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For the modern reader Euclid's Tenth Book is by far the most intimidating 
portion of the Elements, by virtue of its enormous length and the obscurity of 
its techniques and motives. To approach this material, one requires a key, of 
the sort the Flemish mathematician-engineer Simon Stevin boasted to possess 
almost four centuries ago: 

After we had viewed and reviewed the Tenth Book of Euclid 
treating of incommensurable magnitudes, and also had read 
and reread several commentators on the same, of whom some 
judged it for the most profound and incomprehensible matter 
of mathematics, others that these are most obscure proposi­
tions and the cross of mathematicians, and beyond this I 
persuaded myself (what folly doesn't opinion cause men to 
commit?) to understand this matter through its causes, and 
that there are in it none of the difficulties such as one 
commonly supposes, I have taken it upon myself to describe 
this treatise.1 

Stevin's ploy, by which "this whole affair is easy and without difficulty", 
involved the expression of Euclid's propositions via a calculus of surd quanti­
ties, and more recent commentaries, such as those by Heath and by Junge, 
follow suit in the application of algebraic modes for explaining this material.2 

But for the historically minded reader the issue of interpretation has been 
complicated by this, for the originators of this theory cannot have had such 
algebraic modes at hand in their formulation. The project of elucidating the 
motives underlying Euclid's geometric form of the theory has largely eluded 
even the best of the modern accounts.3 

I here propose to offer a view of the geometric problems on which the 
structure of Euclid's theory is built. This view fills out the details of a sketch I 
presented in my study of the pre-Euclidean geometry a few years ago and 
supplements the handy treatment given before that by B. L. van der Waerden.4 

I will show how the essential idea of the theory emerges through consideration 
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of the Euclidean constructions of regular plane and solid figures, next trace out 
the development of this idea in the theory of Book X, and close with some 
thoughts on the nature of the formal project embraced in this book. It will first 
be necessary to introduce a few basic notions drawn from the early phases of 
the study of incommensurable magnitudes. 

I. First steps. Just when and how the ancient Greeks first discovered the 
existence of incommensurable magnitudes is a vexed question. On the author­
ity of very late legendizing writers one could assign this discovery to Pytha­
goreans early in the fifth century B. C , or even to Pythagoras himself a bit 
earlier still.5 But evidence drawn from the Presocratics discourages a dating 
before the middle of the fifth century. Although the context of studies of the 
regular pentagon and the division of Unes according to the "golden section" 
has been proposed as the initial context of the recognition of incommensurable 
Unes, fourth-century witnesses, like Plato and Aristotle, treat the side and 
diameter of the square as paradigmatic of incommensurables, while a geomet­
ric form of the well-known proof of their incommensurability, founded on the 
distinction between odd and even integers, offers a perfectly feasible manner 
for the discovery and first demonstration of this result.6 Indeed, the special 
computational difficulties which arise in the evaluation of y/l already had by 
then a history of over a thousand years.7 In perceiving that such a quantity was 
in principle inexpressible as a ratio of integers, the Greek geometers would be 
injecting a characteristically theoretical element into the investigation of a 
technical matter. 

By around 400 B.C. other constructions were recognized to give rise to 
incommensurable Unes through efforts by Theodorus of Cyrene and Archytas 
of Tarentum, and the general result incorporating these was known, and 
perhaps first enunciated by Theaetetus of Athens early in the fourth century. 
Plato gives a loose statement of it in the dialogue named after this mathemati­
cian: 

Such lines as square the equilateral and plane number we 
defined as 'length', but such as square the oblong number as 
'powers', for these are not commensurable with the former in 
respect of length, but rather in respect of the planes which 
they produce. And concerning the solids another such thing 
holds.8 

The sharp arithmetical cast of this formulation is tempered in the statement of 
the more general condition within the Euclidean theory: 

The squares on Unes commensurable in length have to each 
other the ratio which a square number has to a square 
number; and [conversely], squares having to each other the 
ratio which a square number has to a square number will also 
have the sides commensurable in length...9 

In this extension, the condition covers not only the case where one of the Unes 
or squares is an integral multiple of the other, but also when the ratio of the 



