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1. Historical survey. The question of how primes are distributed among all
natural numbers has long been a source of fascination. The oldest known result
in this area is the classical theorem that there are an infinite number of primes.
The proof of this theorem recorded by Euclid [Euc] has stood as one of the
most beautiful in mathematics. No more detailed information about the
distribution of primes was known in ancient times, for their apparently
random occurrence frustrated all attempts at obtaining simple precise for-
mulas.

We take up our account at the end of the 18th century, when the “right
question” about the distribution of primes was asked and a conjectured answer
offered by A. M. Legendre [Leg] and by C. F. Gauss [Gau]. They recast the
prime distribution question in a statistical form: About how many of the first
N positive integers are primes? Examination of tables of prime numbers led
them to conjecture that the answer was, in some sense, N /log N.

If we let m(x) denote the number of primes in the interval [1, x], the
assertion of Gauss and Legendre can be expressed concisely as the celebrated
Prime Number Theorem (P.N.T.).
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554 H. G. DIAMOND

THEOREM 1.1.
(1.1) 7(x) ~x/logx (x> ).
That is, the ratio m(x): x/log x converges to 1 as x grows without bound.

This theorem was first proved in 1896, about a century after the observa-
tions of Gauss and Legendre. Before coming to the proof of the PN.T. we
shall discuss some significant contributions to prime number theory made
earlier in the nineteenth century.

The first person to establish estimates of the true order of magnitude of =(x)
was P. L. Chebyshev. In the mid nineteenth century, he proved [Chb] that

(12) 92 < n(x)/ (x/logx) < 1.11

for all sufficiently large numbers x. Chebyshev’s argument was based on an
identity he discovered and a clever real variable method of mimicking the
Mobius p function. We shall describe Chebyshev’s argument in §3.

Within a decade of the work of Chebyshev, there appeared the extraordinary
memoir of G. F. B. Riemann [Rie] on #(x). Riemann proposed to attack the
problem indirectly by studying properties of a certain analytic function in the
complex domain. This function, which is today called the Riemann zeta
function, is defined for Re s > 1 by the formula

(13) g'(s):]+2~5+3—s+4-s+_”.

The connection with prime numbers is revealed by a second representation of
$(s), valid in the same region,

(1.4) () =T -p)".

Here p runs through the prime numbers. The product formula is the analytic
expression of the unique factorization theorem. We can formally verify (1.4) by
expanding each factor 1/(1 —p™) as a geometric series and multiplying
together the factors.

We remark that the zeta function appears first to have been used by L. Euler
[Ayo 2], over a century earlier, but only in the real domain. Euler used the two
representations of zeta to show that the sum of the reciprocals of the primes
diverges and this in turn gives another proof of the infinitude of primes.

The approach to the prime number problem proposed by Riemann, using a
function of a complex variable generated by arithmetic data, came to be called
analytic. On the other hand, direct real variable treatment of arithmetic data,
such as the method of Chebyshev, came to be called elementary. We shall
follow this usage here. To avoid confusion, we shall (with apologies to Sherlock
Holmes) use the word simple for “easy to understand”. It will be seen that
some elementary arguments are far from simple.

We mention here some other contributions to prime number theory from the
period after Chebyshev. F. Mertens [Mer] established the handsome relations

(1.5) 3 1°§p — logx = 0(1)

AP
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and

(1.6) II 0-1/p)~e/logx.

pPSsx
In both of these expressions p runs through prime numbers. The number vy is
Euler’s constant (y = .577215...).

The expression f(x) = O(g(x)) is to be read as “| f(x) |< Bg(x) for some
positive constant B and all values of x = 1”. Also, we shall write f(x) = o(g(x))
if f(x)/g(x) = 0 as x —» oo. This notation was introduced by P. Bachmann, cf.
[Lnd 1, p. 883], and popularized by E. Landau, who will enter our account
shortly.

