BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 9, Number 1, July 1983

FIXED POINT THEORY
AND NONLINEAR PROBLEMS

BY FELIX E. BROWDER

Introduction. Among the most original and far-reaching of the contributions
made by Henri Poincaré to mathematics was his introduction of the use of
topological or “qualitative” methods in the study of nonlinear problems in
analysis. His starting point was the study of the differential equations of celestial
mechanics, and in particular of their periodic solutions. His work on this topic
began with his thesis in 1879, and was developed in detail in his great three-volume
work, Méthodes nouvelles de la méchanique céleste, which appeared in the early
1890s and summarized his many memoirs of the intervening period. It continued
until his memoir shortly before his death in 1912 in which he put forward the
unproved fixed point result usually referred to as “Poincar€’s last geometric
theorem”.

The ideas introduced by Poincaré include the use of fixed point theorems, the
continuation method, and the general concept of global analysis. The writer’s
acquaintance with Poincar€’s influence came through contact with Solomon
Lefschetz and Marston Morse, both of whom were very explicit as to the role of
Poincaré as an initiator in this direction of mathematical development. In 1934, in
the Foreword to his Colloquium volume on The calculus of variations in the large.
Morse had put this forward very forcefully in the first paragraph:

“For several years the research of the writer has been oriented
by a conception of what might be termed macro-analysis. It
seems probable to the author that many of the objectively
important problems in mathematical physics, geometry, and
analysis cannot be solved without radical additions to the
methods of what is now strictly regarded as pure analysis.
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Any problem which is nonlinear in character, which involves
more than one coordinate system or more than one variable,
or whose structure is initially defined in the large, is likely to
require considerations of topology and group theory in order
to arrive at its meaning and its solution. In the solution of
such problems classical analysis will frequently appear as an
instrument in the small, integrated over the whole problem
with the aid of group theory or topology. Such conceptions
are not due to the author. It will be sufficient to say that
Henri Poincaré was among the first to have a conscious
theory of macro-analysis, and of all mathematicians was
doubtless the one who most effectively put such a theory into
practice.”

I know off-hand of no such written testimony by Lefschetz, though his advice
in conversation included the recommendation that everyone strongly interested in
nonlinear problems in analysis should read through the Collected Works of
Poincaré. How seriously this advice was meant is relatively difficult to determine
after all this time. It always seemed to me that this was advice meant to frighten,
not to encourage effort in this area, somewhat like the recommendation of André
Weil that every aspiring algebraic number theorist should read through Hilbert’s
Zahl-Bericht once a year. However, we can associate Lefschetz with the analysis
offered by Liapounoff in the classical memoir on stability theory of 1892 which
Lefschetz caused to be republished in the Annals of Mathematics Studies in 1947.
In this work, which was translated and published in French in 1907 under the title
Probléme général de la stabilité du mouvement, Liapounoff wrote

“L’essai unique, autant que je sache, de solution rigoreuse de
la question appartient & M. Poincaré, qui dans le Mémoire
remarquable sous bien des rapports Sur les courbes définies
par les equations différentielles et, en particulier, dans les deux
derniéres Parties, considére des questions de stabilité relatives
au cas d’équations différentielles du second ordre et s’arrete
aussi & quelques questions voisines, se rapportant a des
systéemes du troisieme ordre.

Bien que M. Poincaré se borne a des cas trés particuliers,
les méthodes dont il se sert permettent des applications
beaucoup plus générales et peuvent encore conduire a
beaucoup de nouveaux résultats. C’est ce qu’on verra par ce
qui va suivre, car, dans une grande partie des mes recherches,
je me suis guidé par les idées développés dans le Mémoire
cite.”
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Let me conclude this kind of textual testimony by one more quotation, this
time from Jurgen Moser’s Annals of Mathematics Study, Stable and random

motions in dynamical systems, published in 1973. In the Introduction (page 4), he
writes

“However, the mathematical difficulties connected with
this field, inspired more and more the study of basic theoreti-
cal problems leading to the development of new mathematical
tools. The main influence in this direction came from Poin-
caré who started a number of new lines of thought, like the
qualitative theory of differential equations, the quest for the
topology of the energy manifold, he formulated and proved
fixed point theorems to establish the existence of periodic
solutions. In this connection one may recall that the fixed
point theorem by P. Bohl and Poincaré also had its origin in
this field, to which Bohl devoted his entire mathematical life.”

