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THE WORD PROBLEM AND 
THE ISOMORPHISM PROBLEM FOR GROUPS 

BY JOHN STILLWELL 

If the fundamental problem of mathematics is to decide when two things 
are the same, then the fundamental problem of group theory is to decide 
when two groups are isomorphic. This problem was first stated, for finitely 
presented groups, by Tietze [1908], and proved unsolvable by Adian and 
Rabin 50 years later. Using their result, Markov [1958] proved the unsolvabil-
ity of the fundamental problem of topology; the homeomorphism problem. 
Of course, combinatorial group theory and topology grew up together, and 
their connection via the fundamental group was well known; the bridge 
between them and logic is the word problem for groups, proved unsolvable by 
Novikov in 1955. 

The history of the word problem divides naturally into three eras: 1880-
1930, in which combinatorial group theory interacts mainly with topology 
and the major positive results are obtained; 1930-1955, in which computabil-
ity theory emerges and, after a great struggle, yields Novikov's unsolvability 
proof; 1955-1980, in which group theory interacts with logic to simplify the 
proof. In 1955, the characteristic properties of groups appeared mainly as 
obstacles to an unsolvability proof-witness the 143 pages of Novikov's paper. 
It took 25 years to properly understand the group theoretic construction, the 
HNN extension, which allows group theory and computation to work 
together. Today it is clear that the negative theorem on the word problem has 
brought positive benefits to group theory in the form of techniques suitable 
for giving a clear proof. 

The main purpose of this paper is to give such a proof, based on that of 
Cohen and Aanderaa [1980], but with the historical background necessary for 
full motivation and understanding. I shall therefore discuss the story of the 
word problem up to Magnus' solution for one-relator groups around 1930, the 
notion of computation developed by logicians of the 1930's, results on 
semigroups which foreshadowed those on groups, before treating the develop­
ment of HNN theory and its contribution to the word and isomorphism 
problems. 

The technical details have been concentrated in §§1, 4, 6-8, 11-14, so 
readers who want an unadulterated proof of unsolvability of the word 
problem need read only these. 

1. Review of combinatorial group theory. For logicians, the most natural 
approach to combinatorial group theory is that of Magnus, used in Magnus 

Received by the editors November 15, 1980. 
1980 Mathematics Subject Classification. Primary 01A60, 20F05, 20F10; Secondary 03D10. 

© 1982 American Mathematical Society 
0002-9904/82/0000-0246/$06.50 

33 



34 JOHN STILLWELL 

[1930] to define equivalence of words, and developed fully in Magnus, 
Karrass and Solitar [1966]. (Magnus credits the idea to Dehn.) 

Generators are letters av a2, . . . , and each generator at has a formal 
inverse af~ l, also regarded as a generator. 

A word is a sequence of1 • • • a£ of generators, where each e, = ± 1 . The 
empty word is denoted by 1. If w and v are words then uv denotes the 
concatenation of u and v—the sequence which results when u is followed by v. 

A pair (al9 al9 . . . ; rl9 r2, . . . >, the first member of which is a set of 
generators, and the second member of which is a set of words (called relators 
in this context), is called a,presentation. 

We determine a group G from a presentation, and by abuse of language 
write 

G = (al9 a29 . . . ; rl9 r2, . . . >, 

as follows. 
(a) Words wl9 w2 are called equivalent if wx can be converted into w2 by a 

finite sequence of the following types of transformation: 

replace uv by uataf lv9 replace uv by uaf xatv9 

replace uv by urjV9 

or their inverses. We also say that the equation wx = w2 is a consequence of 
the relations A) = 1 in this case. 

(b) The elements of G are the equivalence classes of words. The equiva­
lence class of w is denoted by [w], but we often allow w to stand for [w], (just 
as in ordinary mathematics we speak of the "rational number | " when we 
really mean the equivalence class {\9 \9 f, . . . }). 

(c) The product of \u\ [v] is [wt>]. 
(d) The identity of G is [1], which we also write 1. 
(e) The inverse of [a/;1 • • • ag] is [at~

ek • • • a,"*1]. 
It is now easy to prove that G is indeed a group. The only step not 

completely routine is to show that the product is well defined. Here one has 
to observe that transformations which change, say, u into another representa­
tive u' will likewise change uv into u'v9 hence the product is independent of 
the choice of representatives. 

If the sets {af} and (A)} are finite in some presentation of G then G is said 
to be finitely presented. Given a fixed finite presentation of G, its word problem 
is the problem of deciding, for any word w, whether w = 1 in G. The problem 
of deciding whether two words w, v are equal of course reduces to this, 
namely, ask whether uv~l = 1. We state the word problem only for finitely 
presented groups, since this is the interesting case, and anyway it is not clear 
what it means to be "given" an infinitely presented group. 

