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DISCRETE CONFORMAI, GROUPS AND MEASURABLE 
DYNAMICS 

BY DENNIS SULLIVAN 

Motivated by his study of 2nd order differential equations a(z)w" + b(z)W 
+ c(z)w = 0 Poincaré (1882) unveiled the vast subject of discrete subgroups 
of conformai transformations, (z -»(az + b)/(cz + d)}9 their associated 
Riemann surfaces, and the intricacies of the limit set—Cantor sets, nowhere 
differentiable curves, etc. 

In this paper we discuss an interplay between discrete conformai groups 
acting on any dimensional ball Bd+l and measurable dynamics. The develop­
ment is closely related to ideas considered by Poincaré, for example, 

(i) the Poincaré series 2y€Er|Y'.x0|
5 where |y'x| is the linear distortion of the 

Euclidean metric by the conformai transformation y and x0 lies in the interior 
ofBd+l. 

(ii) The interpretation of interior Bd+l with its group of conformai transfor­
mations as the Poincaré model of non-Euclidean or hyperbolic geometry, Hd+l. 

The dynamics we consider take place on the df-sphere = dBd+l == the 
visual sphere at oo for Hd+l. There are basically three parts to the discussion. 

Part I. The ergodic properties of the geodesic flow on the associated 
hyperbolic manifold Hd+1/T such as (i) the excursion pattern of random 
geodesies into the cuspidal ends of finite volume noncompact hyperbolic 
manifolds. 

(ii) the ergodicity of the geodesic flow relative to conformai measures and 
the divergence of the Poincaré series at the critical exponent s = 8(T). 

Part II. The ergodic properties of T acting on the tangent spaces to the 
Poincaré recurrent part of Sd. 

Part III. An interrelation between the critical exponent 8(T) and other 
quantities such as (i) the Hausdorff dimension of the limit set A c ^ , (ii) the 
"square root" of the lowest eigenvalue of the Laplacian acting on L2(H r f+l/T), 
(iii) the entropy of the geodesic flow, (iv) general Riemannian manifolds. 

We will state theorems and give ideas and references for the proofs. The 
discussion of Part I works for the usual Lebesgue measure on Sd as well as 
for any "conformai measure" JU. on Sd, that is a finite positive measure JU. 
which satisfies y*ju = |y'|V> Y ^ T . These conformai measures are also im­
portant in Part III. They sometimes turn out to be Hausdorff measures, or 
they can be viewed as the boundary values at oo of positive eigenfunctions of 
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the Laplacian with the lowest possible eigenvalue, or they determine invariant 
measures for the geodesic flow with an interesting value for the entropy. 

The discussion of Part II is restricted to Lebesgue measure or to conformai 
measures which share certain spatial distribution properties with Lebesgue 
measure. One consequence of the theory in Part II is that relative to Lebesgue 
measure (or any of these good conformai measures) any two ergodic compo­
nents of the action on Sd of discrete groups of conformai transformations are 
orbit equivalent. Another consequence is a rather complete extension and 
analysis of the Mostow rigidity and the Ahlfors-Bers [B] deformation theory 
for infinite volume groups. These results are used by Thurston [T] in his 
existence theory for hyperbolic structures on topological 3-manifolds. 

PARTI 
1. Finite volume groups and diophantine approximation. We begin by re­

calling the classical ergodicity results for discrete groups T of motions of 
Ĥ "*"1 with finite volume fundamental domains. To these classical results we 
add a new result about the excursion pattern of geodesies into the cuspidal 
ends of a noncompact finite volume hyperbolic manifold. 

The discrete group T acts on the geodesic lines in Hd+1 and each orbit of 
lines determines one geodesic in the quotient, V — Hd+l/T. These geodesies 
fill the unit tangent bundle T(V) of V giving a 1-dimensional foliation whose 
leaves are the orbits of the geodesic flow. Thus in particular orbits of the 
geodesic flow for the quotient H r f + 1 / r are in the canonical 1-1 correspon­
dence with T orbits of unequal ordered pairs of points on the sphere at 
infinity Sd of Hd+l. 

The geodesies may be grouped into asymptotic classes as t -» oo and as 
/ -^ - oo. These classes are the leaves of two transversal foliations which 
intersect in the 1-dimensional geodesic foliation. 

