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THE ERGODIC THEORETICAL PROOF
OF SZEMEREDY'S THEOREM

BY H. FURSTENBERG, Y. KATZNELSON AND D. ORNSTEIN!

Introduction. In 1975, E. Szemerédi proved the following theorem conjec-
tured some forty years earlier by Erdos and Turan:

THEOREM 1. Let A C Z be a subset of the integers of positive upper density,
then A contains arbitrarily long arithmetic progressions.

Partial results were obtained previously by K. F. Roth (1952) who estab-
lished the existence of arithmetic progressions of length three in subsets of Z of
positive upper density, and by E. Szemerédi (1969) who proved the existence of
progressions of length four.

In 1976 Furstenberg noticed that the statement of Theorem I is equivalent to
a statement about “multiple recurrence” of measure-preserving transforma-
tions, namely

TueoREM II. Let (X, B, u) be a probability measure space, let T be an
invertible, measure-preserving transformation on (X, ®, p), and let A € B be a
set of positive measure. Then for any positive integer k, there exists a subset
B C A with p(B) > 0 and an integer n = 1 with

T"BCA, T*BCA,...,.T* VB CA4
or what amounts to the same,
k—1

M T4
Jj=0

" >0.

It turned out to be possible to give an ergodic theoretic proof of Theorem II,
thereby providing a new proof of Szemerédi’s theorem.

Various elements of Furstenberg’s original proof were simplified by Katznel-
son and Ornstein, and making use of this it became possible to prove a
generalization of Theorem II with T, T?,..., T* replaced by any commuting
set of measure-preserving transformations (cf. [FK]). This result leads to an
analogue of Szemerédi’s theorem for Z” and, in fact, this proof proceeding by
way of ergodic theory is the only one available so far for this analogue.
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Our purpose here is to give an exposition, as widely accessible as possible, of
the ergodic theoretic proof of Theorem I. For a detailed account of the
interrelation between dynamics and combinatorial number theory the reader is
referred to [F].

Theorem 2 is valid for all measure-preserving systems but not for the same
reason. There are two distinct phenomena, mutually exclusive, which account
for the existence of positive measure intersections of the form ﬂf;(} T74.
One, compactness, is seen in the case of group rotations (7 being a translation
by a group element on the Haar measure space of a compact group) where for
appropriate values of n, T" is “close” to the identity so that 7/"4 differs from
A by very little, for 0 <j < k, and p( ﬂjf;l T7/"4) is very close to u(A). The
other phenomenon is that of weak mixing, defined by the condition that for
every set A, (A N T~ "4) ~ u(A)? for most n. It can then be proved (cf. §3)
that u( ﬂf;o' T/"4) ~ p(A)* for most values of n.

It is not true that these two phenomena are complementary; there exist
systems (X, %, p, T) which are neither weakly mixing nor group rotations.
However, if (X, %9, p, T) is not weakly mixing then there exists a nontrivial
T-invariant sigma-algebra B, C B such that T restricted to %, acts like a
group rotation, so that in any case the assertion of Theorem II is valid for all
the sets A in some T-invariant sigma algebra of 9. The strategy of the proof of
Theorem II is (a) to show that there exists a T-invariant subsigma-algebra
%, C % which is maximal, with respect to inclusion, in the class of T-invariant
subalgebras of B for which the statement of Theorem II is valid. (b) Assuming
B, # B, study the behavior of sets 4 C B under T “relative to ®,” and show
that either we have “relative weak mixing” or else there exist B, D B, for
which the action of T is “relatively compact”. In either case we show that there
exists a bigger subalgebra for which the statement of Theorem II is valid,
contradicting the maximality of %¥,. This implies %, = b and completes the
proof.

In §1 we shall show that Theorems I and II are equivalent. In §2 we verify
Theorem II in two special cases. The next three sections give a limited version
of Theorem II, but the ideas used there form a basis for the general arguments
used subsequently. The formal proof of Theorem II begins in §6 in which the
notion of a factor system is described, and is carried out in a series of four
steps which take up the last four sections.