The isomorphism problem for finitely presented groups is the problem of 
deciding, for any two finite presentations, whether they represent isomorphic 
groups. 

2. Origins of the word problem. Combinatorial group theory emerged from 
complex function theory and topology in the 1880's, with the work of Klein, 
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Fricke and Poincaré (see Stillwell [1980] or Magnus and Chandler (to 
appear)). Poincaré [1892, 1895] introduced the fundamental group to solve 
problems in topology, but quickly realized that it was a two-edged sword; as 
much as group theory made topology easier, so too did topology make group 
theory harder, by extending its range of application to problems of unprece­
dented difficulty. 

The problem which led to the first statement of the word problem, by Dehn 
[1910], is that of deciding when two knots are the same. Leaving aside a few 
subtleties such as right- and left-handedness, this is essentially a homeomor-
phism problem, namely: given two knots Kx and K2 in R3, decide whether the 
knot complements R3 — Kx and R3 — K2 are homeomorphic. Assuming that 
the knots Kx and K2 are polygonal, this is by any reasonable standards a 
question about finite objects (e.g., replacing R3 by a cube and drilling out a 
tubular neighbourhood of the knot, one can subdivide the knot complement 
into finitely many tetrahedra). Thus for the first time, it would seem, mathe­
maticians found themselves unable to decide in general when two finite 
objects were the same. 

Dehn was led to the word problem by considering the special case of 
deciding whether a given knot K is trivial. He discovered the remarkable 
result that this is so if and only if the fundamental group ^(R 3 — K) is 
abelian (in which case it is obviously infinite cyclic), and this in turn can be 
decided from a solution to the word problem for TT^R3 - AT). Dehn's argu­
ment for the latter step involves a little more topology, but in fact it is an 
obvious consequence: a group with generators av . . . , an is abelian if and 
only if each ai9 dj commute, and this can be decided by using the solution of 
the word problem to check whether the finitely many words aiaja^xaj~x all 
equal 1. 

It was already known, implicitly in Poincaré [1895] and explicitly in Tietze 
[1908], that a topological space which is finitely presented in terms of cells 
(vertices, edges, faces, etc.) has a finitely presented fundamental group, so one 
is led to expect difficulties with finitely presented groups, because of the 
extent to which they reflect difficult topological problems. Tietze expressed 
pessimism about the isomorphism problem in his 1908 paper. Dehn extended 
this pessimism to the seemingly more elementary level of the word problem, 
but of course neither of them knew then that unsolvability could be formal­
ized or proved to exist. 

3. Positive solutions of the word problem. When Dehn stated the word 
problem in 1910 he was able to point to a special case where the solution was 
well known: the fundamental groups TTX(S) of closed orientable surfaces S. 
The geometric interpretation of TTX(S), in which generators are closed cuts 
which reduce S to a polygon and the defining relator is the sequence of edges 
in the polygon boundary, reduces the word problem to a topological problem 
which had been solved 30 years earlier. This problem is to decide whether a 
given closed path w (represented by a word on the generators) contracts to a 
point on S, and it is solved by constructing the universal covering surface S, 
by pasting copies of the polygon for S together (due to Schwarz in 1882, see 
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Klein [1882]). Then w "lifts" to a path w on S described by the same edge 
sequence, and w is contractible on S if and only if w is closed. 

Dehn's contribution was to realise that the pattern of edges in S formed a 
diagram of TT^S) whose properties implied a, purely algebraic algorithm for 
the word problem. Thus one is spared the actual construction of S> which is 
very difficult for an S of genus > 1, and one can operate directly on the word 
w. Dehn's algorithm is to repeatedly shorten w by cancellation of terms aêat~

x 

or at~
 xat and replacement of subwords which are more than half the defining 

relator by their shorter complements (viewing the relator as a circular word); 
w = 1 if and only if w can be reduced to 1 by this process. 

In general, the word problem for the fundamental group TT,(C) of any finite 
complex C could be solved by constructing the universal covering C of C and 
tracing the path w in C corresponding to the word w. However, C is very hard 
to find even when C is a knot complement. Dehn solved the word problem 
only for the trefoil knot group, though he was able to make a wonderful 
application of this result, proving that the right and left trefoil knots are 
distinct in Dehn [1914]. Another beautiful example of a geometrically moti­
vated word problem with an unexpected algebraic solution is that for braid 
groups, in Artin [1926]. 

