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POINCARÉ AND LIE GROUPS 

BY WILFRIED SCHMID1 

When I was invited to address this colloquium, the organizers suggested 
that I talk on the Lie-theoretic aspects of Poincaré's work. I knew of the 
Poincaré-Birkhoff-Witt theorem, of course, but otherwise was unaware of any 
contributions that Poincaré might have made to the general theory of Lie 
groups, as opposed to the theory of discrete subgroups. It thus came as a 
surprise to me to find that he had written three long papers on the subject, in 
addition to several short notes. He evidently regarded it as one of the major 
mathematical developments of his time—the introductions to his papers 
contain some flowery praise for Lie—but one probably would not do 
Poincaré an injustice by saying that in this one area, at least, he was not one 
of the main innovators. Still, his papers are intriguing for the glimpse they 
give of the early stages of Lie theory. Perhaps this makes a conference on the 
work of Poincaré an appropriate occasion for some reflections on the origins 
of the theory of Lie groups. 

Sophus Lie (1842-1899) developed his theory of finite continuous transfor­
mation groups, as he called them, in the years 1874-1893, in a series of papers 
and three monographs. To Lie, a transformation group is a family of 
mappings 

(la) y = ƒ(*, a\ 

where x, the independent variable, ranges over a region in a real or complex 
Euclidean space; for each fixed a, the identity (la) describes an invertible 
map; the collection of parameters a also varies over a region in some R" or 
C ; and ƒ, as function of both x and a, is real or complex analytic. Most 
importantly, the family is closed under composition: for two values a, b of the 
parameter, the composition of the corresponding maps belongs again to the 
family, i.e., 

(lb) f(f(x9a),b)=f(x,c), 

with 

(le) c = <p(a, b) 

depending analytically on a and b, but not on x. It must be noted that these 
identities are only required to hold locally; in present-day terminology, (la-c) 
define the germ of an analytic group action. 
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Differentiating (la) with respect to the coordinates at of the parameter, Lie 
constructs vector fields 

(2) *i(^-2$,(*)|7 
j °*j 

(Lie's notation), which he calls the infinitesimal transformation of the family. 
That is how he pictures them and, on occasion, calculates with them. The 
foundations of Lie's theory are embodied is his three fundamental theorems. 
The first consists of a differential equation, involving the Xi9 which is 
equivalent to the group property—an infinitesimal version of (lb). This turns 
out to be more delicate than one might expect since Lie, initially at least, does 
not insist on the existence of an identity transformation, or of inverse 
transformations, within the family (1). According to the second fundamental 
theorem, the linear span of the Xt is closed under the Lie bracket, 

(3) [*,,*,] " 2 <****. 
Conversely, any Lie algebra (Hermann Weyl's terminology!) of vector fields 
generates a group in Lie's sense. His arguments are those that one would use 
today: the commutators in the Lie algebra correspond infinitesimally to 
commutators in the group, which leads to the identities (3). On the other 
hand, the one parameter groups generated by a collection of vector fields 
Xv . . . , Xn fit together as a family, (locally) closed under composition, 
precisely when the Xt span a Lie algebra. 

The third fundamental theorem, finally, states that any set of structural 
constants {ciJk}, subject to the obvious necessary conditions, arises from some 
Lie algebra of vector fields, and hence determines a transformation group. In 
other words, every (finite dimensional, real or complex) Lie algebra can be 
realized as a Lie algebra of vector fields. Lie proves the theorem by producing 
a Lie algebra of functions, with respect to the Poisson bracket, which he 
obtains as solutions of a system of differential equations. Some years earlier, 
Lie had published a shorter argument: the given structure constants {cijk) 
determine vector fields 

(4) ^-Sw^' 
and these form a Lie algebra, provided the cijk satisfy the appropriate 
conditions. What amounts to the same, Lie constructs the adjoint group of 
the group whose existence he wants to establish. If the group in question has 
a center of positive dimension, it is not locally isomorphic to its adjoint 
group, and this argument breaks down—a possibility which Lie overlooked at 
the time. 