1. We inherit the translation from Z as the “shift” homeomorphism T{w,}
= {w,+,} and with it the possibility to check whether an arithmetic progres-
sion, say {a + jb}¥={, is contained in a set A. Formally, if we denote by 4, the
subset of 2Z defined by the condition w, = 1, and by & the indicator function
of A, then

k=1
(1.1) {a+jb}ily CAeBE ) T @HY,

j=0
It is not enough at this point to just check that the intersection in (1.1) is not
empty; it certainly is not empty, containing all the elements of 2% which
contain {a + jb}fZ/. Most of these points are irrelevant, the only relevant ones
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being @ itself and any w which agrees with @ on a set containing our given
arithmetic progression. If we only want to know that A contains an arithmetic
progression of length k and step b it is enough to know that NiZ] T /%4,
contains some translate of . We remove the irrelevant points from 2Z and
consider the subspace X = the closure in 2% of {T"®@)}___. X is clearly
invariant under 7 and, writing 4 = 4, N X, we see that A contains arithmetic
progressions of length k if, and only if, for some b # 0, ﬂf;(; T7/%4 is
nonempty (since, being open, it must contain translates of @, the set of which
is dense in X).

If we assume now that A has positive upper density we can construct a
probability measure p on X which is T-invariant and such that p(A4) > 0. Once
we have this, Theorem II applies and gives us nonempty intersections of the
form M*Z) T~/°4 and Theorem I follows.

Let {[a,, b,)} be a sequence of intervals such that b, — a,, —» o0 and

hmlAm[an’ n)l/(b an)-)d>0‘

n* “n

Put p, = (b, — a,)”'20,! 8.5, where 8, denotes the unit point mass at x. ,,
is a probability measure on X which, for n - oo, becomes more and more
T-invariant. Specifically,

Tp’n k= (bn - an)—l(aT""Z) - 87"’"5)

and its total mass is bounded by 2(b, — a,,) . If p is any w*-limit point of .,
then p is clearly T-invariant and, as p,(4) =|A N[a,, b,)|/(b, — a,), We
obtain u(A) = d > 0. We have now proved that Theorem II implies Theorem
L

To prove that Theorem I implies Theorem II we first deduce a finite version
of Theorem 1.

THEOREM 1. For every ¢ > 0 and positive integer k, there exists N = N(g, k)
such that if A is a set of integers contained in some interval (a, b] such that
b—a>N and |A|=e(b — a), then A contains an arithmetic progression of
length k.

The implication Ir = I is obvious and we claim that we also have I = I. In
fact if I were false we would have an € > 0 and a positive integer k such that
for every N there exists a sequence A, carried by an interval [ay, by],
by—ay>N, |Ay|> &by — ay) and A, does not contain an arithmetic
progression of length k. The properties listed for A, are translation invariant
so we may assume that the A ,’s are well separated, say ay,; > by + (b, —
ay.))- Writing A = U A, we see that A has positive upper density (= ¢) and
contains no arithmetic progression of length k since, because of the separation,
such progression will have to be contained in one of the A,’s. This would
contradict Theorem I.

Theorem I makes it clear that the existence of arbitrarily long arithmetic
progressions is insured also for a class of sequences of density zero; diminish-
ing density can be compensated by the size of the intervals on which the
density is checked. For precise statements in this direction we need an estimate
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of N(e, k) of Theorem I.. Szemerédi’s proof consists in giving bounds for
N(e, k). The “ergodic proof”, at least so far, gives no estimates of N(g, k).
We now deduce the following consequence of If.

THEOREM 111. Let € > 0 and k be given and write Ny = N(e/2, k) (of Ig). Let
(X, B, p) be a probability measure space and B,E B, w(B)=¢ for I =
1,2,...,N,. Then there exists an arithmetic progression of length k in [1,...,N,],
say {a + mb}_%,, such that

k—1
(12) M( m Ba+mb) >'§N1—2

m=0

PrOOF. For x € X write A(x) = {/; 1 <I/< N, x € B,}. We have

(13) J1AG) = 3 u(B) = e

and consequently
(1.4) W({x5 | Ax) [ eN,/2}) = ¢/2.

By I and the choice of N,, for each point x of the set appearing in (1.4),
A(x) contains an arithmetic progression of length k, say {a(x) + mb(x)}s_}.
There are fewer than N, choices for either a(x) or b(x) which implies, in view
of (1.4), that for some pair (a, b) we have (1.2).

