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SCHRODINGER SEMIGROUPS

BY BARRY SIMON

ABSTRACT. Let H=-1A + V be a general Schrodinger operator on R”
(v > 1), where A is the Laplace differential operator and ¥V is a potential
function on which we assume minimal hypotheses of growth and regularity,

and in particular allow V which are unbounded below. We give a general

survey of the properties of e~*¥, t > 0, and related mappings given in terms

of solutions of initial value problems for the differential equation du/dr +
Hu = 0. Among the subjects treated are LP-properties of these maps, ex-
istence of continuous integral kernels for them, and regularity properties of
eigenfunctions, including Harnack’s inequality.
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A. INTRODUCTION

Al. Overview. By a Schrodinger operator, we mean a partial differential
operator on R’ of the form

(A1) H=Hy,+V; Hy=-1A; V="Wx)

where A is the »-dimensional Laplace operator A = 3’_,3%/9x/ (the reason for
the convention — 1A rather than —A will become clear later). The name comes
from the form of Schrodinger’s equation which, in units with h = m = 1 reads

(A2) iow/ot = Hy.

H is thus the Hamiltonian operator of a nonrelativistic particle; H, is the
kinetic energy and ¥V the potential energy. The function, V, will not be
supposed smooth, continuous or even bounded, and indeed the Coulomb
potentials present in atomic and molecular Hamiltonians are unbounded as
one approaches certain codimension 3 planes. One of our goals will be to
discuss fairly general V’s.

In §B13 we will discuss operators of the form

=1(-iv—a)+V
which describes the Hamiltonian in the presence of a potential, V, and

magnetic field B = v X a.
By a Schrédinger semigroup, we mean the semigroup

(A3) et

generated by H. Our purpose in this article is to reveiw a variety of properties
of these operators, especially within and between L”-spaces. The symbol
ll 41l , , denotes the norm of an operator A4 from L” to L9. This appears to be a
narrow and probably uninteresting subject. In fact, it impinges on a consider-
able number of different aspects of the study of H and on the general theory of
semigroups, of elliptic equations and of stochastic processes.

(1) There occur examples of interest to the general theory of semigroups. For
instance, we will see (§B5) that for suitable ¥ in C°(R*), the semigroup e~*#
on L*(R*) has an operator norm behaving as Ct/In t as t —> 0.

(2) At first sight, it appears that (A3) is the wrong operator to look at; the
Schrodinger equation (A2) is solved by y(t) = e *Hy(0), so that for quantum
mechanics the correct object to look at is the unitary group

(A4) e itH,

While this is to some extent true, one is especially interested in eigenfunctions
Hy = Ey; ¢ € L? (called stationary states, since then (Y(t), AY(t)) = (¢, AY)
so that the probability distributions of observables is time-independent). Of
course, such an eigenfunction obeys e~*#y = e *Ey so ¢ is in e~*#[L?]. Thus,
for example, results that say e~* maps L? to L*® ensure us that eigenfunctions
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are in L*® (since ¥ may be unbounded, this is not trivial). Moreover, e ~**#[ L?]
is all of L? so e~ cannot be used for this purpose. In fact, a major element
(Chapter C) of our study here will be to study eigenfunctions.

(3) The Schrodinger semigroup is useful for studying any eigenfunction but
particularly so for eigenfunctions at the bottom of the spectrum. The quantity
inf 6(H) is called the ground state energy and if it is an eigenvalue, the
corresponding eigenvector is called the ground state. The ground state is always
unique if it exists, i.e. if the ground state energy is an eigenvalue, it has
multiplicity one. Indeed, this is most easily proven using the semigroup (see
e.g. [162, §XII1.12]); explicitly, the fact that e~"¥f is pointwise positive if f is
pointwise nonnegative. The ground state energy is given by
(AS) inf o( H) = - lim ¢t ' Inlle "]

=
In (AS), the norm is for an operator on L2, but we will see later (§B5) that one
can use an L?-operator norm instead. An alternative formula is

(A6) inf o( H) = - lim ¢ ' In( £, e~"#f)

for any f which is pointwise nonnegative. Finally, if H has a ground state vy,
then

(A7) Y= S-F_I,nw e—tHf/ (f, e-szf)l/z

where again, f is any nonnegative function.

(A7) is particularly important in quantum field theory, where the use of
semigroups has become a standard tool. Because relativistic invariance be-
comes Euclidean invariance if # is replaced by ¢, the associated theory is called
Euclidean quantum field theory. These ideas are especially powerful in a path
integration context; see (8) below. For further discussion of these things, see
[76, 193, 204].

(4) Sobolev estimates are among the most celebrated and useful estimates in
analysis. Since Af, f € L?, if and only if f € [-A + 1]7}[L”], the Sobolev
estimates for —A are statements about the resolvent of ~A mapping L? to L4.
Analogous estimates for H will be proven here (§B2) by using the semigroup
L? estimates and the formula

(A8) (H+E)' = [TetheEar.
0

The limitation on ¢ will come from the divergence of ||e =" || piq@s110. We can

also study (H + E)™* by

(A9) (H+E)* = caf
0

oo
e-tHe—lEta—l dt

so long as & > 0. [c, is a constant expressible as a I' function.] The net result
will be that we recover “inhomogeneous” but not “homogeneous” Sobolev
estimates; i.e. (-A + 1)™ maps L? to L7 if p < g < f(a, p) for an explicit
function f. We show (H + E) * maps L? to L?if p < g < f(a, p) (i.e. we lose
the case ¢ = f(«, p)) and if E is sufficiently large.
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(5) It is a comforting fact to learn that some operator one is interested in has
an integral kernel. This is especially beloved by physicists, in part because the
asymptotics of this kernel at infinity are sometimes related to physically
significant quantities like scattering amplitudes. The theorem of Dunford and
Pettis (see Treves [202]) asserts that

