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SCHRÖDINGER SEMIGROUPS 

BY BARRY SIMON 

ABSTRACT. Let H = - \L + V be a general Schrödinger operator on R" 
(v~> 1), where A is the Laplace differential operator and V is a potential 
function on which we assume minimal hypotheses of growth and regularity, 
and in particular allow V which are unbounded below. We give a general 
survey of the properties of e~tH, t > 0, and related mappings given in terms 
of solutions of initial value problems for the differential equation du/dt + 
Hu = 0. Among the subjects treated are L ̂ -properties of these maps, ex­
istence of continuous integral kernels for them, and regularity properties of 
eigenfunctions, including Harnack's inequality. 
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A. INTRODUCTION 

Al. Overview. By a Schrôdinger operator, we mean a partial differential 
operator on R" of the form 

(Al) H = H0+V; i/0 = -iA; V=V(x) 

where A is the ^-dimensional Laplace operator A = 2v
J=ld

2/dxf (the reason for 
the convention - ^A rather than -A will become clear later). The name comes 
from the form of Schrödinger's equation which, in units with h = m = 1 reads 

(A2) idxp/dt = Hxp. 

H is thus the Hamiltonian operator of a nonrelativistic particle; H0 is the 
kinetic energy and V the potential energy. The function, V, will not be 
supposed smooth, continuous or even bounded, and indeed the Coulomb 
potentials present in atomic and molecular Hamiltonians are unbounded as 
one approaches certain codimension 3 planes. One of our goals will be to 
discuss fairly general V 's. 

In §B13 we will discuss operators of the form 

H= i(-/v -a)2 + V 

which describes the Hamiltonian in the presence of a potential, V, and 
magnetic field B = V X a. 

By a Schrôdinger semigroup, we mean the semigroup 

(A3) e-'H 

generated by H. Our purpose in this article is to reveiw a variety of properties 
of these operators, especially within and between L ̂ -spaces. The symbol 
IIA || pq denotes the norm of an operator A from Lp to Lq. This appears to be a 
narrow and probably uninteresting subject. In fact, it impinges on a consider­
able number of different aspects of the study of H and on the general theory of 
semigroups, of elliptic equations and of stochastic processes. 

(1) There occur examples of interest to the general theory of semigroups. For 
instance, we will see (§B5) that for suitable V in C™(R4), the semigroup e~tH 

on L°°(R4) has an operator norm behaving as Ct/In t as t -> oo. 
(2) At first sight, it appears that (A3) is the wrong operator to look at; the 

Schrôdinger equation (A2) is solved by \p(t) — e~itH\p(Q), so that for quantum 
mechanics the correct object to look at is the unitary group 

(A4) e~itH. 

While this is to some extent true, one is especially interested in eigenfunctions 
H\p = E\p; i// E L? (called stationary states, since then (\p(t), A\p(t)) = (\p, A\p) 
so that the probability distributions of observables is time-independent). Of 
course, such an eigenfunction obeys e~tH\p = e~tE\p so ^ is in e~tH[L2]. Thus, 
for example, results that say e~tH maps L2 to L°° ensure us that eigenfunctions 
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are in U° (since F may be unbounded, this is not trivial). Moreover, e~itH[L2] 
is all of L2 so e~itH cannot be used for this purpose. In fact, a major element 
(Chapter C) of our study here will be to study eigenfunctions. 

(3) The Schrödinger semigroup is useful for studying any eigenfunction but 
particularly so for eigenfunctions at the bottom of the spectrum. The quantity 
info(H) is called the ground state energy and if it is an eigenvalue, the 
corresponding eigenvector is called the ground state. The ground state is always 
unique if it exists, i.e. if the ground state energy is an eigenvalue, it has 
multiplicity one. Indeed, this is most easily proven using the semigroup (see 
e.g. [162, §XIII.12]); explicitly, the fact that e~tHfis pointwise positive if ƒ is 
pointwise nonnegative. The ground state energy is given by 

(A5) inf a(H) = - lim Z"1 ln||e-/i5r,.|. 

In (A5), the norm is for an operator on L2, but we will see later (§B5) that one 
can use an L ̂ -operator norm instead. An alternative formula is 

(A6) inf a(H) = - lim rl\n( ƒ, e~tHf) 
t-*oo 

for any ƒ which is pointwise nonnegative. Finally, if H has a ground state \p, 
then 

(A7) ^ = 5-Hm e->»f/(f,e-2<Hfy/2 

where again, ƒ is any nonnegative function. 
(A7) is particularly important in quantum field theory, where the use of 

semigroups has become a standard tool. Because relativistic invariance be­
comes Euclidean invariance if //' is replaced by /, the associated theory is called 
Euclidean quantum field theory. These ideas are especially powerful in a path 
integration context; see (8) below. For further discussion of these things, see 
[76,193, 204]. 

