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POINCARE AND ALGEBRAIC GEOMETRY
BY PHILLIP A. GRIFFITHS'

ABSTRACT. A few of the contributions of Poincaré to algebraic geometry are
described, with emphasis on his late work on normal functions. A very brief
description of some recent works is also given.

Although the subject of algebraic geometry was not one of Poincaré’s
major preoccupations, his work in the field showed characteristic insight and
brilliance and certainly has had a lasting effect. I shall briefly describe his
major contributions, with special emphasis on the two papers on normal
functions which constituted Poincaré’s last published mathematical work.

In general I have tried to follow standard current notations. Unless
mentioned to the contrary, homology and cohomology are with Q coeffi-
cients.

At the end there is a list of some of Poincaré’s major papers in algebraic
geometry together with the other bibliographical items referred to in the text.

As will be clear from the discussion below, the decision to emphasize
Poincaré’s work on normal functions reflects my own particular interest.

(a) Let me begin by recalling the period during which Poincaré worked.
This was a particularly active time in algebraic geometry, especially for the
study of algebraic surfaces. In the preceding thirty years, beginning with
Riemann’s thesis the theory of algebraic functions of one variable, or as we
now know it, algebraic curves, had been developed by Riemann, Max
Noether, and many others to the point where—aside from moduli questions
—the theory had assumed much the form that we find it today. Beginning in
the 1890’s Poincaré’s colleague, E. Picard, had begun his monumental work
on transcendental algebraic geometry in higher dimensions, especially on
surfaces, that among other things led to the Picard-Fuchs equation and
Picard-Lefschetz transformation, the algebraic de Rham theorem for
smoothly compactifiable affine varieties and subsequent theory of single and
double integrals of the second kind on surfaces, and the Picard variety and
Picard number. Meanwhile, in Italy the birational theory of algebraic surfaces
was well underway in the work of Castelnuovo, Enriques, Severi (at a slightly
later time), and the other members of the Italian school.

It is clear that Poincaré was well abreast of these developments, and it
seems to me that his own work in algebraic geometry was frequently in
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response to this activity. For example, as will be explained below, his idea of
normal functions was devised to give the first complete proof of one of the
main results of Picard and Castelnuovo-Enriques, the theorem that the Picard
variety of a surface has dimension equal to the irregularity.

(b) Poincaré wrote a number of papers, several in collaboration with
Picard, concerning abelian varieties and Jacobians of curves. As was char-
acteristic of much of his work, several of these papers involved interaction
between various branches of mathematics. For example, his studies on
abelian functions led to the Cousin problems in several complex variables,
and his work on translation-type surfaces in abelian varieties was instrumen-
tal in the theory of webs about which Chern will speak.

In algebraic geometry proper, at least two results from the area of abelian
varieties and Jacobians are noteworthy. One is

(1) Poincaré’s complete reducibility theorem [S]: Given an abelian subvariety
A’ of an abelian variety A, there exists a finite covering

A54
and abelian subvariety A” C A such that
A =n'(4) x 4",
This is a clear forerunner of the modern version that states: the category of
polarized Hodge structures /Q is semisimple.

A second result concerns the Jacobian variety J of a smooth algebraic

curve C of genus g. Recall that there is a holomorphic mapping u: C —J
defined by

@) u(p)=(j;:w1,...,j:wg)

where p, € C is a base point and w,, . . ., w, is a basis for the holomorphic
differentials on C. If C, denotes the set of all unordered d-tuples of points

D=pl+... +pd’
it may be shown that C,; has a natural complex manifold structure to which
the mapping (2) may be extended by the formation of abelian sums. Thus
3) u:C,—»J

is defined by
Pi Pi
u(p, + -+ +pd)=(2 f Op vy D f wg).
i “Po

i Po i

DEFINITION. For 1 < d < g we define the subvariety W, C J to be the image
variety of the proper holomorphic mapping (3).

Equivalently, W, is the translation-type subvariety of J given by sums of d
points on the curve u(C); i.e.

W, = {u(p) + - +(p):p; EC).

The Jacobi inversion theorem states that
“ W, =1J.
More precisely, for d = g the mapping (3) is birational.
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Next, if ® c J is the divisor of zeroes of Riemann’s theta function, then
Riemann’s theorem is

(%) W, =0 +x,

b4
where the right-hand side of (5) is translation of ® by the vector k of
Riemann constants.
Poincaré gave the following extension of (4) and (5) to alld < g:
(6) POINCARE’S FORMULA [6]. If § € H*(J) and w; € H*8~9(J) are the
Sundamental cohomology classes of © and W respectively, then

™ w, = 0574/ (g — d)!
When d = g this implies that
u: C,—J
has degree one, and when d = g — 1 (7) gives that
We_1 = 8.
Riemann’s theorem (5) is then a consequence of the fact that the Jacobian of
a curve is a principally polarized abelian variety.

It is perhaps worth pointing out that (6) could not have even been properly
formulated before Poincaré’s introduction of homology. This is also true of
the next topic dealing with residues of double integrals.

