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PERIODIC SOLUTIONS OF NONLINEAR
VIBRATING STRINGS
AND DUALITY PRINCIPLES

BY HAIM BREZIS

Introduction. Our lecture deals with the study of T-periodic solutions for the
nonlinear vibrating string equation:
u,—u, +g(u)=f(x,t), 0<x<wu,tER,
(1) u(x,t) =0, x=0,x=a,tER,
u(x,t +T)=u(x,1), 0<x<a,tER.
Here g denotes a continuous function on R such that g(0) = 0 and f(x, ¢)is a
given T-periodic function of ¢.
Problem (1) may be viewed as an infinite-dimensional Hamiltonian system (let us
recall that H. Poincaré has abundantly investigated the question of periodic

solutions for finite-dimensional Hamiltonian systems; see [50]). Indeed if we set
p = uand g = u,, then (1) becomes
0
_|_
(7)

Kl ( p ) _ | H
oe\g) | —H
where the Hamiltonian H is defined on the space H}(0, 7) X L*(0, w) by

P
_l T 2 T l 1r2
H(p,q)—zfo (p.) dx+fOG(p)dx+2qu dx

and G denotes a primitive of g.

We shall be concerned with two distinct questions.

Question 1. Existence of forced vibrations; that is, given f(x, t) find at least one
solution of (1).

Question 2. Existence of free vibrations (or “breathers”); that is, assume f =0
and find at least one nonzero solution of (1).
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In what follows we consider only the fixed period problem: T is prescribed. In
fact, we shall even assume systematically that T/ is rational and sometimes we
shall use for simplicity 7= 27. Such an assumption plays a technical' but
essential role in the proofs.

We point out that nothing is known for the fixed energy problem: that is, f = 0
and H(u, u,)—which is constant along solutions of (1)—is prescribed; even
though much progress has been achieved in recent years on the fixed energy
problem for finite-dimensional Hamiltonian systems. See e.g. A. Weinstein [65—
67], J. Moser [48], P. Rabinowitz [54, 55, 58] (the last reference is a survey article
with many references), I. Ekeland-J. M. Lasry [36], A. Ambrosetti-G. Mancini [6],
H. Hofer [40], and H. Berestycki-J. M. Lasry [14].

In §I we state the main results. In §II, we discuss a dual variational principle
which turns out to be extremely useful in solving (1). It is motivated by the dual
variational formulation for finite-dimensional Hamiltonian systems discovered by
F. Clarke and 1. Ekeland (see [24, 25, 34]). In §III we present the proof of
Theorem 1, which deals with forced vibrations. In §IV we sketch the proofs of
Theorems 2.3 and 4 dealing with free vibrations.

Problem (1) has been approached in the sixties by purely analytical methods; we
mention the works of O. Vejvoda [63], L. Cesari [21], J. Hale [38], P. Rabinowitz
[51], H. Lovicarova [44], L. De Simon-G. Torelli [33] and the recent book of
O. Vejvoda [64] which contains an extensive bibliography. In the seventies, the
combination of analytical estimates with topological and variational tools (initiated
by P. Rabinowitz in [52]) has shed a new light on Problem (1). We shall
emphasize here this viewpoint.

I. The main results. Throughout this paper we shall assume that g is a
continuous nondecreasing function on R, such that g(0) = 0. Similar results hold
when g is nonincreasing. However, very little is known if we drop the monotonic-
ity assumptions (see, however, Remarks 5 and 10).

1.1. Forced vibrations. For simplicity we assume throughout subsection 1.1 that
T = 27. We denote by A4 the differential operator

Au=u, —u,,

acting on functions which satisfy the Dirichlet boundary conditions in x and
which are 2#-periodic in ¢. We denote by N(A) its null space so that N(A4)
consists exactly of functions of the form

N(A4) = {g(x, 1); 9(x, ) = p(t + x) = p(t — x)
where p is any 2#-periodic function}.

THEOREM 1. Assume

(2) lg(u)|<7vlu|+ C,  Yu €R, for some constants y < 3 and C.

! When T/ is not rational we are led to unsolved difficulties related to small divisors.
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Assume f(x, t) € L™ admits a decomposition of the form

fOe, t) = f*(x, 1) + f**(x, 1)

with
3) [ f2ﬂf*q> dxdt =0 forallg € N(A)
0 Y0

and
(4) g(-0)+8<f**(x,t)<g(+o0)—8 forsomed>0,forallx,t.
Then there exists a weak solution u € L* of (1).

By a weak solution of (1) we mean a function u € L*([0, #]) X R which is
T-periodic and such that

/()Tf(:u(v,, — v, )dxdt + j(;T'/:g(u)v dxdt = ‘/(.)T'/:fv dxdt

for all v € C?([0, 7] X R) satisfying the boundary and periodicity condition.

Theorem 1 is due to A. Bahri and myself [12]. If, in addition, g satisfies
g(+00) = * o0, then any f € L* admits a decomposition of the form (3), (4)
(choose f* = 0). Therefore we obtain

COROLLARY 1. Assume that (2) holds and that g(*o0) = *o0. Then for every
f € L™ there exists a weak solution u € L* of (1).

Corollary 1 was first proved by Nirenberg and myself in [17] (some of the
essential estimates devised in [17] will be presented in §III).

REMARK 1. The decomposability assumption on f provides an “almost” neces-
sary and sufficient condition for the solvability of (1). Indeed, if (1) has a solution
then f may be written as f = f* + f** where f* = Au and f** = g(u). Thus, we
find (3) and
(4) g(-o0) < f**(x,1) < g(+ ).

In case g is strictly increasing we may even conclude that (4) holds and then
(3)—(4) is exactly a necessary and sufficient condition for the solvability of (1).

