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PHYSICAL SPACE-TIME
AND NONREALIZABLE CR-STRUCTURES

BY ROGER PENROSE

Abstract. Space-time views leading up to Einstein’s general relativity are described in
relation to some of Poincaré’s early ideas on the subject. The basic geometry of twistor
theory is introduced as it arises both from Minkowski space-time and the more general
curved Einstein models. It is shown how this provides a CR-structure (this being, in
essence, another of Poincaré’s pioneering concepts) in a natural way. Nonrealizable
CR-structures can arise, and an example is presented, due to C. D. Hill, G. A. J. Sparling
and the author, of a complex manifold-with-boundary which cannot be extended as a
complex manifold beyond its C* boundary.

1. Introductory remarks. The nature of physical geometry was something that
held considerable interest for Poincaré, and he often referred to it in his more
popular writings. Moreover, it was Poincaré who first clearly understood the
physical transformation group of special relativity—arising as a group of symme-
tries of Maxwell theory—and he suggested that the relativity principle concerned
might hold for physics generally. This dates back to 1899, six years before
Einstein’s first paper on relativity (cf. Poincaré (1906), (1954) for details). It is
fitting, therefore, that this symmetry group should be now very commonly
referred to as the Poincaré group (otherwise known as the inhomogeneous
Lorentz group, where simply “Lorentz group” now normally refers only to the
related homogeneous group).

Poincaré also had interesting and, to some extent, insightful things to say about
the possibility that physical space might have a non-Euclidean geometry. But here
his instincts appear ultimately to have let him down. For in “Science and
Hypothesis™ Poincaré (1905) wrote

“What then, are we to think of the question: Is Euclidean
geometry true? It has no meaning. We might as well ask if the
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metric system is true, and if the old weights and measures are
false; if Cartesian coordinates are true and polar coordinates
false. One geometry cannot be more true than another; it can
only be more convenient. Now, Euclidean geometry is, and
will remain, the most convenient: 1st, because it is the sim-
plest, and it is not so only because of our mental habits or
because of the kind of direct intuition that we have of
Euclidean space; it is the simplest in itself, just as a poly-
nomial of the first degree is simpler than a polynomial of the
second degree; 2nd, because it sufficiently agrees with the
properties of natural solids, those bodies which we can com-
pare and measure by means of our senses.”

It is, of course, no discredit to Poincaré that he should have had no inkling of
that extraordinary development, which emerged three years after his death,
namely Einstein’s general theory of relativity. Nevertheless, I find it rather
remarkable that Poincaré, with his deep geometric and philosophical insights,
should apparently have had such a rigid feeling that geometries other than
Euclidean could have no chance of providing accurate and useful descriptions of
physical space according to some future theory. His remarks on the conventional-
ity of geometry and on the fact that the geometry we use in physics is of necessity
an idealization are, indeed, quite profound and insightful. But he seems to have
made a rather bad mistake in his reasoning, his critical faculties being perhaps
dulled by an erroneous (but natural enough) intuitive presumption that in “our
world” the geometry actually is Euclidean!

According to modern cosmology, it is quite on the cards that the large-scale
spatial geometry of the universe may indeed be closely in accord with
Lobachevskian geometry—that geometry which held such a fascination for
Poincaré the mathematician, yet which had been rejected as inevitably physically
inappropriate by Poincaré the philosopher! It would be interesting to know how
Poincaré would have reacted to present-day cosmology. Perhaps there is an object
lesson here for all of us.

Even if observation finally turns against its present slight preference for the
Lobacheveskian spatial geometry—and also tells against models with a positively
curved spatial geometry—leading us to believe that the large-scale spatial struc-
ture is Euclidean after all, we cannot now go back to flatness for the structure on
a more localized level. Tests of general relativity are now sufficiently good to
provide direct measurements of deviations from flatness in physical geometry, the
geometry being defined in a sense that I shall describe in the next section.
However, it is the geometry of space-time, rather than that of space, which has a
clear physical interpretation. And we shall see that the space-time geometry of
(Poincaré’s!) special relativity, though flat, is yet not the geometry of Euclid.
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In §2, I shall outline the contemporary and now well-established (Einstein)
view of curved space-time geometry. Then in §3, I shall indicate how this
geometry may be looked at in a different way, and how this new viewpoint
enables another of Poincaré’s pioneering innovations, namely the study of the
instrinsic structure of houndaries of complex domains, to be applied in an
unexpected context in physics. Finally, in §4, I shall indicate how, in a sense,
these ideas also enable the physics to repay its debt to the mathematics and
provide what appears to be the first established example of a complex manifold
which cannot be locally extended beyond its C*-smooth boundary.

