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1. Introduction. The decomposition of tensor fields into canonical forms
arises as an important step in many problems of mathematics and physics.
The classical Helmholtz decomposition (divergence free plus gradient) arises
in fluid mechanics and electromagnetism. The Hodge-Kodaira decomposition
and its generalizations is an important area of mathematical study. More
recently various decompositions of 2-tensors have arisen in the study of
general relativity [6, 16, 30]. There have also been applications in differential
geometry [4, 15, 17] and symplectic structures [3].

There are, of course, classical methods for the study of some decomposi-
tions. These involve the treatment of a single tensor (or vector) field. This is
inadequate for most applications. Often one needs to split entire spaces of
tensor fields.

The reason for this is that the desired decomposition usually is a lineariza-
tion of a nonlinear problem. Let us give a simple example.

The configuration space for the dynamics of an incompressible fluid on a
Riemannian manifold (M, g) is the space of volume-preserving diffeomor-
phisms ), on M. (Here p is the canonical volume form determined by the
metric g.) For more details see [21]. 6D,,(M) is properly thought of as a
constraint space in the set of all diffeomorphisms of M. The Euler or
Naviar- Stokes equations yield vector fields on C’DF. Thus a natural question
is whether 9, is a submanifold. The principal tool for studying such a
question is the implicit function theorem for Banach spaces.
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IMPLICIT FUNCTION THEOREM. Let ®: B, — B, be a C' map between Banach
manifolds. Then for ¢ € B,, the set & = {p € By: ®(p) = q} is a submanifold
of B, if for everyp € &

(1) T,®: T,B, — T,B, is a surjection,

(2) T,B, = ker(T,S) ® IC where IC is closed.

Furthermore T,S = ker(T,9).

See [19] for the proof of this theorem.

Note condition (2) is necessary. Thus a first step in studying fluid flow is
determining whether the splitting given by condition (2) holds. As we shall see
this entails the Helmholtz decomposition.

In order to apply the implicit function theorem one must work in a Banach
manifold. The usual choice is D*°, the diffeomorphisms of class W?* (or
H* = W*) for s >n/p + 1. In this case D”° may be shown to be a
manifold (see Marsden [21]). For f € %)?° denote by f*(u) the usual action
of f on p (see [1]). Let ®: PP — WP~ Y(A"M) take f to f*(u) and GD'{” ={f:
O(f) = p}.

Let I € D2 be the identity map on M. Then 7,7 = W?*(TM), the
vector fields on M of class W”~. Calculation yields T,®(V,) = div, V,u where
div, is the divergence associated with g. Thus condition (2) becomes

(1) WP (TM) = ker(div,) ® I

where JC is closed. Hilbert space theory suggests that we write JC as the range
of the adjoint of div,. Even though we are using W”** we use the formal or L?
adjoint. Thus the decomposition of interest is

@) WPs(TM) =V, (WP +1)(TM)) ® ker(div,)

where V, is the gradient operator associated with g. Further we require the
range of V, to be closed. As we shall show (2) always holds for p > 1 when
M is compact. The noncompact (asymptotically Euclidean) case is also
treated in some detail.

The decomposition (2) is a prototype of the sorts of decompositions that
arise in most problems. We will study decompositions of the form B =
Rng(D) @ ker(E) where B is some Banach space of sections and D and F are
differential operators. Usually D or E has surjective symbol and E is the
formal adjoint of D.

In this paper a general framework for the study of such decompositions is
given. Although for over a century there has been research on specific
decompositions (see for example [18al), there has not been much work on the
general problem. One important paper giving a general theory is by Berger
and Ebin [4]. They study the problem of splitting H* spaces of sections over
compact manifolds with respect to elliptic operators. The earlier work in the
field centers around the problem of decomposing alternating k-forms over
compact manifolds. This was studied by Hodge [18b] and Kodaira [18¢] in the
thirties. Their work was extended by Morrey and Eells [23a, 23b]. All these
authors studied the Hodge decomposition of W?* forms over compact
manifolds using a variational method. A different proof of this decomposition
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is given in the paper. (Morrey also studied the case of manifolds with
boundary.)

In this paper a general procedure for deciding when decompositions hold is
given in §2. This is used in §§3 and 4 to state and prove a general
decomposition theorem for Sobolev spaces of sections over compact mani-
folds. These results are an extension of the earlier work of Berger and Ebin
mentioned above. Also the proof is somewhat simplified. Along the way (§3)
a proof of the Fredholm alternative for elliptic opeators on Sobolev spaces
over compact manifolds is given. For p = 2, this is a special case of some
work of Kohn and Nirenberg [18d]. We know of no published source for this
theorem for general p.

