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Historical introduction. By the first decade of the twentieth century, the
theory of the multiplier algebra of a Riemann matrix emerged as the principal
part of the closely associated theories of singular correspondences between
algebraic curves and algebraic correspondence on an abelian variety. A. A.
Albert, in a series of papers during the 1930’s, systematically characterized
and classified such multiplier algebras. Although, interest shifted to more
abstract problems in algebra theory, the theory of the multiplier algebra
found its way into the applications of theta function theory to problems in
arithmetic, most prominently evidenced by the work of C. L. Siegel in the
1950’s. In more recent times, A. Weil, G. Shimura and D. Mumford, to name
just a few, have found new applications for this theory. To some extent,
already, in Albert’s work and especially in work done after 1940, it is
H. Weyl’s reformulation of this theory in more representational-theoretic
terms which is considered.

Our purpose in this work is two fold. Firstly, we will present the existence
part of Albert’s work using nilpotent algebraic group theory. The relationship
between nilpotent algebraic group theory and abelian variety theory is not
new to this work and goes back to the works of Cartier [10] and Weil [38] in
the 1960’s. Here, however, the multiplier algebra will be used to define a new
collection of 2-step nilpotent algebraic groups. By ‘new’, we mean specifically
in their relationship to the multiplier algebra. Our methods will be coordinate
free and in this way the inherit identification of vector space with its dual and
the accompanying matrix calculations so usually evident in this theory will be
replaced by a study of those bilinear forms which lie at the heart of this
theory. These bilinear forms will, in turn, be the building blocks of the
nilpotent algebraic groups. The second purpose of our approach rests on the
authors faith that the group theory binds in a natural fashion the various
components surrounding the theory of Riemann matrices.

It may be argued that the history of the ‘Riemann matrix problem’
precedes Albert’s work by a century. During most of this time, it must be
admitted, the algebraic nature of both the problem and its eventual solution
as well as its critical importance to the above-mentioned theories were not
clearly perceived. The idea that the analytic and geometric problems raised
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by these theories would be so served by the techniques of ‘pure’ algebra is a
creation of the early 20th century. Conversely, the ideas and questions raised
by these theories inspired certain aspects of the rapid development of this
pure algebra theory. This mathematical synergism is not unique to our
situation, of course. The remainder of this section will outline this history
which despite the preceding discussion will be, implicitly at least, from a
modern point of view (modern > Albert’s work). Moreover, this history will
be fashioned as if Albert’s work were its goal. This bizarre notion of
mathematical activity, leaving by the wayside any serious discussion of theta
function theory as well as any consideration of aspects of this theory
tangential to our purpose, has the obvious advantage of making the line of
ascent to Albert’s accomplishments discernible, if not totally accurate. We
apologize, in advance, for what has been omitted. Finally, we wish to record
our indebtedness to the work of S. Lefschetz [18] which duly records the
events up to 1928 and from which we will freely borrow and to A. Weil who
set us on the right direction at the very start of this project. If we have strayed
in our task, then we must absorb all the blame.

Below we have listed some of the most influential contributors to the
Riemann matrix problem as well as an approximate time frame of their
interest. Also, in regard to our list of references, they have been chosen with
an eye towards necessity rather than sufficiency. A complete set of references
before 1928 may be found in the previously-mentioned work of Lefschetz.

A. Hurwitz 18831887
G. Humbert 1893-1901
C. Rosati 1913-1929
G. Scorza 1914-1925

S. Lefschetz 1916-1928
A. A. Albert 1931-1935
H. Weyl 1934-1936

The history of the Riemann matrix begins with the study of Legendre’s
integral of the first kind

f dx . 0<k<1,
\/(1 - x)(1 — k*%?)
and with the study of complex multiplication of elliptic functions. Abel and

Jacobi, working independently, observed that sin # could be defined as an
inverse integral

sin u dx
u= —_—_—
x=0 V1 — x?
and so set out to study the properties of the function f(u) defined by
u= ff(u) dx

x=0 \/(1 — x3)(1 = k2 |

This program was the starting point of the theory of Jacobi elliptic functions.
It led to the development of theta function theory and is characterized by
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many beautiful functional equations whose applications to abelian variety
theory and number theory form one of mathematics sparkling achievements.
The basics of this latter theory can be found in Whittaker and Watson [41]
and with emphasis on its applications to Riemann surface theory in Rauch
and Lebowitz [21].