E. Meissel [Mei, Mat, pp. 273-278] calculated #(x) for various large values
of x by a method inspired by the inclusion-exclusion approach of Legendre
[Leg, pp. 12-15]. Meissel’s identity was to have subsequent applications in
sieve theory [Buc 1, 2, HaRi].

Various refinements were made upon the method of Chebyshev. The best
known work of this sort was that of J. J. Sylvester [Syl 1, 2], who showed that

1.7) 956 < w(x)/ (x/log x) < 1.045

holds for all sufficiently large x. The approach of Sylvester was ad hoc and
computationally complex; it offered no hope of leading to a proof of the
P.N.T. Indeed, Sylvester concluded his article [Syl 1] with the lament that
“...we shall probably have to wait [for a proof of the P.N.T.] until someone is
born into the world as far surpassing Tchebycheff in insight and penetration as
Tchebycheff has proved himself superior in these qualities to the ordinary run
of mankind.”

A decade after Sylvester wrote these words, J. Hadamard embarked upon his
prime number studies along the analytic lines sketched by Riemann. This
research culminated in the successful proof of the P.N.T. by Hadamard [Had]
and C. de la Vallée Poussin [laV 1], independently, at the end of the nineteenth
century. The period of the next fifty years—roughly covering the career of
G. H. Hardy—was the Golden Age of analytic methods. Other triumphs of
this time include the oscillation result for #(x) of J. E. Littlewood [Lit, Ing 2,
Leh, Dia 1] and the error terms in the P.N.T. of de la Vallée Poussin [laV 2],
Littlewood [Lnd 3. vol. 2, pp. 31-47], and the school of I. M. Vinogradov [Wal,
Tit, Cha 2, Vil].

The development of prime number theory during this time was influenced
by a number of factors. One, of course, was the great success of Hadamard,
H. von Mangoldt [Man 1, 2], and others in carrying out much of Riemann’s
program. Another important influence was the Handbuch [Lnd 1] of Landau,
which led to the wide dissemination of analytic ideas.

The general Tauberian theory of N. Wiener [Wie 1, 2] showed an “equiva-
lence” between the P.N.T. and the nonvanishing of the Riemann zeta function
on the line Res = 1 in the complex plane (cf. §§4, 7). The role of analytic
methods was actively promoted by influential mathematicians such as Hardy,
who frequently opined that a nonanalytic proof of the P.N.T. was unlikely to
be found [Har, Boh, Ing 1].
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The accomplishments of elementary methods during this period were rela-
tively meager. This reinforced the belief that they did not have the power to
achieve deep results. Elementary methods became unfashionable in number
theory.

Although in eclipse, elementary methods did retain a certain appeal in the
eyes of some. One reason for this was that they, unlike analytic methods, do
not require the introduction of ideas so remote from the arithmetic questions
under consideration. A more widely acceptable rationale—success where ana-
lytic methods failed—emerged from the work of V. Brun done around 1920.
Brun showed by an elementary sieve argument [Bru 1, HaRi, HaRo] that the
twin primes (numbers p and p + 2 both of which are prime) are so sparse that
the sum of their reciprocals converges, in contrast to the sum of the reciprocals
of all primes. This was followed by other sieve results, of which we briefly note
the Brun-Titchmarsh inequality, Schnirelmann’s representation of integers as a
sum of a bounded number of primes, and the sieve methods of Selberg and
Rosser. A third reason for pursuing an elementary approach to the P.N.T. was
the hope that such a result would shed new light on the structure of the primes.

In 1948 A. Selberg [Sel 1] discovered the formula

(1.8) > logZp+ Y logplogq=2xlogx + O(x),
p=x Pg<x

which is a kind of “weighted” version of the Chebyshev relation which will be
given at the end of §2. (Here p and g run through primes.) Selberg’s formula at
once raised hope and despair. On the positive side, it immediately implied the
nontrivial fact that relatively short intervals could not have too great a
concentration of primes (cf. (5.5)). On the other hand the formula contains in a
balanced way both primes and numbers expressible as a product of two
primes, and it was not obvious how one would pry these quantities apart.

