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HYPERBOLIC GEOMETRY: THE FIRST 150 YEARS

BY JOHN MILNOR

This will be a description of a few highlights in the early history of
non-euclidean geometry, and a few miscellaneous recent developments. An
Appendix describes some explicit formulas concerning volume in hyperbolic
3-space.

The mathematical literature on non-euclidean geometry begins in 1829 with
publications by N. Lobachevsky in an obscure Russian journal. The infant
subject grew very rapidly. Lobachevsky was a fanatically hard worker, who
progressed quickly from student to professor to rector at his university of
Kazan, on the Volga.

Already in 1829, Lobachevsky showed that there is a natural unit of
distance in non-euclidean geometry, which can be characterized as follows. In
the right triangle of Figure 1 with fixed edge a, as the opposite vertex 4
moves infinitely far away, the angle # will increase to a limit 8, which is
assumed to be strictly less than = /2. He showed that

= —log tan(8,/2)
if the unit of distance is suitably chosen. In particular,
a~(n/2) — 0,

if a is very small. (In the interpretation introduced by Beltrami forty years
later, this unit of distance is chosen so that curvature = -1.)
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FIGURE 1. A right triangle in hyperbolic space

By early 1830, Lobachevsky was testing his “imaginary geometry” as a
possible model for the real world. If the universe is non-euclidean in
Lobachevsky’s sense, then he showed that our solar system must be extremely
small, in terms of this natural unit of distance. More precisely, taking the
vertex A in Figure 1 to be the star Sirius and taking the edge a to be a
suitably chosen radius of the Earth’s orbit, he used the (unfortunately
incorrect) estimate

7 — 20 = 1.24 seconds of arc = 6 X 107° radians
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for the parallax of Sirius to conclude that the diameter 2a of Earth’s orbit is
less than 6 X 1075, (The correct parallax of 0.37” for Sirius would have given
a sharper estimate. In fact, the first reliable measurements of parallax were
made by Bessel several years later, in 1838.)

By late 1830, he was working out the volumes of pyramids, and other
polyhedra in 3-dimensional non-euclidean space. Such computations are not
easy, and can be quite interesting, (Compare the Appendix.)

A few years later, in 1832, J. Bolyai, a flamboyant officer in the Austro-
Hungarian army, published an independent account of non-euclidean geome-
try. However, perhaps because he was discouraged by Gauss, he did not
pursue the subject as far as Lobachevsky.

Although Lobachevsky and Bolyai were the first with the courage to
publish, it should be noted that Gauss himself had been privately working on
similar ideas for many years. In a letter to Taurinus in 1824 he wrote (roughly
translated):!

“The assumption that the sum of the three angles [of a triangle] is smaller
than 180° leads to a geometry which is quite different from our (euclidean)
geometry, but which is in itself completely consistent. I have satisfactorily
constructed this geometry for myself so that I can solve every problem, except
for the determination of one constant, which cannot be ascertained a priori.
The larger one chooses this constant, the closer one approximates euclidean
geometry. . .. If non-euclidean geometry were the true geometry, and if this
constant were comparable to distances which we can measure on earth or in
the heavens, then it could be determined a posteriori. Hence I have some-
times in jest expressed the wish that euclidean geometry is not true. For then
we would have an absolute a priori unit of measurement.”

His words to Bessel, in 1830, have an even more modern ring:

“...we must admit with humility that, while number is purely a product
of our mind, space has a reality outside of our mind, so that we cannot
completely prescribe its laws a priori.”

For the first forty years or so of its history, the field of non-euclidean
geometry existed in a kind of limbo, divorced from the rest of mathematics,
and without any firm foundation. However, Gauss’ theory of curved surfaces
[1827], and Riemann’s theory of higher dimensional curved manifolds [1868]
provided a way of integrating non-euclidean geometry into more respectable
branches of mathematics. In fact Riemann briefly described the theory of
manifolds of constant curvature a, citing the metric

ds =\Jdx} + - -+ +dx? /(1 S G EE +x,3))

as an example.

