BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 6, Number 2, March 1982

THE CAUCHY-RIEMANN EQUATIONS
AND DIFFERENTIAL GEOMETRY

BY R. O. WELLS, JR.

1. Introduction. In 1907 Poincaré wrote a seminal paper [35] on various
topics in several complex variables. In this paper we shall discuss Poincaré’s
paper and its influence and relationship to certain directions of research in
complex analysis and geometry over the past 70 years. Poincaré’s paper
discusses in some detail real 3-dimensional hypersurfaces in C? and the
relationship of the geometry of these hypersurfaces to the behavior of
holomorphic functions and mappings defined near these hypersurfaces. The
major topics treated by Poincaré include: (a) Hartogs’ phenomenon, dis-
covered only one year earlier by Hartogs [24]; (b) the Riemann mapping
problem for domains in C?; (c) an analogous equivalence problem for smooth
boundaries of such domains now known as the Poincaré equivalence prob-
lem; (d) automorphisms or self-equivalences of domains and boundaries of
domains (as in (c) and (d)); and (e) the tangential Cauchy-Riemann equations
for a real hypersurface in C2.

The paper of Hartogs [24] and the paper of E. E. Levi [29] stimulated the
major developments in several complex variables in this century. The general
theory of several complex variables was summarized first by Osgood [36] who
treated the early developments. In 1932 Behnke and Thullen wrote their
famous monograph [4] which summarized the state of the art and asked the
major questions which occupied researchers for the next 40 years. This
culminated in the general theory of Stein manifolds in the 1950’s (described,
for instance, in Gunning and Rossi [23], Grauert and Remmert [21]) and the
later significant interaction of several complex variables with modern partial
differential equations (as described by Hérmander [26]).

Poincaré’s work on Hartogs® theorem relates to the general theory of
several complex variables mentioned above. His question about the equiva-
lence of domains was taken up by Bergman and Carathéodory who devel-
oped their invariant metrics, both very useful in modern developments (see [3
and 11]). His question about the equivalence of boundaries stimulated signifi-
cant work by Segre and Cartan in 1931-32 which we discuss in more detail
later. On the whole, however, the problems proposed by Poincaré have
remained dormant for some time while the general theory of several complex
variables was being developed. In some sense he was asking more difficult
questions whose solutions required invariants of a considerably higher order
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for their resolutions. In the past fifteen years these questions have been taken
up again by a new generation of mathematicians who have a new perspective
on these problems due to simultaneous developments in other areas of
mathematics, such as differential topology, partial differential equations,
algebraic topology, etc.

The study of the tangential Cauchy-Riemann equations on a real hyper-
surface, for instance, is a more recent phenomenon. Manifolds equipped with
tangential Cauchy-Riemann equations and their abstractions are called CR-
manifolds. Poincaré discussed the tangential Cauchy-Riemann equations in
his paper, as is mentioned in §2. These equations were not studied much at all
until H. Lewy published his examples in 1956-60 [30, 31] which then
stimulated a great deal of work. There were studies of the relation between
function theory in the ambient space and the solutions of the tangential
Cauchy-Riemann equations as well as investigations of the intrinsic questions
concerning these equations (see the surveys by Folland and Kohn [20] and
Wells [46] for further literature on this subject). Lewy’s examples were also
seminal for major developments in partial differential equations (see
Hormander [25]).

The question of the geometric equivalence of CR-manifolds (analogous to
the equivalence of complex or Riemannian manifolds) is a question first
raised by Poincaré in an extrinsic form in 1907. In this paper we want to give
a summary of developments concerning this question. More generally we
discuss the geomerry of real hypersurfaces (considered as CR-manifolds),
leaving the discussion of analysis on such manifolds to the works cited earlier.

In §2 we give a summary of Poincaré’s original 1907 paper, including the
topics discussed above. In §3 we discuss the solutions to the local equivalence
problem for real hypersurfaces in C? given by Segre and E. Cartan in 1931
and 1932 respectively. In §4 we discuss the developments of the past two
decades, when these questions were again taken up by a new generation of
mathematicians.

2. Poincaré’s paper of 1907. We want to formulate Poincaré’s equivalence
problem in C", even though Poincaré and other researchers of the early 20th
century confined their research almost exclusively to C2 Following Poincaré
[35] we have

A. The local equivalence problem. Let M and M’ be two real-analytic real
hypersurfaces defined in open sets U and U’ in C". Given p € M and
p’ € M’, when does there exist a neighborhood ¥ of p and V' of p’ and a
biholomorphic mapping F: V — V' so that F(V N M) = V' n M'? If such
an F exists then M and M’ are said to be locally equivalent at p and p’,
respectively. If such an F exists, then how unique is it?

