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A major issue (2^ chapters worth) is the stability of factors Tx and T2 with 
respect to perturbations of T. Conversion to an invariant subspace problem 
yields satisfactory results on the issue of which T have stable factorizations. 

An intriguing observation is an explicit correspondence between factoriza­
tions of T and the solutions of an algebraic Ricatti equation. They use this to 
study stable solutions to the Ricatti equations. Related relationships I have 
seen (in the engineering literature) are in comparatively special circumstances. 

Most of the material in the book fits easily into infinite dimensional space 
and that is where it is done. The authors are consequently able to study certain 
integro-differential equations. In particular their methods apply to the trans­
port equation (of nuclear physics) and a chapter is devoted to this. This 
approach to the transport equation has proved to be valuable and the inter­
ested reader should see a forthcoming book on transport equations to appear 
in the same Birkhàuser series. 

There are many other nice ideas which cannot be mentioned in a brief 
review. In summary, the first third of the book sets out principles of model and 
system theory of such general interest that it could serve as an introduction to 
many readers. It does not give physical motivation or many references to the 
systems literature, so the beginner would want a more engineering oriented 
supplement (e.g. T. Kailath's book). Also to fill in more model theory, one 
could see either the definitive book of Nagy and Foia§ or the more informal 
account of the Nagy-Foia§ theory, by R. G. Douglas, which is contained in the 
volume of the MAA studies series which C. Pearcy edited. Also there is 
Brodskii's book. The remainder of the book is also accessible with little 
background and contains much fine mathematics. 
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Spline functions: Basic theory, by Larry L. Schumaker, Wiley, New York, 1981, 
xiv + 553 pp., $42.50. 

A polynomial spline function results from splicing polynomial arcs in such a 
way that the resulting function is sufficiently smooth. In more precise lan­
guage, a polynomial spline function of degree k > 0 is a real function defined 
by piecewise polynomial components of degree < k whose derivatives through 
order k — 1 are continuous. The juncture points are commonly referred to as 
(simple) knots in the literature. Central to the study of these functions is the 
class of minimal support splines or B-splines. It is found that the smallest 
possible number of knots of a spline of degree k whose support is a compact 
interval in the interior of its domain is k + 2. Such splines are uniquely 
determined up to constant multiples. They are ideal basis functions and can be 
calculated recursively by formulas which express a 2?-spline of a given degree k 
as a convex linear combination of two i?-splines of degree k — 1. 
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Differentiation and integration satisfy similar recursions. The Z?-splines also 
have revealing geometric and probabilistic interpretations and may constitute 
the fundamental device for formulation of an adequate multi-dimensional 
theory of splines going beyond simple tensor products on rectangular parti­
tions or piecewise polynomials on simplicial decompositions. This has not 
taken place, however, beyond some important first steps. 

Applications to interpolation, quadrature, function approximation, and the 
numerical solution of differential equations very rapidly led to the extension of 
the notion of a spline from that given above. Thus, by the latter 1960's, when 
the reviewer began to work in this field, such terminology as generalized spline 
and deficient spline with multiple knots had already entered the literature, a 
reflection of the desire to relax derivative continuity requirements at the knots 
in the latter case, and to substitute for polynomial components, in the former 
case, general finite dimensional systems, such as Tchebycheff systems. By this 
time the subject was already in its third decade, having been formally initiated 
in a classic paper by I. Schoenberg [1946].1 The subject had developed 
surprisingly slowly in its early stages, and was largely ignored, except implicitly, 
in the surge of books dealing with approximation theory and appearing during 
the period 1962-1967 (cf. M. Golomb [1962], P. Davis [1963], A. Sard [1963], 
A. Timan [1963], J. Rice [1964], E. Cheney [1966], G. Lorentz [1966], P. Butzer 
and H. Berens [1967] and G. Meinardus [1967]). It was not until a stratum of 
optimality and stability results had accumulated, however, that unifying veins 
were perceived and tapped. Such a systematic development was occurring 
when the author of the book under review began his tenure at the Mathematics 
Research Center of the University of Wisconsin in 1966, having finished a 
dissertation under S. Karlin at Stanford, in which he satisfactorily resolved an 
open existence question related to a 1958 conjecture of Schoenberg on the 
validity of the fundamental theorem of algebra for monosplines; these appear, 
for example, as kernels in quadrature remainder formulas and are individually 
represented as a monomial of a given degree perturbed by a spline of degree 
one less. The author's result involved the delicate structure of total positivity, 
begun by G. Polya and carried on by I. Schoenberg, S. Karlin and others, and 
of Haar or Tchebycheff systems (cf. S. Karlin and W. Studden [1966] and S. 
Karlin [1968]). The reader may conveniently think of Tchebycheff systems of 
order n as characterized by the unique interpolation property of n arbitrary 
data at n arbitrary points. The spline systems themselves constitute what are 
termed weak Tchebycheff systems, necessitating a precise interlacing structure 
of knots and assigned interpolation points or nodes for the solution of the 
general interpolation problem. In terms of the Z?-splines, the criterion is simply 
expressed: a node in the (interior) support of each Z?-spline. This whole circle 
of ideas was to prove a decisive force in the subsequent development of the 
theory and included the powerful idea of variation diminishing approximations. 
The author gives a careful account here and, in fact, devotes an entire chapter 

1 This paper was not without precedents as Schoenberg [1973] himself observes. In particular, cf. 
T. Grevelle [1944] and W. Quade and L. Collatz [1938]. 
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to Tchebycheffian splines (cf. also the study by S. Karlin, C. Micchelli, A. 
Pinkus and I. Schoenberg [1976]) and many sections to related ideas. 