The turning point came in 1868, with the publication of two papers by E.
Beltrami. In the first, Beltrami showed that two-dimensional non-euclidean
geometry is nothing more nor less than the study of suitable surfaces of

!Gauss [1900, pp. 187, 201]. For other early workers in non-euclidean geometry, see for
example Coxeter [1942].
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constant negative curvature. F= introduced the term pseudosphere of radius R
for a surface of curvature —1/R? (In practice, he used the term “pseudo-
sphere” only for complete, simply connected surfaces.) In this first paper, he
was baffled by the 3-dimensional case. However, after encountering Rie-
mann’s inaugural address, which had been delivered in 1854 but published
only after his death, in 1868, Beltrami published a second paper, on n-dimen-
sional pseudospherical geometry. He started with what I will call the hemi-
sphere model. Points of the n-dimensional non-euclidean geometry are identi-
fied with interior points of the hemisphere

y=\/a2—x12—---—xf, y >0,

in (n + 1)-dimensional euclidean space, provided with the Riemannian metric

ds=R\/dx%+ <o dE+ )y,

He noted that this model is simply connected, and that the “limit space”,

consisting of boundary points with y = 0, is infinitely far from the interior in

this metric. We will refer to such boundary points as points at infinity.
Projecting orthogonally down to the disk

x2+ - +x2<add

he showed that each pseudospherical geodesic maps precisely to a euclidean
straight line segment. Thus he obtained the projective disk model, later
popularized by Klein.

On the other hand, projecting the hemisphere stereographically onto a disk,
he obtained the conformal disk model, with the metric

ds =\dg} + - - - +dgl /(1= (& + - -+ +£7)/4R?)

which had been noted already by Riemann.

Finally, performing an inversion in a boundary point of this disk, he
obtained the half-space model, with coordinates x,, ..., x,_; and y > 0, and
with metric R(dx? + - - - +dx2_, + dv?)'/?/y. He pointed out that this
half-space metric had been used already by Liouville in the 2-dimensional
case.

Klein [1871] reinterpreted Beltrami’s projective disk model in terms of

projective geometry. Following Cayley [1859], he took as his starting point the
expression

1. lg—allb—p|

2" ) = al b~ gl

for the non-euclidean distance between two points p, ¢, as illustrated in
Figure 2. (The factor 1/2 is inserted so that curvature will be —1.) Here
|g — a| denotes the euclidean distance from a to g. In this paper he intro-
duced the term hyperbolic geometry for the non-euclidean geometry of
Lobachevsky and Bolyai.
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FIGURE 2. The Cayley formula for noneuclidean distance,
in the projective disk model

Poincaré [1882] re-introduced the Liouville-Beltrami upper half-plane
model; and used it to identify the group of orientation preserving isometries

of the hyperbolic plane with the group, now usually called PSL,R, consisting
of all fractional linear transformations

z (az + b)/ (cz + d)

with real coefficients and with determinant + 1. As a foundation for the study
of automorphic functions, he emphasized the importance of finding discrete
groups of hyperbolic isometries. He noted (§XIII) that examples of such
discrete groups had been described already by Schwarz [1873], and others.

In [1883], Poincaré showed that the analogous group of orientation preserv-
ing isometries of 3-dimensional hyperbolic space can be identified with the
group PSL,C consisting of all fractional linear transformations of the plane
of points at infinity, with complex coefficients. Again he studied the problem
of finding discrete subgroups.

Picard [1884] described one particularly interesting example. The ring
Z[i] c C of Gaussian integers gives rise to a discrete group PSL,Z[i] C
PSL,C, consisting of fractional linear transformations with Gaussian integer
coefficients. A fundamental domain for this group, acting on hyperbolic
3-space, is noncompact, but has finite volume.

Bianchi [1891] described the analogous construction using the integers of
an arbitrary imaginary quadratic number field. The precise volume of a
corresponding fundamental domain was computed much later by Humbert
[1919], in infinitely many cases. (See the Appendix.)

Inspired by examples due to Clifford, Klein [1890] posed the following
problem:

“...to classify all connectivities which can possibly arise among closed
manifolds of constant curvature.”

It must be noted in this context that the concept of a (global) manifold was
never defined in any satisfactory way during the nineteenth century. For
smooth manifolds in euclidean space, the definition given by Betti [1871]
works only if the normal bundle is trivial. Poincaré [1895] used a similar
definition and also suggested extending a coordinate patch by analytic
continuation. Hadamard [1898] clarified the subject by giving a lucid descrip-
tion of surfaces in 3-space in terms of overlapping coordinate patches. Weyl