(4) Sobolev estimates are among the most celebrated and useful estimates in 
analysis. Since A/, ƒ G Lp, if and only if ƒ G [-A + l]~l[Lp]9 the Sobolev 
estimates for -A are statements about the resolvent of -A mapping Lp to Lq. 
Analogous estimates for H will be proven here (§B2) by using the semigroup 
Lp estimates and the formula 

(A8) (H + E)-l= Ce-tHe~tEdt. 
Jo 

The limitation on q will come from the divergence of II e~tH\\p.q as 110. We can 
also study (H + E)-« by 

(A9) (H + EYa = ca re-tHe-tEt«-x dt 
JQ 

so long as a > 0. [ca is a constant expressible as a T function.] The net result 
will be that we recover "inhomogeneous" but not "homogeneous" Sobolev 
estimates; i.e. (-A + l)~a maps Lp to Lq if p < q < / ( a , p) for an explicit 
function/. We show (H + E)~a maps Lp to Lq ifp < q < / ( a , p) (i.e. we lose 
the case q = / (a , p)) and if E is sufficiently large. 
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(5) It is a comforting fact to learn that some operator one is interested in has 
an integral kernel. This is especially beloved by physicists, in part because the 
asymptotics of this kernel at infinity are sometimes related to physically 
significant quantities like scattering amplitudes. The theorem of Dunford and 
Pettis (see Treves [202]) asserts that 

THEOREM A. 1.1. Let (M, /x) be a separable measure space and E a separable 
Banach space. Let A be a bounded operator from E to L°°(M, du). Then there 
exists a unique {up to sets of ^measure zero) weakly measurable function, a, 
from M to E* so that for each f E E and a.e.x G M 

(Af)(x)=(a(x),f). 

Moreover II A II ^ = Mil. 

In particular, choosing E = LP(M, dp); 1 <p < oo, so that E* = 
L%M, d[i) with q~x +/T 1 = 1, and noting the trivial converse of Theorem 
A.l.l, we have 

COROLLARY A. 1.2. If A is a bounded operator on LP(M, dp) and A is bounded 
also from Lp to L°° then there is a measurable function a on MX M obeying 

(A10) sup[/ |a(x, j ) r ] ' / 9 ( = MH, : 8 0 )<oo 

so that, for any f E Lp, 

(All) (Af)(x) = fa(x, y)f(y) d(i(y). 

Conversely, if A: Lp -* Lp has an internal kernel, a, in the sense of (All) 
obeying (A 10), then A is a bounded map from Lp to L°°. 

Of especial interest is the case p = 2. Operators on L2 obeying (A 10) are 
called Carleman (integral) operators and are of classical interest. Corollary 
A. 1.2 is often attributed to Korotkov [120] especially in the Russian literature. 
Although it is a special case of the much older theorem of Dunford and Pettis 
[202], Korotkov was the first to emphasize its usefulness in the context of 
Carleman operators. 

One can ask about continuity of the integral kernels. Let X be a separable 
locally compact metric space and let C(X), ?NLf(X) denote the bounded 
continuous functions on X and its dual, the Baire measures of finite total 
variation. By o(C, 911) we mean the weak topology on C determined by the 
functions ƒ -> ffdfi and by a(91t, C) the weak * topology on 911. Given any 
Baire measure, v, finite or not, on X, L\X, dp) is imbedded in 911 by 
associating ƒ to fdv and if supp v — X, then Ü is a(9IL, C) dense. One can 
prove quite easily that 

THEOREM A. 1.3. Let X be a separable locally compact space and v a Baire 
measure. Let T be bounded map from LX(X, dv) to L°°(X, dv). Then T has an 
integral kernel which is separately continuous in x, y if and only if Ràn T C C( X) 
and Thas an extension f from tyt(X) to C(X) which is continuous in norm and 
also when 9H is given the a(91t, C) topology and C the a(C, 911) topology. If 
supp v — X, then such a t is unique. 
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The integral kernel is given by K(x, y) = f(8y)(x) with 8y the point 
measure at y. 

We will not use the above theorem in this paper because it only yields 
separate continuity in JC, y\ by other methods, we will be able to prove that the 
various operators of interest have jointly continuous kernels. It does not seem 
easy to get such joint continuity from Banach space continuity properties of T. 

(6) Carleman operators are of especial interest because it is precisely for 
them that there exist eigenfunction expansions of the type associated with the 
names of Berezanskii, Browder, Garding, Gel'fand and Kac (we dub this a 
BGK expansion). In §C5, we discuss such expansions and compare them with 
the more powerful expansion of Povzner and Ikebe (IP expansions). The BGK 
expansions are of minimal interest in the study of "iV-body potentials" (see 
A2) where one knows or expects there is an IP expansion. But with the recent 
interest in random (e.g. [148]) and almost periodic potentials (e.g. [192]), 
general results which hold for potentials with no special decay properties at 
infinity have become very significant. In this article we primarily emphasize 
results that hold for potentials without any decay assumptions. The BGK 
expansions are exactly of this type and have played an important role in the 
study of random and almost periodic potentials. 

