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The study of nonassociative algebras was originally motivated by certain 
problems in physics and other branches of mathematics, and even today the 
main motivation for studying some problems in the area is the applications. 
However, most types of nonassociative algebras are now studied more for their 
own sake. 

The first class of nonassociative algebras to be investigated systematically 
was the class of Lie algebras, which arose out of the study of Lie groups. A 
nonassociative algebra L with product [, ] is defined to be a Lie algebra if it 
satisfies the identities 

[*>y] = -[y,x], [[x9y],z] + [[y, z], x] + [[z,x],y] =0. 

If A is any associative algebra, we define v4(_) to be the algebra obtained from 
A by replacing the associative multiplication in A by the new multiplication [, ] 
defined in terms of the associative multiplication by [a, b] = ab — ba. Then 
^4(_) is a Lie algebra, and so is any subalgebra of A^ (that is, any subspace of A 
closed under [, ]). Conversely, any Lie algebra over a field arises as a subalge­
bra of an algebra A^ constructed from some associative algebra A. The 
methods which are used for studying Lie algebras come out of this special 
connection with associative algebras and are thus somewhat different from the 
methods that work best for other classes of nonassociative algebras. Also, 
partly because of the nature of the principal applications of Lie algebras, the 
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research done in this area tends to involve problems and concepts which do 
not have good analogues in other classes of nonassociative algebras. For these 
reasons, Lie algebras are sometimes not included as part of the area of 
nonassociative algebras. Since the book under review here adopts this point of 
view, we shall also, and our remaining comments shall apply to the class of 
nonassociative algebras with Lie algebras deleted. (The reader wishing to know 
more about Lie algebras might look at [8 or 9].) 

Dual to the class of Lie algebras in many ways is the class of Jordan 
algebras, which are defined by the identities 

xy—yx, (xy)x2 — x(yx2). 

If the multiplication in an associative algebra A of characteristic not 2 is 
replaced by the new multiplication a • b = j(ab 4- ba), the new algebra A^+) 

obtained in this way is a Jordan algebra, and clearly any subalgebra of A^+) is 
also a Jordan algebra. The Jordan algebras that can be constructed from 
associative algebras in this manner are called special. Contrary to what the 
duality with Lie algebras would suggest, not every Jordan algebra is special, 
although in some sense most of them are. Jordan algebras first arose in physics, 
and they are named for the German physicist Pasqual Jordan. The subject was 
launched by a paper of Jordan, von Neumann and Wigner [13] which classified 
certain Jordan algebras over the field of real numbers. 

The class of alternative algebras is defined by the two identities 

(1) x2y = x(xy), (yx)x=yx2, 

and the most important (and motivating) example of this class is the algebra of 
octonions. The latter algebra is a nonassociative algebra of dimension 8 over 
the field which is its center. The specific form of the octonions first studied is a 
division algebra over the reals which arises from the quaternions by the same 
doubling construction that gives rise to the quaternions out of the complex 
numbers. As a basis for the octonions one can choose \,el9e29..-9e7 where 1 
acts as the identity element and where for each i E (1,2, . . . ,7} 

ei ~ ~1> eiei+\ = ei+3 ~ ~ei+\ei> 

ei+\ei+3 = = ei ~ ~ei + 3ei+l> ei+3ei = ei+\ ~ ~eiei+3' 

One verifies easily that if the subscripts here are interpreted modulo 7, every 
possible product of basis elements is defined exactly once by these equations. 
It is also clear that for each value of i the elements 1, ei9 ei+l9 ei+3 span a 
subalgebra which is isomorphic to the quaternions. Once the octonions have 
been defined over the real numbers, the definition can be extended in the 
obvious way to define an octonion algebra over an arbitrary field. 

The octonions have been used in physics and in various other parts of 
mathematics. They also play a role in Jordan theory, since the prototype of a 
Jordan algebra which is not special is the 3 X 3 Hermitian matrices over the 
octonions. For an exposition of the early history of alternative and Jordan 
algebras, the reader is referred to [16]. 

The coming of age of nonassociative algebras occurred in the later 1940s 
when Albert developed a structure theory for finite-dimensional Jordan alge­
bras over an algebraically closed field of characteristic not 2 [1,2]. In the 
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following two decades, Albert and various other people investigated many 
identities and the nonassociative algebras satisfying them. The model which 
was mostly used here was the theory of finite-dimensional associative algebras 
as developed by Wedderburn. Following this model, the researcher investigat­
ing a finite-dimensional algebra satisfying a particular set of identities needed 
to define a maximal ideal which was nilpotent or something close to nilpotent, 
and to show that modulo this ideal the algebra was a direct sum of a finite 
number of simple algebras. Then he wanted to classify the simple algebras. The 
methods used were very reminiscent of Wedderburn—for example, Peirce 
decompositions, calculations with an appropriately chosen basis, induction on 
the dimension. 

