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POINCARE RECURRENCE AND NUMBER THEORY

BY HARRY FURSTENBERG

Introduction. Poincaré is largely responsible for the transformation of
celestial mechanics from the study of individual solutions of differential
equations to the global analysis of phase space. A system of differential
equations such as those which embody the laws of Newtonian mechanics
generates a one-parameter group of transformation of the manifold that
represents the set of states of a dynamical system. The evolution of the
dynamical system in time corresponds to a particular solution of the system
of differential equations; it also corresponds to an orbit of the group of
transformations acting on a single state. The efforts of the classical analysts in
celestial mechanics had been directed to extracting by analytical means as
much information as possible about the individual solutions to the system of
differential equations. Poincaré’s work gave impetus to a global approach
which studies the totality of solutions and shifts attention to the transforma-
tion group of phase space.

Two of Poincaré’s achievements which can be traced to this point of view
are his theory of periodic solutions and his recurrence theorem. In the former
of these, the topological nature of the phase space plays a key role; Poincaré
showed how an essentially topological analysis of orbits, under certain
conditions, can be used to establish the existence of a periodic solution curve.
In his recurrence theorem, Poincaré demonstrated how measure-theoretic
ideas, particularly the idea of a measure-preserving group of transformations,
lead to the existence of numerous “approximately periodic”—or, “recurrent”
—solution curves. The impact of these ideas is felt today in the establishment
of two new disciplines: topological dynamics and ergodic theory. In topologi-
cal dynamics one abstracts from the classical setup the topological space
representing the totality of states of a dynamical system, together with the
group of homeomorphisms corresponding to the evolution of the system from
its position at time 0 to its position at time ¢. For ergodic theory, the phase
space is replaced by an abstract measure space and the “dynamics” come
from the action of a group of measure-preserving transformations of the
measure space.

Initially these abstract settings for dynamical theory were contemplated in
order to shed light on classical dynamics by focusing on those aspects of
dynamical systems that were pertinent to the phenomena being studied. At
the same time, however, the scope of dynamics was considerably broadened
by the generality of the new theory, and the groundwork was laid for

Presented to the Symposium on the Mathematical Heritage of Henri Poincare, April 7-10,
1980; received by the editors April 15, 1981.
1980 Mathematics Subject Classification. Primary 05A0S, 28D05, 58F11; Secondary 10A99.

© 1981 American Mathematical Society
0002-9904/81/0000-0500/$07.00
211



212 HARRY FURSTENBERG

applying similar ideas to areas that, on the face of it, are quite unrelated to
dynamics.

We shall be interested in two particular dynamical theorems and their
ramifications when taken in the broadest possible context. One of these is the
Poincaré recurrence theorem alluded to previously; the other is a topological
analogue due to Birkhoff. Choosing a nonconventional model of a dynamical
system rather than a classical model, we will obtain results of interest in
number theory. For example we will see that van der Waerden’s theorem on
arithmetic progressions is a consequence of an appropriate generalization of
Birkhoff’s recurrence theorem. A more recent result is that of Szemerédi
stating that a subset of the integers having positive upper density contains
arbitrarily long arithmetic progressions. This will be seen to relate in a natural
way to an extension of Poincaré’s recurrence theorem.

For a comprehensive treatment of the results described here the reader is
referred to [3]-[5].

1. Dynamical systems and measure-preserving systems. A dynamical system
evolving in time is described by a one-parameter group {7,, -0 <t < 0},
T,,,=T,° T, acting on a space X. Since we are interested primarily in
asymptotic behavior as ¢t — oo, the dynamical aspects are usually already
reflected in the action of the subgroup {7,, n € Z}, Z = integers. For our
purposes, then, a dynamical system will consist of a space X on which a
one-one transformation T acts, thereby generating a group {T", n € Z} of
transformations.

The space X will be either a topological space (in our discussion, a metric
space) in which case we require T to be a homeomorphism, or a measure
space in which case T will be required to be measure preserving. The central
phenomenon to be studied is that of recurrence. For this phenomenon to
occur one must assume some kind of boundedness of X. When X is a
topological space, the appropriate assumption is that X is compact. When X
is a measure space, the boundedness of X is expressed by requiring X to have
finite measure.

Let us then define formally a dynamical system as a pair (X, T), X being a
compact metric space, and 7 a homeomorphism of X. A measure-preserving
system will be a quadruple (X, B, u, T) where X is an abstract space, P is a
c-algebra of subsets of X, u is a probability measure in %, and T is a
measure-preserving transformation of (X, b, u). These last two conditions
mean that u(4) > 0 for 4 € B, with w(X) =1, andfor4 € B, T4 € B
with w(T7'4) = w(A4).

In the topological context recurrence is a property of individual points of
the space X. We shall be studying several versions of this notion, the most
basic of which we shall simply call recurrence. We say a point x € X is a
recurrent point of (X, T) if for some sequence n, — o0, T™x — x. Equiva-
lently we could say that a point x is recurrent if for each neighborhood V of
x, T"x € V for some n > 0.

Closely related to this is the notion of recurrence implicit in Poincaré’s
recurrence theorem.
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THEOREM 1.1. Let (X, B, u, T) be a measure-preserving system, and let
V € B with (V) > 0. There exists some point x € V with T"x € V for some
n>0.

The proof is extremely simple. Assume no point x € V returned to V.
Then TV N V= for all n >0, and so TV N T™™V = & whenever
n ¥ m. But the sets TV all have the same measure u(¥?) > 0, and they
cannot be disjoint since p(U ;= T7"V) < m(X) = 1.