EUCLIDEAN THEORY OF IRRATIONAL LINES 43 

one to the other is that of an integer to an integer. Plato's aside on the solid 
case is of interest, since it makes clear that the condition for the commensura-
bility of Unes formed as cubic roots of integral or rational terms was well 
understood. As the latter has no bearing on the constructions in the Euclidean 
theory, it does not receive its statement there. But the principles by which 
Euclid effects the plane case appear with their solid correlates in Books VI, VII 
and XI of the Elements, so that we may readily assume that the ancients knew 
the extension to the solid case also. As for higher powers, the impossibility of a 
geometric representation raises a difficulty. But for any mathematician pre­
pared to manipulate such terms in the flexible manner of Diophantus, both the 
statement and proof of the general condition of commensurability for any 
powers would be at hand.10 

A defect in the Euclidean formulation is worth noting at this point: as it 
stands, it does not yield a complete criterion for commensurability in length or 
in (second) power only, for it does not state how a ratio of integers is known to 
equal or not to equal a ratio of square integers. A lemma attached to this 
proposition attempts to supply this gap by noting that "similar plane numbers," 
and only they, will have the ratio of a square number to a square number; but 
this lemma is recognizable as a post-Euclidean addition.11 As it happens, one 
can obtain the needed result from the Euclidean number theory, to show, for 
instance, that if a ratio equals a ratio of square integers, its least terms are 
square integers.12 Perhaps Euclid viewed as obvious this or some equivalent. 
But we would be more comfortable in our assessment of the formal precision 
of his theory of irrationals, had he included the appropriate statement and 
proof of this condition. 

We have the following important testimony to Theaetetus' theory of irration­
als from the commentary on Book X by Pappus of Alexandria: 

Theaetetus distinguished the powers commensurable in length 
from those incommensurable, and he distributed the very well 
known among the surd lines according to the means, so that 
he assigned the medial line to geometry and the binomial to 
arithmetic and the apotome to harmonics, as Eudemus the 
Peripatetic reported.13 

Interpreting this passage should take into consideration that the informant, 
Eudemus, was a disciple of Aristotle, hence positioned between the times of 
Theaetetus and Euclid. The terms "medial", "binomial" and "apotome" are 
basic within the Euclidean classification of the irrational lines, but we learn 
from another Aristotelian tract that these names were "only recently" intro­
duced.14 Thus, we may infer from Eudemus' report not that Theaetetus had 
established a correlation between the Euclidean classes and the means, but 
rather that Theaetetus formed his own classes of irrationals as the means of 
given lines. The correlation with the Euclidean classes is thus Eudemus' 
manner of characterizing what Theaetetus did in terms more familiar to 
students of the later theory. Interestingly, the initial distinction between linear 
and square-only commensurables is here spoken of as one of powers, rather 
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than of lines. In this, Eudemus adheres more closely to the designation we read 
in Plato's account, rather than that of Euclid. 

From this it is possible to infer what Theaetetus' procedure was: starting 
from two Unes taken as commensurable in square, but not in length, he formed 
from them in turn their geometric, arithmetic and harmonic means and showed 
that each of these resulted in an irrational line. We would suppose that the 
treatment of the first two of these was not significantly different from Euclid's 
handling of the corresponding medial and binomial lines.15 For instance, let 
the given Unes be a and b, such that a: bis not a ratio of integers, but a . b2 

is. If we denote as g their geometric mean (so that g2 = a-b\ then we claim 
that g is irrational; i.e., g2 is incommensurable with the square of any rational 
line.16 It suffices to show that g2 : a2 (or g2 : b2) cannot equal a ratio of 
integers. For if it did, then since g2: a2 = a-b: a2 = b: a, the lines b and a 
would be commensurable in length, contrary to their having been taken as 
incommensurable. If next we set e = \{a + b)9 their arithmetic mean, it 
follows that e also is an irrational line. For if not, it would follow that 
(a + b)2 : a2 is a ratio of integers. Since (a + b)2 : a2 = a2 + b2 + 2a • b : a2 

and, by assumption, b2 is commensurable with a2, it follows that 2a-b is 
commensurable with a2, or b is commensurable with a. This contradicts our 
initial assumption that a and b are incommensurable. 