B. The global equivalence problem. Suppose M and M’ are two real-analytic
compact hypersurfaces in C* and M = 3D, M’ = 9D’ where D and D’ are
bounded domains. When does there exist a neighborhood ¥V of D and V' of
D’ and a biholomorphic mapping F: ¥ — V" such that F(D) = D’ i.e,, F|p is
a biholomorphic mapping onto D’?
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C. The mixed equivalence problem. Suppose M and M’ are as in (B) above
and suppose that for each point p € M, M is locally equivalent at p to M’ at
some point p’ € M’. Then when is M globally equivalent to M’ in the sense
of (B)?

If n =1, we see easily that two real-analytic arcs are always locally
equivalent, since they are both locally equivalent to a segment of the real axis,
by the very definition of real-analytic arc. The global equivalence problem is
the Riemann mapping problem in the case » = 1, and the mixed problem
clearly doesn’t have a solution unless there are global geometric hypotheses
on M and M’ (e.g., for n = 1). The obstruction to uniqueness of the local and
global equivalence problem is the group (or pseudogroup) of local and global
self-equivalences, which in the case of n = 1, can be computed as a specific
group of Mobius transformations (in the global case).

If n > 1, Poincaré observed that two local hypersurfaces are generically
inequivalent, in contrast to the situation above. He based his observation on
the fact that if M and M’ c C? were locally equivalent, then the three local
parameters describing M’ would have to satisfy 4 real partial differential
equations with respect to the 3 local parameters describing M. These are
nothing but the tangential Cauchy-Riemann equations, expressed in terms of
local coordinates on M and M’. Such an overdetermined inhomogeneous
system does not generically have a solution, since the compatibility condi-
tions are generically not satisfied. To this author’s knowledge this is the first
time the tangential Cauchy-Riemann equations appear in the literature, if
only in a peripheral manner. As mentioned in the introduction one can
consult [20 and 46] for surveys of the analysis of these equations.

Poincaré discusses the solution of the equivalence problems above, and
points out the need for a study of the automorphism groups of the structures
involved. In particular, he singles out the distinction between an automor-
phism group or pseudogroup depending on a finite or an infinite number of
parameters. If M is a real hypersurface, then let Aut,(M) be the pseudogroup
of local self-equivalences or automorphisms at the point p. Then it’s obvious
that M and M’ being locally equivalent at p and p’ respectively implies that
Aut,(M) = Aut,(M’). In other words the (pseudo-)group Aut,(M) is an
invariant of the structure and it can be used to derive other invariants. Let’s
consider the following two examples.

ExamPLE 2.1. Let z; = x; + iy;,j = 1, 2, be coordinates in C? and let

M= {z€C2:y2=0}
be a real hyperplane in C2. Consider the local mapping

gl = f(zl’ 22)9
T:
{ $ = ¢(z,)

where f is holomorphic near 0 € C%, and ¢ is real-valued and real-analytic.
Assume that T is locally invertible at 0. Then T is the restriction to M of a
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local biholomorphic mapping 7° which maps M to M near z = 0. For
instance, a special case includes T of the form

=z +

o [f= 2+ 8@,
$=x

where g is an arbitrary holomorphic function of z, near z, = 0. There are an

infinite number of independent parameters in the coefficients of the Taylor

expansion of g, and thus dim Auty(M) = oo, in this case.
ExXAMPLE 2.2. Let

M={zeC:y,= |z,/*}

be a parabolic hypersurface in C2, Poincaré computed explicitly that Aut,(M)
= H where H is the group of transformations of C? of the form

¢ = A(z, + azy)
YUl —2iaz, - (r+ilaP)z,’
2.1 A2
gz = 2

T 1-2i az,— (r+ilaP)z,

AEC* a€C, r €R. This is a Lie group, which is, in fact a subgroup of
SU(2, 1) consisting of matrices of the form

A 0 0
a 1 0

r+ilaf —2ia \7!

which induce mappings of C? — C? which map M to M in terms of homoge-
neous coordinates considering C?> C P, in a natural manner, and y, = |z,|*
being the restriction to C? of a hyperquadric in P,. One main point of the
computation of Poincaré is that a priori the self-equivalences at 0 were only
locally defined, whereas, in fact, all such are globally defined rational map-
pings which are nonsingular on M.

From the group-theoretic point of view one sees that Examples 2.1 and 2.2
are not locally equivalent at 0 € C% This follows more simply from the Levi
form, first discovered 2 years later. The Levi form is the first fundamental
invariant of a real hypersurface, although this was not singled out explicitly
by Poincaré in his paper.

The Levi form is defined as follows: if M is a local hypersurface in C”
defined by

M= {z € U: F(z) =0}
and dF # 0 on M, where F is a real-valued C? function, then
n 2

(22) LM = X

—1tt, tEC
ij=1 02,0 tJ

where

(2.3) i —t=0.
i=1