A century had elapsed since the work of Chebyshev, a period of numerous
unsuccessful elementary attempts at proving the P.N.T. Clearly, some daring
was required to invest much hope and energy in mounting another elementary
assault on the P.N.T. What was needed in the present case was a kind of
nonlinear Tauberian theorem to wrest the primes apart from the numbers
expressible as a product of two primes in Selberg’s formula.

P. Erdos noted that Selberg’s formula also yields a lower bound for the
number of primes in certain intervals. With this observation Selberg found an
elementary Tauberian argument that gave the P.N.T. Subsequently, Selberg
and Erdos each discovered other, more direct Tauberian arguments [Sel 1,
Erd 1].

The elementary proof of the P.N.T. was a sensation. It helped earn Selberg a
Fields Medal [Boh] and Erdos a Cole Prize [Coh]. Their articles were given a
detailed and incisive review by A. E. Ingham [Ing 3], who hailed the proof as
“a discovery of the first importance....” There soon appeared variant proofs
of Selberg’s formula, e.g. [T1, Sha 1, Pop], and of the Tauberian argument, e.g.
[Crp 1, Wri, Bre 1]. Generalizations were made to primes in arithmetic
progressions [Sel 2, Sha 2], algebraic number fields [Ayo 1], and abstract
number systems [FS, Ami 1, 2, Seg]. There appeared versions in which all
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analysis was purged [Eda, Fog]. And, most telling, the theorem soon took its
place alongside the aforementioned theorem of Euclid in many books on
number theory, e.g. [Gio, Cha 2, HW, Nag, Sch].

It was now natural to ask, How good an error term in the P.N.T. could be
produced by elementary methods? As an index for comparison, we note that
de la Vallée Poussin [laV 2] had shown by analytic means in 1899 that

1—¢ X dt
1.9 — lim { + } =
(1.9) 7(x) Jim ](; j;ﬂ Tog? = O{xexp(-clog®x)}
for @ = 1/2 and some positive constant c.
The integral in (1.9), which is usually denoted by li x, can be shown by m
integrations by parts to equal

! -1\
x_ 1!x +.“+(m 1)!x ( x )
logx * log?x log™ x log™*!x

for any positive integer m. (The subscript on the O symbol is to remind us that
the implied constant depends on m.) Also, it follows from (1.9) that

(1.10) m(x) —lix = 0,(x/log™ x)

holds for any positive number m.
The first elementary P.N.T. error estimates [Crp 2, Kuh, Bre 2, Wir 1] had
the form

7(x) — x/log x = O(x/log® x)

with ¢ a constant between 1 and 2. Error terms of the type (1.10) for arbitrarily
large values of m were achieved by E. Bombieri [Bom 1] and E. Wirsing [Wir 2]
in the early 1960’s.

A few years earlier A. O. Gelfond [Gel 1] had obtained a de la Vallée
Poussin type error estimate (1.9) with « =1/9 by a method which was
partially elementary. An elementary proof of (1.9) with a positive a was
announced by W. B. Jurkat at the 1962 International Congress of Mathemati-
cians [Jur]. In 1970 the author and J. Steinig gave an elementary proof of (1.9)
with @ = 1/7 — ¢ [DS]. We shall describe this work in §8. The current record
holders for an elementary P.N.T. error term are A. F. Lavrik and A. S. Sobirov
[LS] and A. V. Sokolovski [Sok], who sharpened a lemma in the Diamond-
Steinig article to obtain (1.9) witha =1/6 — e.

2. Arithmetic functions and convolutions. Our subsequent work will be
expressed in terms of arithmetic functions and a method of combining func-
tions. We introduce these notions here.

An arithmetic function is a map from N, the positive integers, to R, the reals,
or C, the complex numbers. We set 1(n) =1, L(n) =logn, and for r a
positive integer we set

|11, ifn=r,
e,(n)—{o’ ifnsr.