Theorem 1 is related to the general “principle” which holds in many instances:
the range of the sum is almost equal to the sum of the ranges, i.e. a nonlinear
equation of the form Au + Bu = f has a solution provided f admits a decomposi-
tion of the form f = f* + f** with f* € R(A) and f** € R(B) (see [18, 29)).

Suppose now that —g(-o0) = g(+ 00) = g, ; using the Hahn-Banach theorem
it is easy to see that (3)—(4) hold if and only if

[ [ fo axa| < (5. = 8) [[ [ lolaa

for every ¢ € N(A) and for some § > 0. Such a condition can be viewed as a
nonlinear Fredholm alternative (of the same nature as the one used by Landes-
man-Lazer [42] in nonlinear equations at resonance; the main difference with
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their work is that the infinite-dimensional nullspace introduces further difficulties
in our problem).

REMARK 2. Uniqueness can be proved (see [18, Corollary 1.6]) under the
additional assumptions that g is strictly increasing and that

|g(u) — g(v)|<ylu —v| forallu, v €R and for some y < 3.

Nonuniqueness may otherwise occur (see Theorem 2 below).

REMARK 3. Smoothness. If f, g are C* and furthermore g is strictly increasing
then any weak solution u € L* of (1) belongs to C* (see [17, Theorem 2J).

REMARK 4. The restriction y <3 in (2) is essential. Indeed, if g(u) = 3u
equation (1) does not have a solution for any f: in fact (1) has a solution if and
only if f is orthogonal to N(A + 3I) % {0} since —3 is an eigenvalue of A.
Assumption (2) asserts that the nonlinear term g is allowed to interact with the
spectrum of A only through 0. A major difficulty arises here because 0 is an
eigenvalue with infinite multiplicity. When g does not interact with the spectrum
of A (the “nonresonant” case) or when g “interacts” with one nonzero eigenvalue
of A, Problem (1), becomes much easier (see J. Mawhin [46, 47], H. Brezis-
L. Nirenberg [18], G. Mancini [45], H. Amann-G. Mancini [1]). Nothing is known
in case g grows at infinity faster than linear, for example, g(u) = u®. In view of
recent results? of A. Bahri [8], A. Bahri-H. Berestycki [9-11], M. Struwe [60] and
P. Rabinowitz [59] it seems reasonable to conjecture that when g(u) = u>,
Problem (1) possesses a solution—even infinitely many solutions—for every f (or
at least for a dense set of f’s).

REMARK 5. We have assumed that g is monotone. This assumption plays an
essential role in the proofs which involve an interplay of monotonicity and
compactness devices. Such a combination has been extensively used in the past
since the pioneering works of F. Browder [19] and J. Leray-J. L. Lions [43]
dealing with nonlinear elliptic (and parabolic) problems. In that case the top
order differential operator is monotone (i.e., elliptic) and there is much freedom
on the lower order terms—which are handled by compactness. For Problem (1)
the situation is reversed: the top order differential operator 4 is not monotone,
but 4! (off its nullspace) is compact; the monotonicity of the lower order term
g(u) is used in a crucial manner (because N(A) is infinite dimensional and no
compactness is available on N(A)).

Let us examine a simple example of a nonmonotone g: consider Problem (1)
with g(u) = u + 36sin u. It is not known whether (1) possesses a solution for
every f (even though the solutions of (1) are a priori bounded in L*, but such an
estimate is too weak for proving existence). Recently, H. Hofer [39] has proved
that (1) possesses a solution for a dense set of f’s (see also an earlier work by

2 Dealing with elliptic equations and finite-dimensional Hamiltonian systems.
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M. Willem [68]). On the other hand, J. M. Coron [32] has proved that (1)

possesses a solution for every f satisfying the additional symmetry assumption:
fle —x,7+1t)=f(x,1)

forallx €[0,7],and t € R.

1.2. Free vibrations. We assume that f = 0. By a nontrivial solution of (1) we
mean a function ¥ € L™ satisfying (1) in the weak sense and such that g(u) # 0
on a set (x, t) of positive measure (in particular # 5 0 on that set).

The main results are the following:

THEOREM 2. Assume (2) and

(5) lim int 84) 5 3
u—-0 u

Then there exists a nontrivial 2m-periodic solution of (1).

THEOREM 3. Assume g = 0 and

(6) im 80 _

luj—o0 U
Then there exists some T, such that for each T > T, which is a rational multiple of m,
equation (1) admits a nontrivial T-periodic solution.

THEOREM 4. Assume
(7) lim gu) _ 0,

there are constants a > 0 and C such that
Jug(u) — G(u) = a|g(u)| —C forallu €R,

(8) u
where G(u) =/ g(t)dr.
0
Then for each T which is a rational multiple of n, equation (1) admits a nontrivial
T-periodic solution.

Theorem 2 is due to J. M. Coron [29]; Theorem 3 is due to J. M. Coron and
myself [15]. Theorem 4 is due to P. Rabinowitz [S3] under slightly more restrictive
assumptions on g. As stated here, Theorem 4 is due to J. M. Coron-L. Nirenberg
and myself [16]; the proof in [16] is simpler than the original proof of
P. Rabinowitz. I shall sketch it in §IV.

REMARK 6. It is tempting to “visualize” Theorems 2, 3, and 4 as follows. In
Theorem 2 replace Au by —3u (—3 plays a special role as the first negative
eigenvalue of A). Under the assumptions of Theorem 2 the scalar equation
—3u + g(u) = 0 admits a nontrivial solution. More generally, denote by A_(T")
the first negative eigenvalue of A4 acting in T-periodic functions. As we shall see
(in §IV), |A_(T)|- 0 as T — oo. Under the assumptions of Theorem 3 the
scalar equation A_ (T)u + g(u) = 0 admits a nontrivial solution if T is large