2. Structure of space-time. It is to Minkowski (1908) whom we owe the idea
that physical geometry should be a 4-dimensional space-time geometry, rather
than a 3-dimensional spatial one. In relativity theory, there is no absolute
3-geometry, but the 4-geometry of space-time is an absolute objective physical
structure. In fact, when viewed in the Minkowskian way, relativity theory
becomes a theory of the absolute. What have become relative are merely the older
ideas of separate space and time. One further point about Minkowski’s absolute
space-time geometry that will emerge is that it is most directly described in terms
of measured time-intervals rather than of distances in the ordinary sense, so that
the geometry is really a “chronometry”. This point of view has been emphasized
particularly by Synge (1960) and Bondi (1965) and it leads to a considerable
clarification of the meanings of the mathematical structures involved.

In order to appreciate fully the nature of the space-time provided by Einstein’s
general relativity, it may be helpful first to see how the older physical theories can
be described in a space-time setting. We shall consider, in turn, five alternative
space-time structures, which I shall refer to (cf. Penrose (1968)) as

A: Aristotelean space-time,

G Galilean space-time,

N: Newtonian space-time,

M: Minkowskian space-time,

E: Einsteinian space-time.

The structure of the Aristotelean space-time A is given by its expression as a
product
(2.1) A=E'XE3,
where E” denotes Euclidean n-space equipped with its flat metric (and, if desired,
with an orientation), whence each E” possesses a $n(n + 1) group of symmetries.
For any two events a, b € A, there is both an absolute time-difference T(a, b) € R
and an absolute spatial separation D(a, b) € R (these being the distance func-
tions in E! and E3, respectively). It is therefore meaningful to say, of two events,
whether they are simultaneous in 4 (i.e. T(a, b) = 0); but it is also meaningful to
say whether they have the same position (i.e. D(a, b) = 0) irrespective of their
simultaneity. For in Aristotelean physics the state of rest is distinguished among
all motions, and this is reflected in the fact that the canonical copies of E! in
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E' X E? constitute a distinguished family of curves in A representing the world-
lines of particles at rest, i.e. which have the same position at all times. The space
A has a 7-parameter symmetry group.

The structure of Galilean space-time G, on the other hand is not that of a
product but merely a fibre bundle with E*® fibres and an E' base space, the
projection map

(2.2) G- FE'

being the assignment of a “time” to any event in G. Thus, of any two events
a, b € G, it is meaningful to speak of their time-difference T(a, b)) € R and to
say when the events are simultaneous (i.e. T(a, b) = 0), but their spatial separa-
tion only has meaning if they are simultaneous. This reflects the fact that in
Galilean physics there is no invariantly defined state of rest, and any two
nonsimultaneous events will be viewed as having the same spatial location with
respect to some suitably moving reference system. The bundle structure of G is
not, however, G’s whole structure. We need also to single out a family of curves
in G which represent inertially moving particles; and these curves may be referred
to as straight lines in G. The simplest way to specify the particular straight line
structure that G possesses is, perhaps, to say that G is an affine space and that the
fibration (2.2) is compatible with this affine structure (in the sense that the fibres
are all parallel, that the E3 fibres and E' base all inherit their correct affine
structures, and that parallel straight lines, transverse to the E>’s, provide metric-
preserving maps between the E>’s). The total structure that all this assigns to G is
somewhat weaker than the structure of 4. The symmetry group of G contains that
of A as a subgroup, and it is a 10-parameter group referred to as the Galilei group.

We pass now to Newtonian space-time N, the idea here (due to E. Cartan
(1923), (1924), cf. also Friedrichs (1928), Trautman (1966)) being to treat Newto-
nian gravitational theory as a geometric theory in the spirit of Einstein’s general
relativity. We recall, for example, that a uniform Newtonian gravitational field
permeating the whole of space would be totally undetectable. All particles would
accelerate together under this field, so that relative to the particles themselves, the
field would appear not to be there at all. It is only deviations from uniformity, i.e.
“tidal forces”, which are physically detectable, and the idea is that in the general
case these supply a kind of curvature for N. As a fibre bundle, N has a structure
identical with that for G,

(2.3) N > E!

(so simultaneity and time-difference, and lack of a spatial separation concept for
nonsimultaneous events, are the same as before)—but now there is a different
family of curves representing inertial motions. “Inertial motion” now means “free
motion under gravity”, and we can refer to the corresponding world-lines in N as
“geodesics”. In fact, while not extremal curves, these geodesics are, indeed, the
geodesics of a certain torsion-free linear connection I' on N. The space N also






