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The title of the book is taken from the 1936 paper [4] by Birkhoff and von
Neumann, which gave the impetus for much of the research in quantum
mechanics. The word “logic” in the title refers to the mathematical founda-
tions of quantum mechanics and not to quantum logic which is mentioned only
briefly in the book.

A person unfamiliar with quantum theory will have difficulty reading the
book. The authors might have pleased more readers by restructuring the book
and including more background material. But the majority of readers will
consider it a worthwhile addition to the literature.
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1. Introductory. The representation theory of Lie groups is a vast and
imposing edifice. Its foundations were laid by E. Cartan in 1913. He gave a
classification of the finite-dimensional irreducible representations of a complex
semisimple Lie algebra g {2]. This is the “infinitesimal” version of the classifi-
cation of finite-dimensional irreducible representations of a semisimple Lie
group G. It was realized by H. Weyl in the twenties [9] that if G is compact
(and connected and simply connected in the topological sense) any continuous
irreducible finite-dimensional complex representation of G can be obtained by
“integration” from a similar representation of the complexification g of the Lie
algebra of G. He also showed that any representation of G is equivalent to a
unitary one.

Around the same time Peter and Weyl [6] showed that these irreducible
unitary representations are fundamental objects for noncommutative Fourier
analysis on the compact Lie group G. The representation theory of Lie groups
is thus tied up with Fourier analysis.

Any attempt at a straightforward generalization of these elegant results to
the case of noncompact Lie groups breaks down. To develop Fourier analysis
on noncompact Lie groups one needs infinite-dimensional representations of a
Lie group G, more precisely continuous representations 7 of G by bounded
operators in a Hilbert space H. Such a representation « is irreducible if no
closed nontrivial subspace of H is invariant under all #(x) (x € G).
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A host of problems arises in the study of these infinite-dimensional represen-
tations. The pioneering work is mainly due to Harish-Chandra, contained in
many papers (over a period of more than 30 years, since the late forties; I have
refrained from giving references). He also established the fundamental results
of Fourier analysis. For this analytic work he needed a great deal of profound
information about infinite-dimensional representations. He also constructed
and studied concrete infinite-dimensional representations.

In more recent years much work has been done on the algebraization of the
theory of infinite-dimensional representations of a semisimple Lie group,
which originally had rather an analytic flavour. Basic for this is a result of
Harish-Chandra which states that many irreducible representations 7 have an
infinitesimal substratum by which they are determined (see below). The
algebraic description of irreducible infinite-dimensional representations is the
main theme of Vogan’s book. He has made significant contributions to this
subject.

After these preliminaries about the setting of the book, I shall try to be a bit
more precise, and describe the algebraic objects.

2. Harish-Chandra modules. First I have to be more specific about the
groups. Vogan’s book deals with “real reductive linear groups”. The precise
definition is—unavoidably—subtle. For the purpose of this review, the follow-
ing approximation of the definition is adequate. We consider a Lie group G
with the following properties: (a) G is a closed subgroup of some special linear
group SL,(R) with n > 1; G has finitely many components, (b) Let 8 be the
automorphism x —'x~! of SL,(R) (* denoting transpose), we assume that G is
#-stable. If K is the fixed point set of § in G then K is a closed subgroup of G,
which is maximal compact. The automorphism of G induced by 6 (also
denoted ) is a “Cartan involution” of G. Let g, be the Lie algebra of G, it is a
subalgebra of the Lie algebra 31,(R) and let g = g, ® g C be the complexifica-
tion. Similarly, let f be the complexification of the Lie algebra f, of K; it is a
subalgebra of g. The group G acts naturally on g, via the adjoint action
Ad(x)X = xXx7!, if x € G, X € g, similarly for K and f. Notice that G =
GL,_ (R) can be imbedded in SL,(R), so as to satisfy our requirements. If G is
connected, it is a real reductive group in the sense of the definition given on
p- 1 of Vogan’s book. But if G is not connected, additional technical assump-
tions on G have to be made. In developing the theory one is forced to work
with nonconnected groups G, and also with nonconnected maximal compact
subgroups K (the reader will observe that in the example G = GL,_,(R) both
G and K are disconnected).

