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PROBLEMS ON ABELIAN FUNCTIONS AT THE TIME
OF POINCARE AND SOME AT PRESENT!

BY JUN-ICHI IGUSA

This is an expanded version of our symposium lecture; it consists of two
parts. In the first part we have tried to explain the problems on abelian
functions at the time of Poincaré with a brief follow-up; in the second part we
have explained, among others, a problem of Riemann and Weil on Jacobi’s
formula as one of the problems on abelian functions at present.

1. Abelian functions by Poincaré.

1-1. If the variable x and a general solution y of a linear differential
equation with polynomial coefficients are algebraically dependent, the peri-
ods of abelian integrals of the first kind associated with the curve f(x,y) =0
satisfy certain relations. In his earliest works on abelian functions Poincaré
examined such relations in some special cases. He also used a similar relation
in a joint paper with Picard of 1883 on a “theorem of Riemann”. Poincaré
later developed a general theory of reducible integrals. This theory played
some role in almost all of his works on abelian functions. We shall start by
recalling the theorem of Riemann:

There are three related theorems concerning a complex torus. If f is a
meromorphic function on C2, an element a of C# such that f(z + a) = f(2)
for a variable z in C#2 is called a period of f; the set of all periods of f forms a
closed subgroup of C&, called the period group of f. Let A denote a lattice in
C8, i.e., a discrete subgroup of C# with compact quotient; then a meromor-
phic function f on C# whose period group contains A, i.e., a meromorphic
function on the complex torus 7" = C#/A considered as a function on C2, is
called an abelian function relative to A and a holomorphic function ® on C#
with the property

8(z + a) = e(L,(2))0(2)

for every a in A, in which e(#) stands for exp(27zV — 1 ¢) and L,(z) is an
affine linear function of z depending on a, is called a theta function also
relative to A.

Finally a complex g-by-2g matrix w is called a Riemann matrix of degree g
if there exists a skew-symmetric integral matrix C of degree 2g, called a
principal matrix, such that

wC'w =0, (1/2V =1 )wC' > 0;
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the second condition means that the hermitian matrix (1/2V - 1 wC'® is
positive-definite. Such a matrix with

0 1
Co= g)
° (_13 0

as a principal matrix appeared in Riemann’s paper [28] of 1857 as a period
matrix of abelian integrals of the first kind associated with an algebraic curve
of genus g. At any rate with this terminology the three theorems, called the
Riemann- Weierstrass theorems, can be stated as follows:

(RW-1) Any g + 1 abelian functions are algebraically dependent;

(RW-2) every abelian function f can be expressed as a quotient of two theta
Sfunctions;

(RW-3) if there exists an abelian function relative to A with a discrete period

group, any g-by-2g matrix w whose 2g columns generate A is a Riemann
matrix.

We recall that a divisor of a complex manifold is an integral linear
combination of its subvarieties of codimension 1; it is called positive if the
coefficients are nonnegative. The zeros and poles, counted with their multi-
plicities, of a meromorphic function f# 0 on the manifold are positive
divisors; and their difference is called the divisor of f. The divisors of an
abelian function f 0 and a theta function ® 5 0 may be considered as
divisors of 7. With this terminology (RW-2) can be replaced by the following
theorem:

(RW-2%) Every positive divisor of T is the divisor of a theta function © # 0.

As a consequence, if f 0 in (RW-2), the two theta functions can be
chosen so that their divisors have no component in common. On the other
hand the converse of (RW-3) is true and straightforward; in a paper of 1921
Lefschetz [16] proved the following theorem:

If w is a Riemann matrix of degree g and A is the subgroup of C# generated
by its 2g columns, necessarily a lattice in C&, there exists a finite set of theta
Junctions giving rise to a biholomorphic map of T = C8/A to a subvariety A of
a complex projective space.

And in 1949 Chow [5] proved the following theorem:

Every closed subvariety of a complex projective space is an algebraic variety
and a meromorphic map between two such varieties is a rational map.

In particular the subvariety 4 in the Lefschetz theorem is a smooth
algebraic variety unique up to an isomorphism and it is called the abelian
variety associated with w. If w is a special Riemann matrix coming from an
algebraic curve, the abelian variety A4 is called the jacobian variety of the
curve.

1-2. We shall now go back to 1883: it was known that Riemann had
mentioned (RW-3) in a slightly different form to Hermite at the time of his
visit to Paris in 1860. Hermite regarded the period relation in the general case
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as extremely remarkable and included it without proof in his note [10] to the
sixth edition of Lacroix’s text book, vol. 2, which appeared two years later.
On the other hand, in 1869 Weierstrass published a short paper [36], in which
(under the assumption in (RW-3)) he made the following statement: there
exist g + 1 algebraically dependent abelian functions by which every abelian
function, all relative to A, can be rationally expressed. Actually he made a
stronger statement and he later outlined a proof of the above statement in a
letter to Borchardt of 1879. We might mention that Weierstrass was not sure
about (RW-2) in 1869 and became sure about it only in 1879; we might
further mention that his detailed but not complete treatment [37] was pub-
lished in 1903 after his death. Therefore although Riemann’s paper of 1857
certainly was a classic in 1883, the theory of general abelian functions was
still up in the air at that time.