Part of the excitement felt by research workers at the time of the late 1960's, 
when a powerful synthesizing development was under way following the 
appearance of the book by J. Ahlberg, E. Nilson and J. Walsh [1967], was due 
to the happy coincidence of theory and application. It was known, for 
example, that bicubic, i.e., tensor product cubic, spline surfaces had been 
introduced for modelling automobile contours at the General Motors Research 
Laboratories in the early 1960's (cf. C. deBoor [1962] for a mathematical study 
of these surfaces), that actuaries had used splines to construct mortality tables 
long before 1946, and that naval architects routinely used mechanical splines, 
in conjunction with rotating sleeves, for curve fitting purposes. It was also 
known that, independently, the finite element method, introduced by 
R. Courant [1943] as a special Ritz variational projection method defined in 
terms of piecewise linear continuous trial functions on triangular finite ele­
ments, had undergone extensive development as a tool used for the solution of 
elliptic partial differential equations, particularly in the hands of structural 
engineers, who routinely used the local properties of the method as an effective 
computational device well suited to the local development of engineering 
models of structures. There were three principal explanations for the success of 
the finite element method, which had begun to complement spectral eigenfunc-
tion methods in much the same way as polynomials were being complemented 
by piecewise polynomials in approximation theory. These explanations, to be 
noted shortly, were in fact the identical ones for the success of splines, and this 
is not very surprising. In particular, the Ritz projection and the interpolating 
spline projection are concrete realizations of the same variational theory in 
Hubert space and, moreover, the finite element trial spaces are really various 
multi-dimensional realizations of the splines. (For elaboration, cf. M. Schultz 
[1973] and G. Strang and G. Fix [1973].) The reasons then are as follows. First, 
the matrix equation Ax = b, encountered either in the process of operator 
approximation, as in the finite element method, or in the process of curve and 
surface fitting, involves sparse matrices A, in fact, often banded matrices with 
repeating block structure, due to the use of local bases. Thus, both direct and 
iterative methods of numerical linear algebra (cf. R. Varga [1962]), coupled 
with efficient storage of the sparse structure, lead to efficient algorithms for 
solution. The second and third reasons are perhaps not as obvious as the first, 
but are still readily understandable. One has to do with the rate of approxima­
tion of smooth functions by functions defined piecewise, sometimes termed a 
consistency property by numerical analysts, and the other with the stability of 
computational processes applied to solve the matrix system above whose very 
formulation influences the stability. The convergence question is affected not 
only by the trial space but also by the projection and its associated norm; we 
shall have more to say about this later. The stability is affected, not only by the 
projection in function space, but also by the basis functions used to define the 
matrix A. Even the case when A is a positive definite, symmetric matrix can 
lead to a notoriously ill-conditioned system, and the truncations of the Hubert 
matrix exemplify this. The choice of a strongly independent basis for the trial 
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space, or the fitting space, is necessary here. The 2?-splines referred to above 
have this strong linear independence property, and it may be noted in passing 
that several delicate theoretical results associated with the estimation of best 
constants in norm estimation problems have been derived by use of it. A 
complete exposition of both the theory and computation of 2?-splines is given 
by the author. 

We now address the variational properties satisfied by the splines. Interest­
ingly, the earliest extremal properties of splines arose in supremum norm 
variational problems. Thus, J. Favard [1937] and N. Achieser and M. Krein 
[1937] simultaneously discovered that, among all 2«7r-periodic functions which 
are ra-fold integrals of functions in the unit ball of L°°(—77,7r), there is a 
function f0 in this class which is farthest in the norm of L°°(-7r, IT) from the 
trigonometric polynomials of degree «, and is characterized by 

= fsgn(cos(« + l)x) , m even, 
K) / o W [sgn(sim> + l)x) , m odd. 

A constant multiple of the periodic extension of f0 to the real line was 
discovered by A. Kolmogorov [1939] as an extremal solution of the apparently 
unrelated Landau problem, which was solved by Kolmogorov after partial 
results were obtained by others. f0 is, of course, a spline function with equally 
spaced simple knots. J. Favard [1940] gave an intrinsic characterization of a 
particular solution of the minimization problem, in the Sobolev space 
Wm,oo(0,1) consisting of functions with m essentially bounded derivatives: 

(2) llJ<")llt-(0.,) = in f{ l l / ( " ) l l £ - ( o , i ) : / (* i )=^ . ' = 0.1.---.*} 

where 0 = x0< x} < - - - <xk= \ and {y^o are arbitrary real numbers. The 
function s is a spline and it is now known (cf. C. Chui, P. Smith and J. Ward 
[1976]) that Favard's procedure yields the limit, as/? -* 00 (in L\0,1), say), of 
the corresponding sequence {sp}, where sp solves the associated minimization 
problem in Wm,p(0,1), 1 <p < 00, when the norm of f(m) is computed in 
Lp(0,1). The functions s are not splines except for the case p — 2. The 
extremals in each of these cases were apparently not recognized as prototypi­
cal. In any event, it was not until the 1970's that this part of the subject 
renewed itself. A further discussion here would be too lengthy; the reader is 
referred to the monograph of S. Fisher and the reviewer [1975] for further 
details. Incidentally, the function f0 has been termed an Euler spline by I. 
Schoenberg [1973] since its components are classical Euler polynomial arcs. It 
is part of a much larger circle of ideas in which splines of specified power 
growth interpolate data of the same power growth at the integers; in the case 
of f0 the data are elements of a bounded, indeed, binary set. 

It would be fair to say that the extensive variational properties developed for 
splines in Hilbert space in the I960's owed much to two major papers which 
appeared much earlier and which dealt with substantive characterizations 
which were not at first recognized as equivalent, although strong inter­
connections were evident. These were the papers of A. Sard [1949] and of M. 
Golomb and H. Weinberger [1959], We shall describe the major ideas without 