The topic to which the present paper is devoted, degree theory for nonlinear
mappings, is one to which Poincaré made an early and important contribution.
His first results appear in a note in the Comptes Rendus [32] and a more detailed
development [33] published in the Bulletin Astronomique, both in 1883 only four
years after his Thesis. In this pair of papers, Poincaré announces the following
result (in my translation): “Let £, §,,...,£, be n continuous functions of n
variables x,, x,,...,x,: the variable x; is subjected to vary between the limits +a;
and —a,. Let us suppose that for x; = a;, §; is constantly positive, and that for
x;, = —a,; constantly negative; I say that there will exist a system of values of x
for which all the £’s vanish.”

For the proof, he refers to the celebrated paper by Kronecker in 1869 [25]
which began the theory of the topological degree of a mapping. (For a detailed
analysis of this paper and of the subsequent literature on the Kronecker index, see
the recent historical paper by Siegberg [35]. The reference to the 1883 papers by
Poincaré, I owe to Mahwin [27]. Most accounts of Poincaré’s role begin with his
paper [34] in 1886.) No account of the proof is given in the 1883 papers, but in
1886, Poincaré [34] published the argument on the continuation invariance of the
index which is the basis for the proof. This is the memoir cited by Liapounoff,
and like the 1883 announcements, applies what amounts to a fixed point
argument to prove the existence of periodic solutions of a system of ordinary
differential equations.

We can describe the basic idea in the following general terms: Suppose we are
given a system of differential equations

B (1) = T(ul(1))
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where the right-hand side is independent of time ¢. Suppose this system has the
property that for each initial value u,, the system has one and only one solution
defined over an interval [0, T']. Then the problem of finding a periodic solution
u(t) of period T is equivalent to finding an initial value u, such that the solution
u(¢) with that given initial value has u(T) = u,. If we set

S(t)uy = u(t),

this means finding a fixed point of the mapping S(T).

The continuation method, a favorite technique of Poincaré, consists of imbed-
ding the problem in a one-parameter family of problems depending upon an
auxiliary parameter s and considering the solvability of the problem as s varies.
The link between these two devices is the index or topological degree, which
assures under appropriate hypotheses that the solvability of a family of problems
is invariant under continuous perturbations. This continuity or homotopy invari-
ance is the decisive property of the topological degree of mapping. Thus, in the
1880s, Poincaré was effectively using the basic properties of the topological
degree, usually associated with L. E. J. Brouwer [7] in 1912. The result stated by
Poincaré has come to be known as the theorem of Miranda because it was proved
by C. Miranda [28] in 1940, who showed that it was equivalent to the Brouwer
fixed point theorem. (It had earlier been applied by Michal Golomb [21] in 1935,
who observed that its proof was implicit in another paper [6] by Brouwer in
1911.)

In the present paper, we give a simple exposition of the classical theory of the
degree of a mapping as given by Kronecker and Brouwer, and of its extension by
Leray and Schauder [26] in 1934 to mappings in infinite-dimensional Banach
spaces of the form I — g, with g compact. We discuss in detail the existence and
uniqueness of these degrees as defined by the additional properties of additivity,
homotopy invariance, and normalization. We also present a self-contained exposi-
tion of the recent extension given by the writer [11-14] of these existence and
uniqueness results for the degree functions for nonlinear mappings of monotone
type from a reflexive Banach space X to its conjugate space X*. We show how
such mappings arise from the combination of the ideas of fixed point theory and
the somewhat different circle of ideas associated with the direct method of the
calculus of variations. The concept of degree of mapping in all these forms is one
of the most effective tools for studying the properties of existence and multiplicity
of solutions of nonlinear equations.

1. Degree theory in the finite-dimensional case. In the present section, we wish
to develop as intuitively as possible, the fundamental properties of the classical
topological degree as they were explicitly formulated by Brouwer in 1912 (and
implicitly used by Poincaré, Bohl, and others (e.g. Picard [31]) on the basis of
Kronecker’s earlier results about the index).

Let us begin with some conventions on notation. We shall consider mappings
with domain in a topological space X and with values lying in a topological space