However, these examples fill a very small space in the panorama of finitely 
presented groups. The first solution of the word problem for a really broad 
class of groups was that for one-relator groups by Magnus [1932]. The proof 
is difficult, and it has not been essentially simplified or varied since Magnus 
found it. Furthermore, no other solutions of comparable generality have been 
found since 1932, though there has been progress with groups of topological 
interest. In particular, Waldhausen [1968] solved the word problem for all 
knot groups. 

4. Free groups. The group with n generators and no relators, 

Fn = (av . . . , an;-) 

is called the free group of rank n. We say that av . . . , an freely generate Fn, or 
form a basis for Fn, because they are subject to no relations other than those 
true in any group, namely ata~x = at~

xat = 1. An example of a generating set 
for Fn which is not a basis is {al9 . . . , an9 axa2}, in which the last generator is 
the product of the first two. Rank is meaningful because any basis for Fn has 
n elements, as can be seen by taking the abelian quotient of Fn which results 
from the relations a,ay = a^ and appealing to the well-known invariance of 
rank for abelian groups. 

The word problem for Fn is solved by the process of free reduction. Given a 
word w, one repeatedly cancels subwords of the form ata[~x or afxat until 
none remain. The resulting word is unique and called freely reduced. Then 
w = 1 if and only if its freely reduced form is empty. 

Nielsen [1921] gave a process for reducing any set {uv . . ., um} of words 
in Fn to a basis for the subgroup they generate, showing in particular that the 
subgroup is free and also giving an algorithm which decides whether a given 
word w belongs to it. We shall not need the Nielsen process, but we do use 
one example where this type of result can be proved using free reduction. 
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PROPOSITION, (i) Let F = (x9y9 z;-> and let ux = xm
9 u2 = xlzyj

9 u3 — yn
9 

where m9 n =£ 0 and i9 j are any integers. Then {ul9 ul9 u3] is a basis for the 
subgroup of F it generates. 

(ii) If x'lzyJl G (ux> ul9
 M3Î~) then ix = i + mxm9 jx = j + «jfl /or wme 

integers mv nx. 

PROOF, (i) Suppose we have a word w on {ul9u29u3}9 freely reduced with 
respect to uX9 u2, u3 by cancellation of subwords utufl or ut~

 lu{. If no terms u2 

occur then w is clearly a freely reduced word on x9 y9 hence if w = 1 it is 
empty by the solution of the word problem for F. 

If «2 = x'zyJ occurs, then I claim that no two consecutive occurrences of it 
can cancel. This is certainly true if their exponents have the same sign, and if 
they have opposite signs the space between the z's looks like 

(a) zynWy~nz~x or (b) z~lx~mWxmz where W is a freely reduced non­
empty word on ux = xm

9 u3 = yn. In case (a) the wordynWy~n between the 
z's can only disappear if its exponent sum for y is 0, hence if the exponent 
sum for y in W is 0. Then since W is freely reduced it must contain x's, and 
since these do not cancel in W they do not cancel in ynWy~n either. The 
situation is similar in case (b), thus the space between any two z's cannot be 
emptied, and hence w =£ 1 if its reduced form on ul9 ul9 u3 is nonempty. 

This says that no nontrivial relation holds between ul9 ul9 w3, and hence 
they are a basis for the subgroup they generate. 

(ii) If xhzyjx equals a freely reduced word w on u{9 u29 u3 then w must have 
exactly one occurrence of u2 = x 'zyJ

9 since one is needed to produce the z in 
xilzyJ\ and more than one will not cancel, by the above argument. Similarly, 
no u3 = yn can occur to the left of u2 in w, nor ux = xm to the right, since 
there is no y to the left of z in x*zyJ, nor x to the right. 

Thus w = u™xu2u3
x for some integers mX9 nx i.e. xixzyJi = x

i+mxmzyJ+nxn and 
since both sides are freely reduced words on x9y9 z we have ix = i + mxm9 

5. Computability theory in the 1930's. In his celebrated paper on the 
incompleteness of Principia Mathematica and related systems, Gödel [1931] 
showed that the symbol manipulations of formal logic could be simulated by 
functions on the natural numbers which he called "rekursiv". These are 
functions built from very simple, and obviously computable, functions such 
as constants and successor by equations which define new values in terms of 
values previously obtained. For example, from the successor function s one 
can define + by the equations 

x + 0 = x9 x + s(y) = s(x + y)9 

then X from the equations 

x X 0 = 0, x X s(y) = (x X y ) + x9 

and so on. The possibility that any computable function might be obtainable 
by recursions did not occur to Gödel, though his paper provides evidence for 
this hypothesis in showing that operations not apparently related to recursion, 
namely the symbol manipulations of logic, are in fact so definable. 