In the middle thirties, Eberhard Hopf used these asymptotic foliations to 
prove the geodesic flow is ergodic if Hd+l/T has finite volume. The proof 
also makes use of Poincaré's famous result that a finite invariant measure 
forces almost all geodesies to be recurrent. These foliations have been used up 
to the present to prove the geodesic flow is mixing, structurally stable, 
Bernoulli, etc. (Hedlund, Anosov, Smale, Ornstein, . . . ). 

Returning to our discussion, one knows [T, p. 8.20] that a finite volume 
hyperbolic manifold Vd+l = Hd*l/T consists of a compact part to which 
cuspidal ends homeomorphic to (d-torxxs) X [0, oo) are attached. By the 
ergodicity of the geodesic flow, the random geodesic wanders continually 
further and further out each of these ends and returns infinitely often. 

We can measure these excursions by the function dist v(t), the distance 
from the point v(t) in V achieved after time t to a fixed compact starting 
region of initial vectors {v}. It is easy to see that the event {v: dist v(t) > T) 
has volume comparable to e"^r using the volume-preserving character of the 
geodesic flow and the exponential decay of the size of the torus in the 
cuspidal end. An elementary use of the Borel-Cantelli lemma shows then for 
each e > 0 and for almost all starting directions v the inequality 

d i s t i l ) < (\/d + e)log(0 
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is eventually true. One is led to conjecture (I/d) logt is the right upper 
bound function. 

THEOREM I. If T is any cofinite volume, but not cocompact, discrete group of 
non-euclidean motions in FT**1, then for almost all starting directions v in 
Hd+l/T 

distu(0 1 
hm sup —:—— = —. 

/-oo l o ê * d 

FIGURE 1 
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This theorem is proved in [S(i)] using a proposition about disjoint spheres 
resting on a Euclidean hyperplane implying an associated sequence of sets in 
the hyperplane are sufficiently independent in the sense of probability to have 
the full Borel-Cantelli lemma—divergence of the sum of measures implies the 
infinitely often event has positive measure. 
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To use this proposition there must be enough spheres of each size. In the 
proof, this abundance of spheres comes from the mixing property of the 
geodesic flow. 

The problem of geodesic excursion turns out to be equivalent (an oral 
communication of David Kahzdan) to the problem of approximating a 
general point on the sphere at infinity by the orbit of a parabolic cusp. Thus 
the proof above yields a discrete group—ergodic proof of Khintchine's metric 
theory of diophantine approximation. For this application of Theorem 1 we 
take T to be PSl(2, Z). 

If we consider the analogous approximation discussion for complex num­
bers and imaginary quadratic fields Q(V^d) and let T run through the 
Bianchi groups PS7(2, iïV^d ) we obtain just as easily a Khintchine theorem 
in this context. The statement proved in [S(i)] follows. 

Let 0 < a(x) < 1 be a function so that the value up to bounded ratio only 
depends on the argument up to bounded ratio. For the positive integer d 
denote by & the ring of integers in QV^d . 

THEOREM 2. For almost all complex numbers z there are infinitely many pairs 
p, q e iï X ê so that ideal(/?, q) = & and \z - p/q\ < a(\q\)/\q\2 iff 
f°°(a(x)2/x) dx = oo. 

For the Gaussian field, LeVeque (1952) proved a variant of this along the 
lines of the Khintchine real result. 

2. Groups with infinite volume fundamental domains. As suggested already, 
E. Hopf s foliation proof of ergodicity of the geodesic flow is based on the 
Poincaré recurrence of the geodesic flow which follows in the finite volume 
case from the Poincaré recurrence theorem. In fact, E. Hopf proved (1939) 
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the geodesic flow on an infinite volume hyperbolic manifold was either 
(i) completely nonrecurrent. Namely, the random geodesic eventually 

leaves very compact set forever, or 
(ii) the geodesic flow is completely recurrent and ergodic. 
Hopf asked what geometric conditions might separate these two cases. In 

[S(ii)] we studied the ergodicity question independently of Hopfs 1939 paper. 
We found the same dichotomy for the geodesic flow, namely (i) completely 
nonrecurrent of (ii) ergodic by showing this dichotomy agrees with a dichot­
omy which exists for any Riemannian manifold [S(ii), §2]. Namely, random 
motion on a Riemannian manifold is either transient or recurrent. 

In classical function theory this dichotomy for a Riemannian surface can 
be expressed in terms of the existence or nonexistence of a Green's function, 
a positive function with the standard Green's singularity at a point and 
harmonic outside the point. 