In Lie's development of the theory, the idea of a group action is of primary 
interest, and the group itself is relegated to a supporting role. However, one 
can easily recover the group itself in Lie's framework: the composition rule 
for the parameter (le), c = <p(a, b)9 in which a may be viewed as the variable 
and b as the parameter, or vice versa, is a transformation group in the sense 
of Lie, a group which acts (locally) simply transitively. Lie calls it the first or 
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second parameter group, depending on whether a or b is regarded as the 
variable. Now one would say that the group acts on itself by left and right 
translation. To Lie, with the algebraic notion of a group so very far in the 
background, it was not obvious that the two actions commute; in fact, he 
credits Engel with this observation. 

Friedrich Engel (1861-1941) had been a student of Felix Klein in Leipzig, 
and in 1884 was sent by Klein to his friend Lie in Norway, where Engel wrote 
his Habilitationsschrift. Two years later, when Lie succeeded Klein in Leipzig, 
Engel accompanied him. Although Engel eventually became quite active on 
his own, at first he seems to have limited himself mainly to functioning as 
Lie's sounding board and selfless secretary—an arrangement with present-
day parallels. The foreword to the first volume of Theorie der Trans-
formationsgruppen describes EngeFs contributions as primarily linguistic, but 
nonetheless valuable because Lie, in his own words, did not "master any of 
the major languages completely". Later, in his introduction to the third 
volume, Lie's credits to Engel become more generous. One may well suspect 
that Engel influenced his teacher to a greater extent than the latter's acknowl­
edgements suggest: loose definitions and careless mistakes occur frequently in 
Lie's papers before 1884, but not thereafter. 

To put my brief account of Lie's three fundamental theorems into perspec­
tive, I ought to remark that the foundations of the theory of continuous 
groups represent only a small part of his work. Lie saw his theory as a 
powerful tool, with far-reaching applications to the integration theory of 
differential equations and to the most basic problems of geometry. He 
pursued these applications tirelessly, in numerous publications. 

Around 1980, Friedrich Schur2 (1856-1932) published two papers, in which 
he presented an alternate approach to the foundations of Lie's theory. His 
point of departure is the observation, first made by Lie, that there is a 
canonical choice of parameters a in (la), namely the one for which the 
straight lines t->ta correspond to one parameter subgroups. As one would 
say now, Schur parametrizes a neighborhood of the identity in the group by a 
neighborhood of the origin in the Lie algebra, via the exponential map. In 
terms of such canonical coordinates, the compositon rule (lc) also assumes a 
canonical form: qp can be expressed as a convergent power series, whose 
coefficients depend polynomially on the structure constants cok, but which are 
otherwise universal—the Campbell-Hausdorff formula in disguise. Schur's 
power series makes sense and converges near the origin whenever the c^ 
satisfy the obvious conditions, i.e., skew symmetry and the Jacobi identity. In 
particular, this gives a new proof of Lie's third fundamental theorem, one that 
is much more direct and, incidentally, almost simultaneous with Lie's. 

A similar procedure works for any (locally) transitive transformation 
group. After a linear coordinate change, some of the canonical coordinates 
become canonical coordinates for the isotopy subgroup at a given point, and 
the others coordinates for the space on which the group acts. Schur's 

2Not related to Issai Schur, at least not directly. 
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arguments do not use the analytic nature of the transformation group; two 
continuous derivatives are enough. It follows that any transitive, C2 transfor­
mation group can be made analytic by means of a suitable coordinate 
change, a fact which had previously been asserted by Lie, without proof, and 
without a specific bound on the number of derivatives. This, of course, is the 
origin of Hubert's fifth problem. 

It is instructive to compare Schur's mathematical style to that of Lie. Schur 
had been a student of WeierstraB in Berlin, and was strongly influenced by 
WeierstraB' insistence on rigor and logical completeness. One can almost 
sense his discomfort with Lie's intuitive reasoning: not once does he refer to 
the "infinitesimal transformations", although he uses the same letters as Lie 
for their coefficient functions. One of Schur's papers begins with a detailed 
proof of the differentiability of solutions of differential equations, as func­
tions of the initial conditions. Elsewhere he carefully estimates the radius of 
convergence of a power series in several variables. To Lie, such arguments 
must have appeared overly complicated, and even pedantic. As Engel reports 
in Schur's obituary, Lie and Schur had very different ideas of what was easy 
and what was not. 