In the treatment of the third case, the harmonic mean h of the given 
incommensurable lines a, b, one would use the relation a — h: h — b = a: b 
by which the mean is defined; this is equivalent to the relation h = 2a • 
b/(a + b\ that is, h : b = a : e, for e the arithmetic mean.17 Then, if h were 
rational, h2 : b2 would equal a ratio of integers, so that e would be rational; 
this last contradicts the irrationality of e, as just proved. Now, one may 
observe another relation derived from that used for h above, namely, h: a — b 
— 2a-b\a2 — b2. From this, one can refer results relating to h to others 
dealing with a — b. In the Euclidean theory, the apotome irrational is defined 
as a — b, and its irrationality is proved via consideration of the ratio 
(a — b)2 : a2, parallel to the manner given above for the arithmetic mean.18 It 
thus happens that Euclid treats the apotome independently of the binomial 
and relegates to a postscript the property that any binomial (a + b) and its 
associated apotome (a — b) have a rational product (namely, a2 — b2).19 By 
contrast, the analogue of this property would be the chief instrument for 
reducing the harmonic to the arithmetic case within the means-based theory of 
Theaetetus. 

In the absence of further documentation, it is pointless to speculate on the 
details of Theaetetus' theory. Presumably, he worked out certain analogues to 
results presented by Euclid, for instance, the uniqueness of the representation 
of an irrational line as a mean between incommensurable terms. But one thing 
is entirely clear: Theaetetus could not have attained any results on the 
irrationality of such lines without use of the complete condition on square-
commensurability as held in the Euclidean theory. The commentator Pappus 
rightly contrasts the restricted Platonic statement of this condition with the 
general Euclidean statement, observing for instance that the terms \Z? and 
JÎS, each incommensurable with a supposed unit term, can be recognized as 
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commensurable with each other only through reference to the Euclidean 
formulation.20 But Pappus seems to assign this Hmitation of the Platonic 
definition to Theaetetus as well. One perceives that he must here be drawing 
inferences from the Platonic dialogue, without any independent basis in 
mathematical or historical sources. For his claim is incompatible with a theory 
of irrationals of even the most rudimentary sort. 

Euclid's Tenth Book at a Glance 
Table I: Some Basic Definitions and Results 

Two magnitudes are commensurable if and only if they have a 
common measuring magnitude (Def. 1; cf. prop. 2-4); thus, 
commensurable magnitudes have to each other the ratio of an 
integer to an integer (prop. 5-8). We will write "aC^" when 
the magnitudes a, b are commensurable with each other, and 
"a 0 b" when they are not. 

Two lines a, b are commensurable in length whenever a C b\ 
they are commensurable in square whenever a2Cb2 (Def. 2). 
If aCb, then a2 : b2 is a ratio of square integers (prop. 9). 
Note that lines may be commensurable in square only, that is, 
whenever a2Cb2, but a 0 b. 

We posit a certain line r as " the rational;" then any other line 
r' is rational whenever r2C r'2, but irrational otherwise (Def. 
3). Note that r' may be rational, yet r<jkr'\ this is a critical 
respect in which the Euclidean notion of "rational" differs 
from that familiar in modern number theory. 

We call an area A rational whenever ACr2, but irrational 
otherwise (Def. 4). Thus, Euclid's notion of rational areas 
agrees with the modern. 

Whenever the product of two rational Unes r, r' forms a 
rational area, rC r' (prop. 20). 

Let a, b be rational Unes, commensurable with each other in 
square only; then the irrational area formed as ab is called 
medial, and its "side" (i.e., the line c such that c2 = ab) is a 
medial line and is irrational (prop. 21; cf. 23, porism). 

The difference of medial areas cannot be a rational area 
(prop. 26). 

Let ö, b be rational lines, commensurable with each other in 
square only; then a + b is called a binomial Une and is 
irrational (prop. 36), and a — b is called an apotome and is 
irrational (prop. 73). 


