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THE POINT OF POINTLESS TOPOLOGY!

BY PETER T. JOHNSTONE

Introduction. A celebrated reviewer once described a certain paper (in a
phrase which never actually saw publication in Mathematical Reviews) as being
concerned with the study of “valueless measures on pointless spaces”. This
article contains nothing about measures, valueless or otherwise; but I hope that
by giving a historical survey of the subject known as “pointless topology” (i.e.
the study of topology where open-set lattices are taken as the primitive notion)
I shall succeed in convincing the reader that it does after all have some point to
it. However, it is curious that the point (as I see it) is one which has emerged
only relatively recently, after a substantial period during which the theory of
pointless spaces has been developed without any very definite goal in view. I
am sure there is a moral here; but I am not sure whether it shows that
“pointless” abstraction for its own sake is a good thing (because it might one
day turn out to be useful) or a bad thing (because it tends to obscure whatever
point there might be in a subject). That much I shall leave for the reader to
decide.

This article is in the nature of a trailer for my book Stone spaces [35], and
detailed proofs of (almost) all the results stated here will be found in the book
(together with a much fuller bibliography than can be accommodated in this
article). However, I should make it plain that I do not claim personal credit for
more than a small proportion of these results, and that my own understanding
of the nature of pointless topology has been enriched by my contacts with a
number of other mathematicians, amongst whom I should particularly mention
Bernhard Banaschewski, Michael Fourman, Martin Hyland, John Isbell, André
Joyal and Myles Tierney. I should also mention the work of Bill Lawvere,
particularly as reported in [41], on the nature of continuous variation and the
conceptual relation between constant and variable quantities, which has had a
profound influence on the developments which I wish to describe; but such
questions as these will not be explicitly considered in the present article.

1. Lattices and spaces. It is well known that Hausdorff [21] was the first
mathematician to take the notion of open set (or neighbourhood) as primitive
in the study of continuity properties in abstract spaces. (As Fingerman [14] has

Received by the editors April 28, 1982.

1980 Mathematics Subject Classification. Primary 06A23, 18B30, 54A05; Secondary 01A60,
06D05, 18B25.

! This article is based on a lecture given as part of the University of Chicago’s “Friday Lecture
Series” on 29th January 1982. The author is grateful to Saunders Mac Lane and Felix Browder for
the suggestion that he write up the lecture in its present form.

©1983 American Mathematical Society
0273-0979 /82 /0000-0617 /$03.75

41



42 P. T. JOHNSTONE

pointed out, a measure of the “rightness” of Hausdorff’s definition is the speed
with which it, and Kuratowski’s [39] equivalent definition in terms of a closure
operation, supplanted all previous attempts—such as Fréchet’s [17]—to define
a notion of abstract space.) Thus from 1914 onwards it was known that a
topological space was something which possessed a lattice of open subsets; but
it was not until the middle thirties, with the work of Marshall Stone on the
topological representation of Boolean algebras [SS, 56] and distributive lattices
[57], that this connection between topology and lattice theory began to be
exploited.

Perhaps because of its elegant simplicity, which makes it appear today
almost inevitable, the significance of Stone’s representation theorem in the
history of mathematics is often overlooked. Its influence (or lack of it) on the
origins of category theory has been considered elsewhere [45]; but what
concerns us here is the revolutionary idea that it is possible to construct
topologically interesting spaces from purely algebraic data (such as a Boolean
algebra). Previously, apart from a few trivial examples, all topological spaces
considered by mathematicians had had some geometric content: one started
with bits of Euclidean space (or generalizations thereof), and then patched
them together or otherwise pulled them about. Stone’s work showed that
topology had not only these geometrical inputs but also an inescapable
algebraic (i.e. lattice-theoretic) content; it followed that a better understanding
of the lattice theory could lead to the solution of problems which had arisen
from the geometrical side.

The first person (apart from Stone) to exploit this possibility of applying
lattice theory to topology was Henry Wallman [59], in a celebrated paper in
which he used lattice-theoretic ideas to construct what is now called the
“Wallman compactification” of a T, topological space. A much more sys-
tematic study of the “algebra of topology” was undertaken a few years later by
McKinsey and Tarksi [47, 48]; and mention should also be made of the
pioneering work of Nobeling [S1] in writing the first textbook in which general
topology was consistently studied from the lattice-theoretic viewpoint.

However, a fundamental change in outlook came in the late fifties, with the
work of Charles Ehresmann [12] and his student Jean Bénabou [4] (and, at
about the same time, with the Cambridge Ph.D. theses of Dona and Seymour
Papert [52, 53]). Hitherto, the lattice theory had been simply a means to an
end; the ultimate goal was still the study of topological spaces in the sense in
which Hausdorff had understood them. Ehresmann’s insight, arising from his
study of “topological” and “differentiable” categories (see [13]), was that a
lattice with the right distributivity property deserved to be studied as a
generalized topological space in its own right, irrespective of whether it was
representable as the open-set lattice of an actual space, and irrespective of
whether it came embedded in a given Boolean algebra of “all subsets of the
space”.