It is easy to see that the function f(u) defined above, is well defined for real
u. By a series of formal steps, involving the ‘periodic’ nature of f(u) and
applying Euler’s addition theorem for Legendre’s integral of the first kind,
Abel and Jacobi extended the domain of f(u) to the complex plane. The
complete understanding of the power and generality of their technique,
making full use of the underlying complex analysis, required a new idea. This
idea was introduced and developed by B. Riemann and was his principal
reason for defining the notion of a Riemann surface. Essentially it makes
sense out of the problem of integrating a multi-valued function of a complex
variable like

1
V(1 = 2)(1 = K%2?)

over paths in the complex plane.

Following Riemann, an algebraic curve C defined by F(z, w) = 0 can be
represented by a compact Riemann surface S on which the relation F(z, w) =
0 defines w = w(z) as a single-valued analytic function, except perhaps at a
finite number of points (the branch points) where it can at worst have a pole.
There are many excellent texts for the theory of Riemann surfaces and we
will use the elementary parts of that theory without further reference. In
particular, the complex integral, along with the standard Cauchy theory,
extends unscathed to S. Loosely speaking, the ambiguous relationship
(single-valued is nice) between w and z defined by the equation F(z, w) = O is
clarified at the expense of having to deal with the topology of S. Since a
birational transform C — C’ of algebraic curves determines a homeomor-
phism S — S’ of corresponding Riemann surfaces, up to birational equiva-
lence on C, S is determined up to topological equivalence. The general theory
of compact Riemann surfaces implies we may take S to be a sphere with g
handles. This integer g is a birational invariant and is called the genus of C
and S.

Denote the fundamental group of S by #,. As is standard, we will identify
any closed oriented curve on S with an element in 7, relative to homotopy
and call such a curve a cycle. From the model of S as a sphere with g handles,
it follows that o, can be generated by 2g cycles. The first homology group
H(S, Z) of S with coefficients in Z can be taken as o,/ {7, m;}. H(S, Z) is a
free abelian group on 2g generators. The composition in H(S, Z) will be
written additively and any set of 2g generators is called a homology basis.
Special homology bases were studied by Riemann, which he called normal.

The holomorphic differentials on § play the same role that analytic
functions f(z) or more precisely holomorphic differentials f(z) dz play over
domains of C, i.e., we integrate them over curves. For a precise definition as
well as proof of the next result see Rauch and Farkas [22, p. 130-132].

, k complex
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The dimension of the space of holomorphic differentials on a compact Rie-
mann surface of genus g equals g.

If dv is a holomorphic differential on S then any integral of the type [; dv
over some path on S from P, to P is called an abelian integral of the first
kind. For a cycle « of S, the integral [, dv is called the period of dv as to a. It
is a birational invariant of C. Let a;, . . ., a, be a homology basis for S and
dvy, ..., dvg a basis of the homomorphic differential on S. Form the matrix
R = {Ry} where Ry = [, du;, 1 <j <g, 1<k <2g We call R a period
matrix of S. Clearly, it depends upon the choice of bases. If aj, . . ., a3, is
another homology basis and dvj, . .., dv; another basis of holomorphic
differentials then the relationship between the corresponding period matrices
R’ and R is described as follows.

o =Dage, a, €L
k
Writing
do, = zA,jdvj, A, eC
J

)
we have
r—
Rrs - Ek askAy'Rjk
Js

and R’ = ARa. In general, any two 2g X g matrices X and Y will be called
equivalent if X = BYb where B is a nonsingular g X g complex matrix and b
a 2g X 2g unimodular matrix. If we simply require that b be a rational
nonsingular matrix then X and Y are called isomorphic. Thus, the period
matrices of an algebraic curve determines an equivalence class of matrices.

If R is a period matrix of an algebraic curve then there exists a rational
alternating matrix C such that

(i) RCR’ =0,

(ii) iRCR' is a positive definite Hermitian matrix.

In general, any 2g X g complex matrix satisfying these conditions is called a
Riemann matrix and these conditions are known as Riemann’s period rela-
tions. The matrix C is called a principal matrix of R. When C = [}, '#] these
conditions were given by Riemann [23] as exactly the conditions to be
satisfied by the period matrix of an algebraic curve taken with respect to a
‘normal’ homology basis and a ‘normalized’ basis of holomorphic differen-
tials. Baker [8] was the first to explicitly write down conditions (i) and (ii) but
in a different context.

The first proof that the period matrix of a compact Riemann surface is a
Riemann matrix was due to Poincaré.

The Riemann matrix appears also in the theory of abelian varieties. This
theory has its roots in the Riemann-Weierstrass theorem of the algebraic
relation between p + 1 periodic meromorphic functions with the same peri-
ods. The explicit concern with the underlying geometry begins with the work
of Humbert [12, 13, 14]. Although, he treats primarily the case of hyperelliptic
surfaces, his point of view prevails in the later work of G. Scorza, C. Rosati