Also around 1890, Wilhelm Killing (1847-1923) wrote a series of five 
papers in which he established, or came close to establishing, many of the 
basic structure theorems about complex Lie algebras: the existence of a Levi 
decomposition of Lie algebras that coincide with their own derived algebras, 
criteria for semisimplicity—Killing, in fact, coined the term "semisimple"— 
and most remarkably, the classification of simple Lie algebras. Killing had 
been led to the classification problem by geometric considerations, to a large 
extent independently of Lie's work,3 but in these five papers he generally 
follows Lie's terminology and notation. Killing's most important tool is the 
notion of a root, i.e., root of the characteristic equation 

(5) det(ad X - <o) = 0, 

which Killing writes in terms of coordinates and structure constants, of 
course. Here X is an element of the Lie algebra g, and ad X the infinitesimal 
inner automorphism corresponding to X, 

(6) adX(Y)=[X9Y]. 

Lie had already considered the equation (5) when he proved that every I G 9 
lies in a two-dimensional subalgebra, but it was Killing who first studied the 
root pattern and recognized it as the key to the structure of a Lie algebra. 

Now, ninety years later, one can only marvel at Killing's work, especially 
his list of the exceptional simple Lie algebras, their dimensions and root 
systems, all discovered during the infancy of the subject. The exposition is 
flawed, however, by serious gaps and errors, and is often obscure. No wonder 
his contemporaries remained skeptical, until Elie Cartan, in his thesis, put the 
results on a solid footing. 

3Cf. Hawkins' article on the origin of Killing's work. 
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Killing's severest critic was Lie, perhaps not only for mathematical reasons, 
but also because—hypersensitive, as always in his priority disputes—he felt 
slighted by Killing's references to his own work. Lie made a habit of 
reviewing the work of others on what he called, with proprietary undertones, 
"my theory of groups". One of the pleasures of going back to the early papers 
in Lie theory is to read these astute, but acerbic reviews. About certain 
sections of one of Killing's papers, Lie writes " . . . the correct theorems in 
them are due to Lie, the false ones due to Killing", and in a sweeping 
damnation of several papers by Killing, " . . . (they) contain not so many 
results that are correct and new. Proved, correct and new are even fewer". In 
spite of such harsh language, Lie does acknowledge the great value of 
Killing's results on the structure of Lie algebras. Among other targets of Lie's 
criticism, Schur and Maurer are reprimanded for not following the notation 
which Lie has so carefully chosen, which makes it difficult to see what is 
really new in their writings. Not even Felix Klein, his friend in earlier days, is 
spared. So much has been written by Klein's students and friends about the 
relationship between Lie and Klein, says Lie, that he feels compelled to set 
the record straight: "I am not a student of Klein, nor is Klein a student of 
mine, although the latter might come closer to the truth". He then goes on to 
berate Klein for various offenses. 

Before turning to Poincaré, I should mention two short articles of J. E. 
Campbell (1862-1924), written in 1897, about products of exponentials of 
non-commuting operators. The opening paragraph of the second neatly 
describes their point of view: "If x and y are operators which obey the 
ordinary laws of algebra, we know that eyex = ey+x. I propose to investigate 
the corresponding theorem when the operators obey the distributive and 
associative laws, but not the commutative". The idea of exponentiating a 
vector field, or "infinitesimal transformation", to a "finite transformation" 
already appears in the work of Lie, who considers expressions like 

f+X(f) + ±X\f)+---, 

but does not use the exponential formalism for this purpose. As Campbell 
observes, the product of exponentials of two "small" vector fields X, Y is 
itself the exponential of a vector field Z: 

(7) exeY=ez; 

this follows from the proof of Lie's second fundamental theorem. By labori­
ous calculations he then derives a formula for Z, in terms of X> Y, repeated 
bracket operations and certain universal coefficients. Although he mentions 
the word "convergence", his version of the identity (7) has no analytic 
content. He cites Schur's paper because the same universal coefficients occur 
there, but remains silent about the close connection between (7) and Schur's 
proof of the third fundamental theorem. 

Except for a short note on the groups of units in hypercomplex systems,4 

Poincaré's essay "Sur les hypothèses fondamentales de la Géométrie" (1887) 

4I.e., finite-dimensional associative algebras over R. 