Poincaré himself (1906) analyzed this dichotomy using the fuchsian group 
representation of a Riemann surface and reformulated the condition in terms 
of the convergence or divergence of a series (now called the Poincaré series), 

2 |y'(*o)|< oo or not. 

Here T is a discrete group of conformai transformations of (z: \z\ < 1}, 
\zQ\ < 1, and \y'(z)\ is the linear distortion of the Euclidean metric. 

The Poincaré dichotomy in terms of the series makes sense for any discrete 
group of conformai transformations of the Euclidean ball Bd+l. The dichot­
omy becomes 

2 |Y'(*O)| < °o or not. 
yer 

THEOREM 3. The dichotomy, Srly '^o)^ < oo or not, is equivalent to the 
Hopf dichotomy, the complete nonrecurrence or the ergodicity of the geodesic 
flow for Hd+l/T. 

The proof in [S(ii)] makes use of random walks and was motivated by a 
proposition in Garnett [G] about the measurable functions on a compact 
foliated manifold harmonic in each leaf being constant on almost all leaves. 

Thus if the series ^2,yGT\y\x0)\
d converges we have a completely noncurrent 

geodesic flow relative to Lebesgue measure on H",+ 1 / I \ One may try to 
restore ergodicity by replacing Lebesgue measure by a different geometrically 
meaningful measure. 

To this purpose consider again the Poincaré series 2yGrlY'(*o)r w ^ ^ a n 

exponent s. One defines the critical exponent 8(T) so that the Poincaré series 
converges for s > 8(T) and diverges for s < 8(T). In [S(iii)] which generalized 
Patterson [P] it was shown there is a probability measure /x on the limit set 
A(T) c Sd so that y*/A = |yf/x, y G T, where 8 - 8(T). Moreover, 8(T) is the 
minimum power for which such a measure exists. [S(iii), § 2]. 

Just as Lebesgue measure is associated to an invariant measure for the 
geodesic flow, such conformai measures JU, determine invariant measures for 
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the geodesic flow [S(iii), §4]. Basically, the formula y*ju = ly'fti and the 
formula \yx — yy\2 = \y'x\ \y'y\ \x — y\2 implies JU, X [x/\x — y\20 is a T-in-
variant measure on Sd X Sd. This invariant measure is combined with arc 
length to yield a natural invariant measure for the geodesic flow of H^+ l/T. 

Theorem 3 above has the following generalization. 

THEOREM 4. The geodesic flow is ergodic relative to a conformai measure JU of 
dimension 8 iff the Poincaré series *2y(=T\y'x0\

d diverges. In this divergence case 
the conformai measure p satisfying Y*JU = IY'IV y £ T, is unique. 

It is interesting for what follows to describe the evolution of the proof of 
Theorem 4. We have mentioned the proof of Theorem 3 using a random walk 
along the leaves of the asymptotic foliation in [S(ii), §2] motivated by [G]. 
The idea behind that proof was simply that a random path in hyperbolic 
space hits a definite point at oo. Thus there is a T-invariant map of bi-infinite 
random paths to geodesies by looking at the endpoints. Recurrence of 
Brownian motion implies the shift map on bi-infinite paths of H* /+1/r is 
ergodic and thus so also is its quotient, the geodesic flow. 

0 
This proof of Theorem 3 was described in [S(iii), §7] together with an 

extension to those cases of Theorem 4 where 8 > d/2. For the extension a 
conditioned Markov process with transition probabilities 

e-Xt<j>(y)Pt(x9y)/<t>(x) 
was considered. Here X = 8(8 — d\ <j> is a positive A-eigenfunction of the 
Laplacian with boundary values at infinity the conformai measure /i, and 
Pt(x> y) *s t n e transition probability for the usual Brownian motion on 
H r f + 1 / r . (See Part III for more discussion of these ideas.) 

This Markov process proof does not work for 8 < d/2. Recently, a more 
elementary proof of the case 8 = d was found (related to joint work [AS] with 
Jon Aaronson) which succeeds just as well for all 8. First, E. HopFs proof 
that there is a dichotomy between complete nonrecurrence and ergodicity 
works for any conformai measure n [S(iii), §4]. Second, recurrence can be 
checked by an abstract Borel-Cantelli lemma analogous to the one used in §1. 
This step requires an elementary geometric inequality which says the proba­
bility that a geodesic starting in a ball B returns to B at a later time / and at 
an even time t + s is at most a universal constant times the product of the 
respective probabilities the geodesic returns respectively at times t and time s. 


