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FIFTY YEARS OF HOMOTOPY THEORY

BY GEORGE W. WHITEHEAD

The subject of homotopy theory may be said to have begun in 1930 with the
discovery of the Hopf map. Since I began to work under Norman Steenrod as
a graduate student at Chicago in 1939 and received my Ph.D. in 1941, I have
been active in the field for all but the first ten years of its existence. Thus the
present account of the development of the subject is based, to a large extent,
on my own recollections.

I have divided my discussion into two parts, the first covering the period
from 1930 to about 1960 and the second from 1960 to the present. Each part is
accompanied by a diagram showing the connections among the results dis-
cussed, and one reason for the twofold division is the complication of the
diagram that would result were we to attempt to merge the two eras into one.

The dating given in this paper reflects, not the publication dates of the
papers involved, but, as nearly as I can determine them, the actual dates of
discovery. In many cases, this is based on my own memory; this failing, I have
used the date of the earliest announcement in print of the result (for example,
as the abstract of a paper presented to the American Mathematical Society or
as a note in the Comptes Rendus or the Proceedings of the National Academy).
Failing these, I have used the date of submission of the paper, whenever
available. Only in the last resort have I used the actual publication date.

I wish to thank my many friends who have made pertinent comments, and
helped refresh my memory on a number of points. Particular thanks are due to
Saunders Mac Lane, William S. Massey, and Franklin P. Peterson. I also wish
to acknowledge that my exposition of the solution of the immersion conjecture
was based on a seminar talk by Professor Peterson on the same subject.

PART ONE

I shall begin by describing the state of the art in 1930. The apparatus of
simplicial homology had been set up, and extended to more general spaces: on
the one hand, via the singular theory (which was, to be sure, in a somewhat
unsatisfactory state, owing to the fact that the groups of singular chains were
not free); on the other, via the Vietoris theory (valid for compacta—the
generalization to arbitrary spaces by Cech was not to appear until 1932). The
Alexander and Poincaré duality theorems and the Hopf-Lefschetz fixed point
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theorem had been proved. The theory of intersection and linking in manifolds
had made its appearance, although it was expressed in terms of homology
groups; cohomology was still in the offing. The fundamental group (and its
relation with the first homology group) had been known since the time of
Poincaré. The degree of a map had been defined by Brouwer and its homotopy
invariance proved; and the fact that, for self-maps of a sphere, the homotopy
class is characterized by its degree had been established by Hopf. However, so
great was our ignorance that it was unknown whether a map of S™ into S”
with m > n > 1 is necessarily nullhomotopic.

This uncertainty was resolved, in 1930, with the discovery by Hopf of his
famous map of S3 on S2. This map can be described very simply in terms of
quaternions. Specifically, if x is a quaternion of length 1 (which we may regard
as a point of $3), then xix~! is a quaternion of length 1 and trace 0, i.e., a
point of S2, and the correspondence x — xix ' is the map in question.
Examination of this map reveals that the counter-image of any point y € S? is
a great circle, and the fact that two disjoint great circles in S> are simply linked
is the key to Hopf’s proof that this map is essential. Indeed, if f: S - S? is
any (sufficiently nice) map, and y is a more or less arbitrary point of S2, then
£ '(y) carries a 1-cycle z. If y,, y, € S? and z,, z, are the associated cycles,
then the linking number L(z,, z,) is independent of the choice of the two
points, and depends only on the homotopy class of f; it is called the Hopf
invariant H(f) of f. Moreover, if g: S*> > S* is a map of degree d, then
H(fog)=d- H(f). The map f constructed above has Hopf invariant 1, and
it follows that there are, not only two, but even infinitely many, distinct
homotopy classes of maps of S3 into S2. The definition of the Hopf invariant
generalizes easily to maps of 2"~ ! into S". This was done in 1935 by Hopf,
who also proved the existence of maps of Hopf invariant 2, and therefore
infinitely many homotopy classes, for every even n (if n is odd, H is always
zero, because of the commutation rule L(z,, z,) = (-1)"L(z,, z,)).

Hopf also concerned himself with maps of an n-complex K into S”. By 1932
he was able to achieve a complete homotopy classification of such maps.
However, his results, expressed in the language of homology, are complicated
to state whenever K has torsion in dimension » — 1. It was not until after the
invention of cohomology in the middle thirties that the definitive formulation
of Hopf’s result was given by Whitney (1935): if s” generates the infinite cyclic
group H"(S"), then the correspondence f — f*s” induces a one-to-one corre-
spondence between the set [ K, S”] of homotopy classes of maps of K into S”
and the group H"(K, Z).