(7) Properties of integral kernels are important in establishing trace ideal 
[195] properties of operators of the form f(H)g(x). Such properties are often 
technically very useful and are discussed in §B9. 

(8) Thus far we have emphasized connections of the subject of this article 
with functional analysis and partial differential equations. There is also a deep 
and powerful connection with the theory of stochastic processes, especially 
Brownian motion and certain Markovian perturbations of it. In fact, the proofs 
we sketch in §§B1 and CI of the basic results whose consequence we derive 
later in the corresponding chapters, are probabilistic in nature. We emphasize 
that most of the proofs of consequences are not probabihstic. Moreover, as we 
will discuss (and briefly describe for the results of Bl), there are nonprobabilis-
tic proofs of these results. We prefer the probabilistic proofs because we find 
them natural and moreover, because they set up a close connection between Lp 

bounds on semigroups and Lp bounds on the Poisson kernel for H, the key 
object in §C1. From an analytic point of view, this connection is far from 
transparent and indeed the analytic proofs seem to be totally unrelated. But, in 
fairness, I should emphasize that I know experts in PDE's who regard the 
probabihstic proofs as highly unnatural: Chaqu'un son gout! We emphasize 
that because of the probabihstic proofs we are restricted to second order 
equations. Occasionally, in this article, we will suppose a familiarity with 
Brownian motion and the Feynman-Kac formula; see [194] for the necessary 
background. 

This completes our overview of reasons why Lp properties of semigroups are 
interesting. Other than the indications above, we will not bother to sketch the 
contents of Chapters B and C; the table of contents lists section titles which 
give considerable information. 

We have already indicated that it is important to prove results without any 
decay assumptions on V and obviously one wants to allow local singularities to 
be able to include Coulomb potentials. Virtually all our results will be stated 
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for potentials in a class, Kv, discussed in §A2; to be more precise, we will 
normally require that V_= max(-F,0) He in KV but that V+ = max(F,0) only 
lies in K}00. In a sense we describe in §A2, Kv is a maximal space for e~tH to 
have reasonable L°° -> L°° properties, at least if V doesn't have severe oscilla­
tions. Nevertheless, there are a few papers on larger classes and these are 
described in §A3. 

We should emphasize that while we are careful to give our results for this big 
class, Ky, it is my opinion, that for most cases one could be quite happy with 
results that included Coulomb singularities and all continuous functions. The 
only legitimate point of studying larger classes is naturally of results or 
methods. 

When V is unbounded, the definition of the sum -A4- F is not completely 
trivial. We briefly discuss the definition of H if V_ G K9, V+ G K]™ in §A2. 

While we have emphasized that our results generally require no decay 
hypotheses on K, many are interesting even for V's with some decay, like 
Af-body potentials. Of particular interest are results on properties of eigenfunc-
tions and on certain operators having integral kernels. 

There is one severe defect in the breadth of our class of potentials. Because 
of our central use of e~tH

9 we cannot directly treat the case where H is not 
bounded from below (except for the local results of §C1 which are still 
applicable). One can reasonably define H as long as H 4- c \ x |2 is bounded 
below for some c even if H is not bounded below. The important case of 
constant electric field, i.e. V — W 4- a -x with a fixed and W in Kv is in this 
class. In §B12 we will prove such operators have BGK eigenfunction expan­
sions. 

Having mentioned my book [194], I should deal with the question of overlap 
with that book and this article. §25 of that book deals with the subject matter 
of §§B1, B2, B7 and B9 of this paper. While most of [194] involves well 
developed subjects and therefore is to some extent in definitive form, §25 
represents results obtained in late 1977 when the book was being completed. 
There have been considerable developments since then, and this article sub­
sumes and improves most of §25 of [194]. 

While the present article is of "review" nature in the sense of giving a 
comprehensive overview of a subject, there are numerous new results. We will 
not generally bother to note those cases where the result stated here are proven 
for Kv while previous results are for smaller classes. We will indicate results 
which are "substantially new"; many in the area of integral kernels of various 
operators. 

The results and worldview of this paper have been developed during the past 
five years, and I owe a debt to many colleagues for useful discussions, 
suggestions and arguments during that period. I would like to thank them all, 
including S. Agmon, M. Aizenman, A. Berthier, H. Brezis, R. Carmona, E. B. 
Davies, P. Deift, I. Herbst, M. Hoffman-Ostenhof, T. Hoffman-Ostenhof, M. 
Klaus, E. Lieb, T. Osborne, J. Piepenbrink, M. Perelmuter, Y. Semenov, I. 
Sigal, B. Souillard and S. Zelditch. 


