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Hopf algebras, by Eiichi Abe, Cambridge Univ. Press, 1980, translated by
Hisae Kinoshita and Hiroko Tanaka, xii + 284 pp., $39.50.

The Hopf algebras under consideration are not the graded
coalgebras/Hopf algebras of algebraic topology. Rather these are the Hopf
algebras whose study was motivated by such examples as group algebras,
universal enveloping algebras of Lie algebras and representative functions on
Lie groups and Lie algebras [5, 6, 8]. Indeed the emphasis in Abe’s book is on
Hopf algebras which are either commutative or cocommutative. About twelve
years ago another book by the same title appeared [14]. Since the first Hopf
algebras was published, some open questions in Hopf algebra theory have
been answered, and coalgebras/Hopf algebras have enjoyed wide applica-
tion. This book presents the answer to one of these questions—uniqueness of
Hopf algebra integrals. It presents two important areas of Hopf algebra
applications—to algebraic groups and to field theory. A book like Abe’s Hopf
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algebras makes it easy to learn the subject and see some of the importance.
When I was learning Hopf algebras one of the main sources was a preprint
about graded Hopf algebras. Rumor had it that several revisions of the
preprint were in circulation and that the earlier the version the more readable.
I only saw the version which eventually was published and so cannot testify
to the falsity of the rumor. I will save my additional historical perspectives
and rude noises for the appropriate moments in the following chapter by
chapter discussion of the book.

Chapter one is a mostly self-contained review of the algebra used in the rest
of the book. It substantially overlaps the material taught in a first year
graduate algebra course. The chapter starts with modules, exact sequences,
tensor products and goes on to algebras including graded, filtered and Lie
algebras. There is some structure theory and representation theory for as-
sociative algebras plus a quick excursion into Hochschild cohomology. The
chapter ends with a section on commutative algebra. Up until this point all
proofs are included. In the commutative algebra section proofs of some
theorems are omitted. Reading the commutative algebra section I get the
impression that in an earlier life—perhaps the Japanese edition in 1977 or
class notes—the proofs were included. In any event adequate references are
provided and it was not a bad decision to omit these proofs.

Chapter two begins the presentation of coalgebras, bialgebras, and Hopf
algebras. The chapter begins with defintions, many examples, and develops
elementary properties. As with most developments of coalgebra theory the
author uses a certain amount of linear duality. The needed results are neatly
presented in §(2.1) and expressed in the appropriate topological language.
§(2.2) is devoted to the representative bialgebra of a semigroup. This example
is of historical importance since impetus for the study of Hopf algebras and
the Hopf-algebraic study of algebraic groups springs from work by
Hochschild and Mostow on representative functions [5, 6, 8]. The representa-
tive bialgebra is used in the next section to give the coalgebra dual to an
algebra and later in Chapter five in the study of field theory.

The next few sections of Chapter two are devoted to algebra-coalgebra
duality. These are fundamental to the study of coalgebras. Besides presenting
specific results these sections show the reader how to apply results and
intuition about algebras to coalgebras. For example the reader is introduced
to the coradical of a coalgebra. Abe’s treatment of the coradical is quite nice.

Chapter two continues with intermediate coalgebra theory, giving the dual
Wedderburn decomposition theorem. This illustrates another feature: the
reader learns that coalgebras—even infinite-dimensional coalgebras—behave
dually to finite-dimensional algebras. The rest of the chapter rounds out a
course in intermediate coalgebra theory. The presentation is clear. The selec-
tion of topics is good and contains important results about coalgebras/bialge-
bras as well as results which are important for applications of coalgebras/bi-
algebras/Hopf algebras. The chapter ends with structure theory of hyperalge-
bras.

A hyperalgebra is the type of Hopf algebra whose dual is a (local) formal
group. Abe gives complete coalgebra structure results for hyperalgebras whose
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duals are power series rings. This shows for example that in characteristic
zero hyperalgebras are universal enveloping algebras of Lie algebras. Abe’s
treatment of positive characteristic introduces the reader to some of the
techniques and problems which arise in the more detailed coalgebra study of
hyperalgebras.

It is true of this chapter and of much of the book that what Abe presents is
complete in itself and also provides a good basis and good motivation for
further study. This makes me wish that more avenues of further study were
cited. For example after a theorem telling when the antipode has order two,
Abe might have mentioned that there has been work on the order of the
antipode and cited [9, 16]. A more extensive bibliography would enhance
even further the value of the book for reference. The excellent index and
Abe’s clear style make the book a fine reference work.

To avoid a wrong impression about the bibliography let me add that Abe
does provide references to source material and some papers and books for
further study. This is much better than my book which sadly has no
bibliography.

Chapter three begins with comodules and rational modules. Besides being
of importance to pure coalgebra theory these are among the basic building
blocks of the Hopf-algebraic approach to affine algebraic groups, which is
presented in the next chapter. In this chapter Abe also presents bimodules
which are what some authors have called Hopf modules. Abe proves the
bimodule structure theorem and then applies it in two succeeding examples.
The second example leads into the theory of integrals for Hopf algebras
which is begun a few sections later. Before presenting integrals Abe presents a
few more constructions which besides being important in Hopf algebra theory
show the similarity of Hopf algebras to groups.

When the integral is presented in §(3.1) the third example shows that
integration over a compact group is indeed one correct way to think of the
integral. The Hopf algebra setting of Maschke’s theorem shows that certain
group results just beg to be generalized to Hopf algebras.

Abe presents Sullivan’s thesis [10], uniqueness of integrals. Chapter three
ends with an account of duality between groups and Hopf algebras. Some
results are proved and some mentioned. This is a perfect way to end the
chapter before Applications to algebraic groups.

There are three main ways to approach the study of affine algebraic
groups. The classical approach is to study subgroups of G/(n, k) which are the
zeros of polynomials. The functorial approach is to study group (scheme)
valued functors. The Hopf algebraic approach is to study commutative Hopf
algebras. All of these studies overlap, and books written from one viewpoint
usually mention the other two. There are examples in the literature of
algebraic groups, of pairs of papers—each written from a different point of
view—where apparently the second author was not aware that the results
were already known but phrased in terms of one of the other approaches.
Sometimes a result obtained by one approach takes unduly long to become
known and available to workers using other approaches. I believe [15] is such
an example. Here Takeuchi shows that a commutative Hopf algebra is