The short paper [20] by Poincaré and Picard was written under the above
circumstances. In that paper they announced an outline of a proof of (RW-3),
depending on (RW-1) by Weierstrass, and stated (RW-2) as its immediate
consequence; there we see the fruitful idea to investigate 7" via Riemann’s
theory applied to a suitable 1-dimensional subvariety of 7. Later in 1891
Appell [2] gave a satisfactory proof of (RW-2) for g = 2 by using Poincaré’s
theorem of 1883 in the Acta Mathematica to the following effect: every
meromorphic function on C? can be expressed as a quotient of two holomor-
phic functions on C% This theorem was generalized by Cousin in his thesis of
1895 and Appell’s proof became valid for all g.

In 1897 Poincaré announced outlines of proofs of (RW-1) and (RW-2) in
[24]; a detailed proof for (RW-2) appeared the following year in [25] and one
for (RW-1) appeared five years later in [26]. The above second proof of
(RW-2) by Poincaré was influenced by Appell; he simply modified the proof
of his theorem in the Acta paper of 1883, on which Appell’s proof depended,
so that for an abelian function the two entire functions became theta
functions. This proof was reproduced by Weil [40] in a Bourbaki seminar of
1949; Weil’s proof was indeed a new proof in as much as the classical
potential theory was eliminated. As for (RW-1) Poincaré tried to show that
the “image” of T by g + 1 abelian functions was algebraic; his idea to use the
degrees of subvarieties of a complex projective space was interesting but the
proof was not quite satisfactory. It was developed on a sound basis in the
already mentioned paper by Chow of 1949. And in 1955 Siegel [35] gave a
complete and yet elementary proof to the following general theorem:

Any g + 1 meromorphic functions on a g-dimensional compact complex
manifold are algebraically dependent; if there exist g algebraically independent
meromorphic functions, there exists another meromorphic function so that every
meromorphic function on the manifold can be rationally expressed by those
g + 1 functions.

We must also mention Serre’s influential works on this and other related
theorems; as an example we refer to his Bourbaki talk [32] of 1954, which
preceded his FAC and GAGA, for an elegant proof of Chow’s theorem.
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1-3. We shall pass to reducible integrals: as we have recalled, Poincaré first
worked on special examples; then he learned general theorems of Weierstrass
through a paper by Kowalevski [14] of 1884. And he wrote [21] in the same
year to supply proofs to those Weierstrass theorems and also to generalize
them; two years later he wrote another paper [22] on reducible integrals with
supplements and applications. In the following we shall review Poincaré’s
main theorem in its original form; but first we shall recall some definitions.

We say that two Riemann matrices w;, w, of the same degree g are
equivalent if there exists a pair (\, L) of a complex invertible matrix A of
degree g and an integral matrix L of degree 2g satisfying Aw, = w;L. If we
pass to the corresponding abelian varieties 4,, 4,, this means the existence of
a surjective homomorphism from 4, to 4, necessarily with a finite kernel. At
any rate we have an equivalence relation in the set of all Riemann matrices of
degree g.

We recall that every nonsingular skew-symmetric integral matrix C of
degree 2g can be written as C =‘LC,L for some integral matrix L of degree
2g; in particular if we define the Pfaffian Pf(C) of C as |det(L)|, we get
det(C) = Pf(C)%. If w is a Riemann matrix with C as a principal matrix,
necessarily C is nonsingular and in the above notation w is equivalent to w’L;
the point is that w’‘L has C, as a principal matrix. Therefore every equivalence
class of Riemann matrices contains one with C, as a principal matrix.

If a Riemann matrix w has C, as a principal matrix, its right square
submatrix A is invertible and if we write w as w = A(t1,), we will have

r =1, Im(7) > 0;
the second condition means that the imaginary part of 7 is positive-definite.
The set S, of all such 7’s forms an open convex cone in the vector space of
symmetric complex matrices of degree g; and in honor of his fundamental

works, especially [33, 34], it is called the Siege/ upper-half space of degree g. If
M is a real matrix of degree 2g satisfying ‘MCyM = C, and if we write

_[(a b
M ( c d )
with submatrices a, b, ¢, d of degree g, then

M-7=(ar + b)(cr + d)”!
defines a holomorphic action of the real symplectic group Sp,,(R) on S,.

Poincaré’s formulation of his “complete reducibility theorem” involves the
action of Sp,,(Q) on S, and it is as follows:

(P-1) Let w denote a Riemann matrix of degree g with C, as a principal
matrix such that for some complex g’-by-2g’ matrix «' and for some integral
2g-by-2g’ matrix R, where 1 < g’ < g, the upper g'-by-2g submatrix of w can
be written as ' 'R; then there exist an element M of Sp,,(Q) and a point 7' of
S, such that (1’1, is equivalent to the necessarily Riemann matrix ' and

M-r= T 0):
=0 o

in which & = A(t1,).