Subsequently, a good many results from topology were extended to these
“generalized spaces” (notably in a long series of papers [5-9] by Hugh Dowker
and Dona Papert Strauss). But it was not until around 1972 that the real point
of the subject began to emerge, first in an important paper by John Isbell [25]
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and then even more clearly in the unpublished work of André Joyal. Isbell’s
point was that, in those instances where the category of “generalized spaces”
behaved differently from that of traditional topological spaces, it was not
always (as had hitherto been assumed) to the former’s disadvantage: in
particular products of “generalized spaces” tended to be better-behaved than
Tychonoff products of spaces. Joval’s point was perhaps a more subtle one; in
order to explain it, we shall first have to develop a little of the theory of
pointless topology.

2. Frames and locales. Let X be a topological space, and write £( X) for the
lattice of open subsets of X. As a lattice, Q( X) is complete; the finite meet and
arbitrary join operations coincide with the set-theoretic operations of intersec-
tion and union, since these preserve openness, but for the meet of an infinite
family we have to take the interior of the intersection. Moreover, the infinite
distributive law

(*) aANVS=V {aAs|sES)

holds for all @ € Q(X) and S C (X)), since it involves only operations which
coincide with the set-theoretic ones. And if f: X — Y is a continuous map of
spaces, the induced map f~': Q(Y) — Q(X) preserves finite meets and all
joins, for essentially the same reason.

Thus we are interested in the category whose objects are complete lattices
satisfying the distributive law (), and whose morphisms are maps preserving
finite meets and arbitrary joins. Ehresmann’s name for such lattices was “local
lattices”; but since the word “local” has other potential uses in lattice theory,
we prefer the term frame, which was introduced by Dowker. However, there is
one complication: the passage from X to Q(X), regarded as a functor from
spaces to frames, is contravariant, and so our category of “generalized spaces”
should be the opposite of the category of frames. It was first pointed out by
Isbell that it is convenient to give a different name to the objects of this
opposite category; we shall follow him in calling it the category of locales. Thus
the words “frame” and “locale” are extremely synonymous as long as no
reference (explicit or implicit) is made to morphisms; but, for example,
“subframe” and “sublocale” mean entirely different things. (A sublocale is the
same thing as a quotient frame.)

The category of locales, then, is the category in which we really want to
work; but the category of frames is of some interest in it own right. In
particular, it is an algebraic category (varietal, in the terminology of [43]); that
is, the foregetful functor from frames to sets is monadic. What this means in
practice is that we can define a frame by specifying generators and relations
for it, in the same way that we are accustomed to specify presentations for
groups and other familiar algebraic structures.

As an example of the use of this technique, let us consider the problem of
defining the product of two locales. When we want to define the topological
product of two spaces X and Y, we start with the basic “open rectangles”
UXV(Ue€EQX), VeQY)) and then take the topology generated by this
family of subsets of X X Y. Now we can identify the open rectangles with
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elements of the Cartesian product? Q(X) X Q(Y); this suggests that, in order
to define the locale product of two locales A and B, we should take the
elements of 4 X B as generators and then write down the relations that we
expect to hold between open rectangles in a product space.

What relations should we expect to hold? First, the intersection of two open
rectangles is an open rectangle; this gives us the family of relations

)] (ay, b)) A (ay, by) = (a, Nay, by A b,)

for all a, a, € 4 and b,, b, € B. The union of two open rectangles is not in
general a rectangle; but if we take a family of rectangles of the form U, X V,
where the second factor remains constant as « varies, their union is the
rectangle (U_U,) X V. This gives us the relations

) \/{(s,b)|s€S} =(Vs,b)
for all S C A4, b € B; and similarly
() V{(a,)teT)=(a,VT)

fora € A and T C B. We now define 4 X, B to be the frame generated by the
elements of 4 X B subject to these relations; of course, some work is needed to
verify that 4 X | B is indeed the product of A and B in the category of locales
(i-e. their coproduct in the category of frames), but the verification is straight-
forward. (Furthermore, it is now an easy exercise for anyone who knows the
definition of the Tychonoff topology on an infinite product of spaces to extend
the above description to construct infinite products of locales.)

If A and B happen to be open-set lattices £(X) and Q(Y), then the
identification of elements of 4 X B with open rectangles in X X Y gives rise to
a frame map

X)X, 2UY) > 2XXY)

which is surjective since the open rectangles generate (X X Y). In general,
however, this map is not an isomorphism. It is an isomorphism if either X or Y
is locally (quasi-)compact (see [26] for a more general form of this result), but
if we take both X and Y to be the space Q of rationals (with the Euclidean
topology), then it can be shown that the map is not injective. That is to say,
there are certain additional relations that hold between open rectangles in
Q X Q, which are not consequences of the relations (1)-(3) which we imposed
above.

Viewed correctly, this discrepancy between £(Q) X,2(Q) and 2(Q X Q)
should be seen as a defect of the latter, not of the former. Whilst it is possible
(see [35, II 2.14)) to give an explicit description of (at least some of) the extra
relations which hold in 2(Q X Q), all such relations seem to be inordinately
complicated, and they appear accidental coincidences rather than expressions
of any intuitive idea of how open rectangles ought to behave. That is, we
should think of Q(Q) X, 2(Q) as expressing what 2(Q X Q) really ought to be,

2We are cheating slightly here: any set-theorist will tell you that @ X V, is the same set as
@ X V, (since both are empty) whereas (&, V;) and (2, V,) may be distinct as elements of
Q(X) X Q(Y). But for our present purposes it doesn’t matter.