The next name to appear on the scene is that of Hurewicz. In a series of four
papers written in 1934-1936 he introduced higher homotopy groups by
defining a group structure in 7,(X) = [S”, X]. Higher homotopy groups had
been suggested in a note by Cech presented at the International Congress of
Mathematicians in Ziirich in 1932, and apparently were known even earlier to
Dehn, but they had remained mere curiosities. Hurewicz proved the (at first
glance surprising) result that, whereas «(X) is in general nonabelian, the
higher homotopy groups =,( X) are abelian for n = 2. It follows from covering
space theory that, if p: X — X is a covering map, then the homomorphism
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Dyl T, - (X) - m(X) is an 1somorphlsm for all n = 2. The homotopy groups
resemble the homology groups in many respects. This resemblance is pointed
up by a homomorphism p: 7,(X) - H,(X); if f: S" - X represents a € 7,(X)
and if s, generates the infinite cyclic group H,(S"), then p(a) = f,s,. The
deepest of Hurewicz’s results was the celebrated Equivalence Theorem: if X is
(n — 1)-connected in the sense that 7,(X) = 0 for all i <n, then p: 7,(X) —»
H,(X) is an isomorphism.

The homotopy groups of spheres are of particular interest. It is easy to see
that S” is (n — 1)-connected; for every map of S’ into S” is homotopic to a
simplicial map of some subdivision of S’ into a subdivision of S”. If i < n the
image of this map is a proper subset of S”, and therefore f is nullhomotopic.
The group 7,(S") is infinite cyclic. And Hopf’s results on m(S?), refined
slightly by Hurewicz, reveal that the latter group, too, is infinite cyclic. Finally,
the universal covering space of S! is the (contractible) space of real numbers,
so that m(S') ~ m(R) = 0 for all i = 2.

The homotopy groups of spheres are connected by the operation of suspen-
sion. If f: S” — S” then (regarding S” and S” as equators in S"*! and S$"*!,
respectively) f has an extension g: S""! - S"*! which carries the northern
(southern) hemisphere of S"*! into that of S”*!. The correspondence f — g
defines a homomorphism E: 7,(S") - m,, (S"*"). Freudenthal was the first to
study this operation, and in 1937 he proved the landmark theorem: E is an
isomorphism if » <2r — 1 and an epimorphism if n = 2r — 1. Moreover, the
image of E is the kernel of the homomorphism H: 7,,, (S""") » Z defined by
the Hopf invariant. He also obtained partial results on the kernel of E; these
were just strong enough to prove that the kernel of E: m,(S?) — 7,(S?) is the
subgroup of elements with even Hopf invariant, and therefore «, ,(S”) is a
cyclic group of order two for n = 3. Freudenthal’s methods seemed difficult
and obscure at the time; with the improved techniques of differential topology
available today, they are much less mysterious.

The problem of determining whether two maps f, g: X — Y are homotopic is
subsumed in the extension problem: given a pair (X, A), a space Y, and a map
fi A — Y, does there exist a map g: X - Y such that g| 4 = f? This problem is
usually approached by a stepwise extension process: assuming f to have been
extended over the union X7 of 4 with the g-skeleton of X, one attempts to
extend the result over X9, This reduces to the local question of extending
over each (g + 1)-cell E; the map f| E: E - Y represents an element a € 7 AY),
which vanishes if and only if f| E can be extended over E. The correspondence
E - ais a (g + 1)-cocycle ¢! of (X, 4) with coefficients in 7,(Y), and is
called the obstruction to extending f: X? - Y; and ¢?*' = 0 if and only if f can
be extended over X9*!. Moreover, f| X~ ! can be extended over X! if and
only if ¢?*! is a coboundary. These facts appear, more or less explicitly, in the
work of Hopf, Lefschetz and Whitney, and the general formulation was given
by Eilenberg in 1939.

In the last of the four papers mentioned above, Hurewicz studied aspherical
spaces. These have the defining property that all of their higher homotopy
groups vanish. Every closed surface, except for the sphere and the projective
plane, is aspherical—more generally, if G is a properly discontinuous group