The proof of Theorem II, assuming we know I (and hence III), is done by
writing B, = T~'A and noticing that

k—1 k—1 k—1
p’( n T—(a+bm)A) __.“(T—a m T—bmA) :[l.( m T—bmA).

m=0 m=0 m=0

With @ and b chosen so that the measure in question is positive and with
B = ﬂf‘";’o T~%"4, we obtain the conclusion of Theorem II.

2. Two special cases. In this section we discuss two examples of measure-pre-
serving systems for which the assertion of Theorem II is readily established. By
appropriately generalizing these two examples we shall obtain a strategy for
proving Theorem II “step by step”.

Our first example is that of a Bernoulli system. A Bernoulli system is the
dynamical system that corresponds to a stochastic process of infinitely many
independent, identically distributed, “Bernoulli” trials. To be precise, a
Bernoulli system consists of a space § which is the space of all sequences
{®,}sez With values in a finite set, say I’ = {1,2,...,r}. A o-algebra of sets B
is obtained in Q by letting % be the smallest o-algebra for which each w — w,, is
measurable. The probability measure p on b is the product measure

I~"{"~’il =) Wi, = Jpse 5w, =j,,} =P;Pj," P,

where p,, p;,...,p, is a probability distribution on I': p,=0, 2/_, p,= L.
Finally the measure-preserving transformation 7 in this system is the shift

T{wn} = {wn+ l}‘
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In the case of a Bernoulli system, Theorem II follows from the following
stronger assertion.

PROPOSITION 2.1. If (X, B, u, T) is a Bernoulli system and A, A,,...,A, are
k + 1setsin B, thenasn - oo

(2.1) p(Ag 0 T4, O T2, 0 AT 44,) — w(Ag)n(4y) -+~ B(Ay).
Thus if 4 € B, u(A4) > 0, we will have for n sufficiently large,
p(ANT"4N---NT*4) >0

which, of course, implies Theorem II.

The proof of Proposition 2.1 is seen easily once it is noticed that the
assertion of the proposition will follow for all £ + 1-tuples of sets if it is
known for 4, in a “dense” subfamily of %®. Elementary considerations show
that if ¥ is an algebra of sets spanning % as a ¢-algebra, then B, is dense in B
in the sense that for 4 € B and &> 0 there exists 4’ € B, with
p(A A A’) <e, where A A A’ denotes the symmetric difference

(ANA) U (A \A).

In our case we may take %, to be the algebra of cylinder sets, i.e., sets in
defined by conditions on finitely many coordinates: 4 = {w: (®;, @;,...,®; )
€ A C A"}. Now if 4y, 4,,,...,A, are cylinder sets we have, in fact,

p(Ag N T4, N - NT ") = p(Ao)u(4,) -~ p(4,)

as soon as n is so large that the sets of defining coordinates for 77"/4,,
1=0,...,k, are disjoint. This establishes the proposition.

Our second example is of a rather different nature. Perhaps the most trivial
case of Theorem II occurs for T periodic, i.e., T? = identity for some p. Not
quite so trivial is the case of 7 “almost periodic”’, a phenomenon that is
exemplified by T = irrational rotation of the circle. To be precise, let X be the
circle which we represent as the reals modulo the integers, X = R/Z, 9B the
o-algebra of Borel subsets of X, u Lebesgue measure and 7: X — X defined by
Tx = x + a for any fixed a. We now have

PROPOSITION 2.2. With (X, B, u, T) as above, A € B with p(A) >0, we
have for each k = 1,2,...,

N
liminf —lﬁzy(ft NT"4AN---NT *4)>0.
1

N-oo

PRrOOF. From the fact that [, 1 ,(x + y) dp(x) is a continuous function of y
we see that for any € > 0 there exists 8 > 0 so that if |y |[< 8, p(4 N (4 — y))
> u(A) — & From this it follows that

pAn(4=y)n(4=2y)N0---N(4-ky))>p(4) = (k+ 1)e

Choose ¢ < (k + 1)"'u(A4) and taking the corresponding 8, set S; = {n:
na € (-8, 8) (mod 1), n = 1}. We see that if n € S,

p(ANT"ANT 24N NT*4) > p(d4) — (k+1)e>0.






