = a(n, a) (= 0 if n = 0, 1 if n = 1, a if n > 1), (6) 
[i(n\ b', a) = £(n, £(«', 6, a), a). 

Ackermann proved that this function £ is not (as we now say) primitive 
recursive. Indeed, £(0, b, a) = a + b, i-(l, b, a) = a - b, £(2, 6, a) = ab,... ; 
and £(&, &, Z>) majorizes every primitive recursive function <f>(b). 

Generalizing from the k = 1 case (primitive recursion) and the k = 2 case 
(exemplified by Ackermann's double recursion), Péter [1936] studied the 
hierarchy of increasing classes of functions definable using A>fold recursions 
for k = 1, 2, 3, . . . . So much for the first phase of recursive function theory. 

A half century ago there was a great ferment in thinking about the 
foundations of mathematics. Stimulated by Cantor's development of set 
theory ([1874], [1895-7]) and the ensuing paradoxes (from 1895 on), the 
schools of logicism, intuitionism and formalism had taken the field. The 
formalists (after Hilbert) had put portions of classical mathematics into the 
setting of fully formalized systems, and proposed to study these systems (in 
particular to prove their consistency) by "finitary" methods, indeed by the 
methods of elementary intuitionism (after Brouwer). Hilbert had posed in 
[1918] the problem of the solvability in principle of each mathematical 
question, and the problem of the decidability of a mathematical question 
through a finite number of operations. Applied to a formal system, we thus 
have the problem of finding a decision procedure (Entscheidungsverfahren) 
whereby, given any formula of the system, its provability or unprovability in 
that system can be decided in finitely many steps. Thus arises the Entschei-
dungsproblem or decision problem, which had also appeared in Schroder 
[1895] and Löwenheim [1915]. 

What is all this really about? Let us try to view it from a standpoint above 
the details of one or another particular formal system. What does a formal 
system really do, and what would a decision procedure be? 

The germ of the concept which gives us the overview we want now has 
been in mathematics for more than two millenia: the idea of algorithms. 

An algorithm is a method or procedure, established by a finite set of rules 
or instructions, to serve as follows in relation to a given infinite class of 
questions, (a) After the procedure has been described, if we then select any 
question from the class, the procedure will apply and tell us how to perform a 
step, the first of a sequence of one or more steps, (b) After any step, if we do 
not then receive the answer to the question selected, the instructions together 
with the existing situation (to which that step led) will tell us what step to take 
next, (c) The instructions will enable us to recognize when a situation is 
reached in which the answer is before us, and to read it off then; and this will 
eventually happen (after a finite number of steps). In performing the steps 
and reading off the answer, we have only to follow the instructions, like 
robots; no insight or ingenuity or invention is required of us.6 

6This clearly paraphrases the description of an algorithm as it naturally came to my mind in 
[1967, p. 223] and [1969, p. 335]. 
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To be more specific, consider various sorts of infinite classes of questions. 
To begin with, let us take as our object domain the natural numbers, or a 
similar countably infinite domain of objects each finitely describable by its 
generation or position as a member of the domain. 

As we know, we can define functions of one or more variables, each 
ranging over the natural numbers, e.g. by recursion. We can also define 
properties and relations (i.e. propositional functions, or as I will preferably 
say "predicates") of natural-number variables, by defining functions and 
setting them equal to 0, and further by applying logical operations (including 
the quantifiers "for all x" and "(there) exists an x (such that)", or in symbols 
"(*)" and "(Ex)") to predicates already defined. 

If we have a predicate P(a) or P(al9..., an) with natural-number vari­
ables, we may have an algorithm for the infinite class of questions "Is P(a) 
true?" or "Is P(alf. . . , an) true?". We get a particular question of the class 
by selecting a particular natural number as the value of a or a particular 
«-tuple of natural numbers as the values of al9..., an. These questions call 
for "yes" or "no" as answers. The algorithm is then also called a decision 
procedure for the predicate P. If such exists, the predicate is called decidable. 

Similarly with a number-theoretic function <j>(a) or <t>(ax, . . . , an)9 an algo­
rithm for the infinite class of questions "What is the value of <t>(a)V or "What 
is the value of 4>(al9 . . . , an)T9 is also called a computation procedure for the 
function <f>. If such exists, the function is called computable. 

Since to any predicate P(a) or P(av . . . , an) we can correlate a function 
<t>(a) or <j>(al9 . . . , an) taking the value 0 or 1 according as the proposition 
taken as value by the predicate is true or false, decision procedures are 
encompassed under computation procedures. 

The example of Euclid's greatest common divisor algorithm (fourth century 
B.C.) illustrates that algorithms were present in Greek mathematics. The 
name "algorithm" is a corruption of the last part of the name of Abu 
Abdullah abu Jafar Muhammad ibn Musa al-Khowarizmi, the ninth century 
Arabian mathematician who came from the Khowarizm oasis in central 
Asia.7 

The objective of formalizing a mathematical theory a la Hubert is to 
remove all uncertainty about what constitutes a proof in the theory, of course 
only after likewise fully specifying what are the formulas expressing proposi­
tions of the theory. Given a proposed proof, it must be possible by applica­
tion of the rules defining the formal system to check in finitely many steps 
whether or not it really is a proof. 

In brief, disregarding differences among various ways of carrying out the 
details of formalization, the aim of embodying a theory in a formal system is 
to establish an algorithm for the notion of proof (besides of formula) in the 
theory. And the decision problem for a given formal system is the problem of 

7I have in my hand an autographed picture of Al-Khowarizmi.-Actually, it is likeness 
circulated at the Symposium dedicated to Al-Khowarizmi, at Urgench in Uzbekistan, September 
16-22, 1979, inscribed in Arabic with his name by Heinz Zemanek of Vienna, an Al-Khowarizmi 
scholar. 