THEOREM A.l.1. Let (M, p) be a separable measure space and E a separable
Banach space. Let A be a bounded operator from E to L*(M, dp). Then there
exists a unique (up to sets of u-measure zero) weakly measurable function, a,
from M to E* so that for each f € E anda.e. x € M

(Af)(x) = (a(x), f).
Moreover llall, = I All.
In particular, choosing E = L?(M, dp); 1<p < oo, so that E* =
LYM, dp) with ¢7' + p~! = 1, and noting the trivial converse of Theorem
A.l.1, we have

COROLLARY A.1.2. If A is a bounded operator on LP(M, dp.) and A is bounded
also from L? to L™ then there is a measurable function a on M X M obeying

(A10) sup [f|a(x, y)Iq]l/q (=14ll,,,) <o
so that, for any f € L?,
(A1) (4f)(x) = [a(x, )f(y) d(»)-

Conversely, if A: L? - L? has an internal kernel, a, in the sense of (All)
obeying (A10), then A is a bounded map from L? to L*.

Of especial interest is the case p = 2. Operators on L? obeying (A10) are
called Carleman (integral) operators and are of classical interest. Corollary
A.1.2 is often attributed to Korotkov [120] especially in the Russian literature.
Although it is a special case of the much older theorem of Dunford and Pettis
[202], Korotkov was the first to emphasize its usefulness in the context of
Carleman operators.

One can ask about continuity of the integral kernels. Let X be a separable
locally compact metric space and let C(X), %f(X ) denote the bounded
continuous functions on X and its dual, the Baire measures of finite total
variation. By o(C, 90) we mean the weak topology on C determined by the
functions f > [fdp and by ¢(IN, C) the weak * topology on M. Given any
Baire measure, », finite or not, on X, L'(X, dv) is imbedded in 9 by
associating f to fdv and if supp» = X, then L' is 6(9N, C) dense. One can
prove quite easily that

THEOREM A.1.3. Let X be a separable locally compact space and v a Baire
measure. Let T be bounded map from L\(X, dv) to L*(X, dv). Then T has an
integral kernel which is separately continuous in x, y if and only if Ran T C C(X)
and T has an extension T from O(X) to C(X) which is continuous in norm and
also when O is given the 6(IN, C) topology and C the o(C, IN) topology. If
supp » = X, then such a T is unique.
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The integral kernel is given by K(x, y) = T(Sy)(x) with §, the point
measure at y.

We will not use the above theorem in this paper because it only yields
separate continuity in x, y; by other methods, we will be able to prove that the
various operators of interest have jointly continuous kernels. It does not seem
easy to get such joint continuity from Banach space continuity properties of 7.

(6) Carleman operators are of especial interest because it is precisely for
them that there exist eigenfunction expansions of the type associated with the
names of Berezanskii, Browder, Garding, Gel'fand and Kac (we dub this a
BGK expansion). In §CS5, we discuss such expansions and compare them with
the more powerful expansion of Povzner and Ikebe (IP expansions). The BGK
expansions are of minimal interest in the study of “N-body potentials” (see
A2) where one knows or expects there is an IP expansion. But with the recent
interest in random (e.g. [148]) and almost periodic potentials (e.g. [192]),
general results which hold for potentials with no special decay properties at
infinity have become very significant. In this article we primarily emphasize
results that hold for potentials without any decay assumptions. The BGK
expansions are exactly of this type and have played an important role in the
study of random and almost periodic potentials.

(7) Properties of integral kernels are important in establishing trace ideal
[195] properties of operators of the form f( H)g(x). Such properties are often
technically very useful and are discussed in §B9.

(8) Thus far we have emphasized connections of the subject of this article
with functional analysis and partial differential equations. There is also a deep
and powerful connection with the theory of stochastic processes, especially
Brownian motion and certain Markovian perturbations of it. In fact, the proofs
we sketch in §§B1 and C1 of the basic results whose consequence we derive
later in the corresponding chapters, are probabilistic in nature. We emphasize
that most of the proofs of consequences are not probabilistic. Moreover, as we
will discuss (and briefly describe for the results of B1), there are nonprobabilis-
tic proofs of these results. We prefer the probabilistic proofs because we find
them natural and moreover, because they set up a close connection between L?
bounds on semigroups and L” bounds on the Poisson kernel for H, the key
object in §C1. From an analytic point of view, this connection is far from
transparent and indeed the analytic proofs seem to be totally unrelated. But, in
fairness, I should emphasize that I know experts in PDE’s who regard the
probabilistic proofs as highly unnatural: Chaqu’un son gout! We emphasize
that because of the probabilistic proofs we are restricted to second order
equations. Occasionally, in this article, we will suppose a familiarity with
Brownian motion and the Feynman-Kac formula; see [194] for the necessary
background.

This completes our overview of reasons why L? properties of semigroups are
interesting. Other than the indications above, we will not bother to sketch the
contents of Chapters B and C; the table of contents lists section titles which
give considerable information.

We have already indicated that it is important to prove results without any
decay assumptions on ¥ and obviously one wants to allow local singularities to
be able to include Coulomb potentials. Virtually all our results will be stated