During this period most authors were not interested at all in applications or 
connections with other areas, but rather in generating more structure theory to 
help put together the picture of what the area of nonassociative algebras 
should look like. Part of the picture that emerged is that for almost any set of 
identities the simple finite-dimensional algebras satisfying these identities are 
either much too numerous to classify or else they turn out to be Lie algebras, 
Jordan algebras, octonion algebras or one other class of algebras constructed 
from associative algebras (the quasiassociative algebras). This result tended to 
emphasize the importance of the big three (Lie, Jordan, and alternative) and to 
discourage research on the other classes. 

Even while the Wedderburn theory was being used as the principal model in 
nonassociative theory, everyone knew that the more modern associative ring 
theory would prove to be a better model once it was understood how to 
emulate it. A few pieces of such a more general theory for arbitrary nonas­
sociative algebras have been around for a long time (see [7] for example), but 
progress has been slow even for alternative and Jordan algebras. In the case of 
alternative algebras, the first steps were taken by Artin and Zorn, later big 
advances were made by Kleinfeld and then by Slater, and most of the final 
part of the known theory was done by the four authors of the book under 
review. The theory of alternative rings as found in this book is pretty complete, 
not only in the sense that just about everything known about alternative rings 
is covered, but also in the sense that most of what is known about associative 
ring theory and seems worth carrying over to alternative rings has been carried 
over. 

Five years ago, when this book was published in Russian, Jordan theory had 
not progressed significantly beyond the theory of Jordan algebras satisfying a 
descending chain condition which was developed principally by Jacobson. In 
the meantime, a very nice general theory has been developed by Zel'manov. 
Thus Jordan theory has now mostly caught up to alternative theory, but not in 
time for this book. 

It is gratifying that both alternative algebras and Jordan algebras have 
theories which are close to the usual structure theories of associative rings. In 
both cases the generalizations to nonassociative algebras of the most common 
types of radicals in associative theory can be shown to be pretty well behaved. 
In particular, these radicals turn out to be hereditary—that is if I is an ideal of 
an algebra A which is either alternative or Jordan and if rad denotes one of the 
more common notions of radical, then rad(I) = I fï rad A. As an example of 
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one approach, an element u in an algebra A is called quasiregular if there exists 
v G A with u + v = wt>, and in both alternative and Jordan theory there exists 
in each algebra a maximal ideal all of whose elements are quasiregular. 
Modulo this ideal (called the Jacobson radical) the algebra is a subdirect sum 
of primitive algebras. An alternative algebra A is called primitive if it contains 
a maximal right ideal which contains no nonzero two-sided ideal of A, and a 
Jordan algebra is primitive if it contains a maximal inner ideal which contains 
no nonzero ideal of A. The notion of inner ideal (which will not be defined 
here) plays the role in Jordan theory of the one-sided ideals in associative or 
alternative theory. As an example of a second approach, the smallest ideal N of 
an algebra A such that A/N has no nonzero trivial ideals is called the lower nil 
radical, and it can be shown that A/N is a subdirect sum of prime algebras 
where an algebra is called prime if it does not contain two nonzero ideals 
whose product is zero. 

The nicest feature of the alternative and Jordan theories is that one can 
characterize quite well the structure of the primitive and prime algebras. For 
alternative algebras a primitive algebra is either associative or else is an 
octonion algebra (over an appropriate field), and a prime algebra is either 
associative or a Cayley-Dickson ring or a nil algebra of characteristic 3. By a 
Cayley-Dickson ring we mean an algebra which becomes an octonion algebra 
when it is tensored with the quotient field of its center. It is not yet settled 
whether the prime nil algebras of characteristic 3 exist. For Jordan algebras the 
primitive algebras either arise from associative algebras using, several construc­
tions or are simple exceptional Jordan algebras of dimension 27 over their 
centers. Similarly any prime Jordan algebra can be constructed from an 
associative algebra in one of several precise ways or is an Albert algebra, where 
the latter is an algebra which becomes a central simple exceptional Jordan 
algebra of dimension 27 when it is tensored with the quotient field of its center. 

We note that in each of the alternative and Jordan theories there is a sharp 
dichotomy in the structure of the primitive or prime algebras between those 
that are associative or derived from associative algebras, and those that are 
derived in an obvious way from a single example. Thus, modulo associative 
theory, the structure theory for primitive or prime alternative or Jordan 
algebras is quite sharp. This contrasts with associative ring theory where one 
cannot classify primitive or prime rings in any real way. 

Some remarks are in order on the general methods that are needed to 
develop the alternative and Jordan structure theories just described. First of 
all, it has been necessary in both cases to establish various more specialized 
identities which are implied by the identities defining the class. Secondly, in 
both theories it has been necessary to develop sophisticated machinery for 
representing elements in a certain canonical form in terms of the generators, 
and for proving things by induction on the length of the form. Thirdly, in both 
cases it has proved crucial in certain proofs to define just the right subset to 
make the proof work. For example, the annihilator of a subset has to be 
defined just the right way. Fourthly, free algebras and algebras satisfying a 
polynomial identity both play an essential role in alternative and Jordan 
structure theory. Fifthly, the ring of operators plays a more important role 