In a similar vein we also note that Picard’s great work [3] on algebraic
functions of two variables would not have been possible had not Poincaré
concurrently developed the necessary topological concepts.

(c) The next of Poincaré’s investigations in algebraic geometry that I would
like to discuss centers around what is now called the Poincaré residue
operator. It is an elementary fact that, on the complex projective line P! with
linear coordinate z, the cohomology of the punctured sphere

P! — {ay,...,ay},

a, distinct, is described by rational differential forms having poles at the a,.
More precisely, if we set

p(2) = I=II (z—a)

then every cohomology class is represented by a unique form

w = q(z)dz/p(z), degq(z) <N -2,
that has simple poles at the q,.
Motivated in part by his work on topology and in part by the aforemen-
tioned project of Picard concerning periods of rational integrals on algebraic
surfaces, Poincaré [7] considered rational forms

(8) w= q(x,y) dx N\ dy
p(x,y)
on the projective plane P2 Here, (x, y) are affine coordinates, p(x, y) is an

irreducible polynomial of degree N defining an algebraic curve D, and the
degree restriction in (8) is equivalent to saying that w does not have a pole on

’ deg q(x’y) <N- 3,
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the line at infinity. Poincaré showed that the periods
9) frf w, T € Hy(P*- D),
are all of the form

f Res w, y € H\(D),

Y
where

(10)  Resw=gdx/(dp/d)=-qdy/(p/3x) onp(x,y)=
defines a differential called the Poincaré residue. Here y is a l-cycle in
D* = D \ {singular locus}, and the cycles I' and y are related by T' = 7(y)

where
(11) m: H,(D*) — Hy(P* — D)

is the mapping that assigns to y the boundary of that part of the solid e-tube
around D* that lies over .

Nowadays one considers the Poincaré residue sheaf sequence

12) 0—-Q% —>Q”X(D) St s0

where X is a smooth n-dimensional algebraic vanety and D C X is a divisor
that, for simplicity of explanation, we assume to be smooth. Poincaré’s case
corresponds to X = P2, and the mapping (10)

w— Res w
is
Res: H(Qy(D)) - HY Q™).
His results concerning the periods of double integrals (9) are encoded in the

long exact cohomology sequence of (12), together with Poincaré-Lefschetz
duality and Hodge theory.

It is interesting to note that in his paper [7] on residues Poincaré raised the

issue concerning periods
x,y) dx N\
(13) ff q( ) k+|aj)’
r  p(xy)

whose integrand has a higher order pole along C. Contrary to the one
variable case, by subtracting exact forms it is not always possible to reduce
the order of pole of w to one, and Poincaré mused on but did not entirely

come to grips with this fact. It is now easy to explain the reason why: For a
smooth hypersurface D C P” of degree N given in affine coordinates by

p(xy,...,x,)=0,
we consider the mapping on cohomology
Res: H"(P" — D) —» H"" (D)
dual to the “tube over cycle mapping”

H,_(D)—- H,(P"— D)

deg g(x,y) < (k + 1)N — 3,
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encountered in the case n = 2 in (11). The rational n-forms

_ ) dx A Adx,
p(x)k+1

have poles of order & + 1 along D, and they generate a vector subspace
F"~*H"(P" — D) c H"(P" — D).

It can be proved (cf. [8]) that the images

(14) Res(F"~*H"(P" — D)) = F("“"‘)Hl;‘ﬁ;}(D)

define the Hodge filtration on the primitive cohomology of D.

This result, which generalizes to any sufficiently ample smooth divisor D in
a smooth variety X, provides a useful link between the transcendental Hodge
theory of D and the algebro-geometric notion of linear systems on X.

(d) We now turn to Poincaré’s magnificent works [9 and 10] on normal
functions. As mentioned above, these papers appeared just before his prema-
ture death while still at the height of his mathematical powers. Upon reading
the last section of the second paper it is clear, at least with the benefit of
hindsight, that he was “within &” of the Lefschetz (1, 1) theorem, and indeed,
as we shall see, his normal functions provided the tool for the proof of this
famous result.

We consider an algebraic family {C,},c, of algebraic curves of which a
general member is smooth. In practice, 7" will usually also be a curve, and we
shall denote by ¢, . . ., ty the critical points for which the curves C,, ..., C,,
are singular. For an important concrete example, we consider a smooth
algebraic surface S C P” and take {C,},c+ to be a general pencil of hyper-
plane sections. In coordinates one may think of the projection of S in a
general P to be given by

Q

, degg(x) < (k+ Dn—(n+1),

p(x,,2)=0
in such a way that the curve C, is the section by the plane
(15) z =1
Associated to {C,},cr is the family of Jacobian varieties
§=U J(),
tET

where care must be taken to insert the generalized Jacobian of C, over the
critical points. When this is done we obtain a complex manifold § that is a
fibre space

(16) 74T

of commutative complex Lie groups.
DEFINITION. A normal function v is a holomorphic cross-section
t—v(r) € J(C)
of the fibre space (16).