The algebraic substratum of a Hilbert space representation of G is the notion
of (g, K)-module. A (g, K)-module V is a complex vector space, together with
a representation of g and a (continuous) representation of the compact Lie
group K, both representations being denoted by #, such that the following
hold:

(a) for each v € V, the vectors w(k)v (k € K) span a finite-dimensional
subspace;

(b) the differential of the representation « of K is the restriction to £, of the
representation = of g;
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(©)if X € g, k € K then m(ad(k)X) = w(k)m(X)m(k)™".

We shall say that the (g, K)-module V is a Harish-Chandra module if V,
viewed as a K-module, decomposes into a direct sum of finite-dimensional
irreducible subspaces in each of which K acts via a continuous representation,
each irreducible representation of K occuring with finite multiplicity. This is
not exactly the definition of Harish-Chandra modules of the book, but it
coincides with it if 7 is an irreducible (g, K)-module. By one of Harish-
Chandra’s theorems, an irreducible (g, K )-module is a Harish-Chandra mod-
ule and can be “integrated” to a Hilbert space representation of G. A basic
problem, which is one of the main subjects of this book, is the description and
the construction of all irreducible Harish-Chandra modules. This is attacked in
the book by first constructing an easier family of Harish-Chandra modules,
such that any irreducible one is a submodule of one in the family.

To give an idea of the kind of problems encountered in this attack I shall
first describe some of the results of the theory of Verma modules. There one
deals with similar questions, but the technical complications are less.

3. Verma modules. In this section the notation will be changed. Now
g C 81,(C) denotes a complex semisimple Lie algebra. Consider the group of
all x € SL,(C) with xgx™' = g and let G be its identity component (i.e. the
topological connected component containing the identity). Then G is a com-
plex connected semisimple Lie group, with Lie algebra g. We fix a Borel
subgroup B of G and a Cartan subgroup T C B. If we view G as acting linearly
in C", then B (resp. T') is a closed connected subgroup of G which is in upper
triangular (resp. diagonal) form with respect to some basis of C”, and which is
maximal for these properties. The pair (7, B) is unique up to conjugacy by an
element of G. Denote by b (resp. t) the Lie algebra of B (resp. T'). They are a
Borel subalgebra (resp. Cartan subalgebra) of g. Notice that t is abelian. We
also need the universal enveloping algebras of these Lie algebras. For any
complex Lie algebra g, the universal enveloping algebra is a “largest” associa-
tive algebra U(g) with g as a subspace and such that the Lie product [ X, Y]
(X, Y € g) equals the commutator XY — YX in U(g). The algebra U(g) is
unique up to isomorphism. Any g-module is canonically a U(g)-module, and
vice versa.

Verma modules are g-modules which are constructed by induction from b.
The precise definition is as follows. Let t* be the linear dual of t. Any A € t*
defines a 1-dimensional representation of t and hence of b (since t is a quotient
of b). Let C, be the corresponding 1-dimensional U(b)-module. We put
M, = U(g) ®y)C, (this makes sense as U(b) is a subalgebra of U(g)). The
U(g)-module M, is the Verma module defined by A. These are discussed at
length in [3]. We mention a few properties.

(a) M, has a finite composition series, (b) M, has a unique irreducible
quotient L, ¥ 0. In particular, we have thus a construction of (in general
infinite-dimensional) irreducible representations of g.

The following problem now arises. What are the composition factors of M,?
In particular, one can ask for which A we have that M, = L, is irreducible.
Here the Weyl group W of (G, T) (or (g, t)) enters the picture: if N is the
normalizer of T in G then W = N/T. It is a finite group, acting linearly and