Actually Theorem 1.1 implies the stronger statement that almost every
point (excepting a set of measure 0) x € V returns sometimes to V. For this
set of points is, in any case, measurable (i.e., in %) and we can consider the
subset V' C ¥V of points that never return to V. A fortiori they never return to
V'’ and so, by Theorem 1.1, (V") = 0.

Now take X to be a separable metric space as well as a measure space.
Cover X by countably many balls of radius ¢/2, and apply the foregoing to
each ball. We conclude that almost every point X returns to within ¢ of itself.
Since € > 0 is arbitrary, we conclude that almost every point of X is recurrent.

It can be shown that any (compact) dynamical system (X, T) possesses
some measure on Borel sets which is preserved by T. Poincaré’s theorem then
implies that for any dynamical system (X, T) there exist points x € X which
are recurrent. It is Birkhoff who initiated the study of dynamical systems in
the context of metric spaces [2], and he gave a purely topological proof of this
statement. Let us present a streamlined proof of this result which we call the
Birkhoff recurrence theorem.

THEOREM 1.2. If X is a compact metric space, T a continuous map of X to
itself, then there exists some point x € X with T™x — x for some sequence
n, — oo,

Proor. Consider the family of closed sets Y C X satisfying TY C Y.
It is easy to see that Zorn’s lemma applies to this family (on account of
compactness) so that there exists a minimal closed invariant set. Let Y,
be such a set and let y € Y. Then Y, ={T"%,n=1,2,3,...} is again a
closed invariant set contained in Y, By minimality Y, = Y,; hence
y€{TY,n=12,3,...}. Thusy is a recurrent point.

Actually Birkhoff proved more than this. In fact Birkhoff uses the term
recurrence for a stronger version of this notion that we shall call “uniform
recurrence”. Birkhoff’s argument shows that every compact dynamical system
possesses uniformly recurrent points.

DEFINITION. A point x € X is uniformly recurrent for the dynamical system
(X, T) if, for any neighborhood ¥V of x, there is a length L < o0, such that
in any interval (a, b) with b — a > L there is an integer n € (a, b) with
T x € V.

For a uniformly recurrent point, any sufficiently long segment of its orbit
comes arbitrarily close to the point. There is a close connection between
uniform recurrence and the notion of a minimal dynamical system.

DEFINITION. A system (X, T') is minimal if there does not exist a nonempty
closed T-invariant subset ¥ & X.
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Equivalently, a system (X, 7T') is minimal if every (forward) orbit {T"x,
n > 0}, x € X, is dense in X. For if (X, T) is minimal, the closed T-invariant
set { T"x, n > 0} must coincide with X. Conversely, if every forward orbit is
dense, so is every T-invariant set, and the system is minimal.

THEOREM 1.3. If (X, T') is minimal, then each x € X is uniformly recurrent
for (X, T). Conversely, if a point x € X is uniformly recurrent, then x belongs
to a closed T-invariant set Y C X for which the subsystem (Y, T) is minimal.

According to the second part of the theorem, if every point of X is
uniformly recurrent, then X is the union of minimal sets, i.e., minimal closed
T-invariant subsets of X. Note that by definition, two different minimal sets
are necessarily disjoint.

ProOF OF THE THEOREM. Assume (X, T') is minimal and let ¥ be any open
set in X. The set U TV is an open set whose complement is a
T-invariant closed set. Since it is nonempty, we must have U, 77"V = X.
Since X is compact, we will already have U%_, 7"V = X for some L. Hence
for any x € X and any n, one of the points 7%, T"*!x, ..., T"*x belongs
to V. This shows that x is uniformly recurrent.

Conversely, suppose that x € X is uniformly recurrent. We wish to show
that x is contained in a minimal set of X. Suppose Z is a T-invariant closed
subset of the forward orbit closure of x, Y ={T"x,n > 0}. If x € Z then Z
coincides with Y. If x & Z, then x € V = X \ Z. By uniform recurrence, for
any n, one of the points T"x, T"*lx, ..., T"*Lx belongs to V. For any
z € Z there are points T"x arbitrarily close to z. It follows that one of the
points z, Tz, . . ., T*z belongs to V.

But this is a contradiction since these points are allin Zand Z N V = &.
It follows that Z = Y and so Y is minimal. This completes the proof.

The proof of the theorem shows that in the case of a minimal system, if ¥
is an open set, there is an L so that for each x € X, one of the points
x, Tx, ..., T*x meets V. It follows that for any & > 0 there is some M so
that each orbit segment x, Tx, . .., TMx comes within ¢ of each point of the
space. Using now the second assertion of the theorem, this applies in
particular to the orbit closure of a uniformly recurrent point. This gives us the
following characterization of uniform recurrence.

COROLLARY. A point is uniformly recurrent iff every sufficiently long segment
of its orbit comes arbitrarily close to every point in its orbit.

The proof of Theorem 1.2 shows that any system (X, T) with X compact
possesses a minimal subsystem. On the basis of the foregoing theorems we
now conclude:

THEOREM 1.4. If X is a compact metric space, T a homeomorphism of X, there
exists a point x € X which is uniformly recurrent for (X, T).

2. Symbolic systems. In the course of our discussion we shall extend and
refine the recurrence theorems of the preceding section. To obtain results of a
number-theoretical nature we shall apply these theorems to a particular kind