It is shown in §5 that the usual decomposition theorems fail for Sobolev
spaces of tensors over R”. The problem is that Sobolev spaces capture the
local smoothness conditions necessary to invert the appropriate elliptic opera-
tors but fail to capture the correct growth at infinity behavior for solutions to
potential type equations. The author [11] showed that some inequalities due
to Nirenberg and Walker [24] implied that the Laplacian was an isomorphism
between certain pairs of weighted Sobolev spaces. This result was generalized
to operators with nonconstant coefficients in a later article [10]. Also in that
article, some decompositions were demonstrated for fields with respect to
asymptotically euclidean metrics over R”. There has been further work on the
properties of elliptic operators on these spaces. The main result, due to
McOwen [21, 23] (see also Lockhardt [20]) is that the previous results
generalize to spaces with more general weights at infinity. He showed in this
case the operators were Fredholm. He also showed the restrictions on p
required in the earlier papers were unnecessary. (See the definition of M?;
spaces below.) His results (for p = 2) were extended to a slightly larger class
of operators and to manifolds by Christodoulou and Choquet-Bruhat [14] (see
also Cantor and Brill [12]). They did find some elegant lemmas involving the
product structure of the weighted spaces. In §§5-7 all of this work is brought
together and generalized to spaces of sections with general p over noncom-
pact manifolds. Many of the theorems are new. In particular necessary and
sufficient conditions on the “growth at infinity” are given for particular
tensor decompositions to hold.

The weighted Sobolev spaces are introduced and studied in §5. Some rather
delicate multiplication and growth theorems are presented. §6 contains a
rather general treatment of the elliptic theory on R".

In §7 the work in §6 is generalized to asymptotically euclidean manifolds.

Throughout we assume the reader knows elementary functional analysis.
For §§3, 4 and 7 we assume the reader is familiar with the language of tensor
bundles and spaces of sections. (This material may be found in [19, 1].)

§§5 and 6 may be read separately and simply assume some familiarity with
partial differential equations.

We will use standard multi-index notation (except in some parts of §5
where, for convenience, total derivatives are used). Throughout large con-
stants are denoted by C. The L? norm is given as | |,, and the sup norm is
denoted by || ||
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2. Splittings of Banach spaces. In this section we present the fundamental
lemma for verifying all decomposition theorems of the form

X =T(Y) ® ker(S)
where S and T are bounded linear transformations between Banach spaces.

LEMMA 2.1. Let T: X - Y be a bounded linear transformation between
Banach spaces. Suppose Y = T(X) © Z algebraically where Z is closed. Then
T(X) is closed.

This lemma may be found in [26] but we will include the proof.

PROOF. Since ker(T) is closed in X, we may construct the Banach space
W = X /ker(T) and T: W — Y such that (W) = T(X) and T is an injec-
tion. Also T is bounded.

We may also construct the Banach space W @ Z (by assumption Z is a
Banach space). The transformation S(w, z) = T(w) + z is easily seen to be
an isomorphism between W @ Z and Y. By the open mapping theorem, S is
a closed map. Thus 7(X) = {S(w, 0): w € W} is closed. Q.E.D.

LeMMA 22. Let T: X — Y and S: Y — Z be bounded linear operators
between Banach spaces. Then the following are equivalent:

(1) ker(S o T) = ker(T) and Rng(S o T) = Rng(S).

(2) Y = Rng(T) @ ker(S).

Furthermore in case (1) and (2) holds, then Rng(T) is closed in Y.

Proor. We first show (2) implies (1). Clearly ker(T") C ker(S o T). So let
x € ker(S o T). Then T(x) € Rng(T) N ker(S). Thus from (2) we may con-
clude that 7(x) = 0 and so x € ker(T).

It is also clear that Rng(.S ° 7)) C Rng(S). To show Rng(S) C Rng(S ° T)
let z = S(y). Then using (2) we may write y = T(x) + j where (j) = 0.
Hence z = S(y) = S(T(x)).

We now show (1) implies (2). Let y € Y. By assumption there is an x € X
such that (S o T)(x) = S(y). We may write y = T(x) + (¥ — T(x)). Note
S(y — T(x)) = 0 and so we may write Y = Rng(T) + ker(S).

Now suppose y € Rng(T) N ker(S). Then y = T(x) for some x € X and
S(y) = (S o T)(x) =0. Thus x € ker(S ° T). But by assumption then x €
ker(T) and soy = T(x) = 0.

To complete the proof simply note ker(S) is closed in Y and apply Lemma
2.1. QE.D.

It is interesting to note that condition (1) is sufficient along with the
continuity of S and T to guarantee that T has closed range. No further
topological assumptions are required.

3. The Fredholm alternative for differential operators over compact mani-
folds. Let M be a fixed compact n-manifold. Let E and F be two smooth
vector bundles over M. Also assume each bundle has a Riemannian structure
(i.e. a smoothly varying inner product on each fiber). A standard example of






