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THE UNCERTAINTY PRINCIPLE

BY CHARLES L. FEFFERMAN!?

ABSTRACT. If a function ¥(z) is mostly concentrated in a box @, while
its Fourier transform {b({) is concentrated mostly in @', then we say v is
microlocalized in @ X @' in (z, £)-space. The uncertainty principle says that
Q@ X @' must have volume at least 1. We will explain what it means for ¢
to be microlocalized to more complicated regions B of volume ~1 in (z, £)-
space. To a differential operator P(z, D) is associated a covering of (z, £)-space
by regions {Ba} of bounded volume, and a decomposition of L2-functions
u a8 a sum of “components” uo microlocalized to B,. This decomposition
u — (uq) diagonalizes P(z,D) modulo small errors, and so can be used to
study variable-coefficient differential operators, as the Fourier transform is
used for constant-coefficient equations. We apply these ideas to existence and
smoothness of solutions of PDE, construction of explicit fundamental solutions,

and eigenvalues of Schrodinger operators. The theorems are joint work with
D. H. Phong.

CHAPTER I: THE SAK PRINCIPLE

The uncertainty principle says that a function v, mostly concentrated in
|z —o| < bz, cannot also have its Fourier transform 1 mostly concentrated in
|€ — &o| < b¢, unless 6 -6 > 1. This simple fact has far-reaching consequences
for PDE, but until recently it was used only in a very crude form. The
most significant classical application concerned the eigenvalues of a selfadjoint

differential operator
AzD)= 3 a (a:)(l 9 )a
- o -5
’ o< 10z

with symbol A(z,¢) = EM <m 0a(Z)€®. According to the uncertainty prin-
ciple, each box -

B= {(l‘, f)l |z~x0| <4, |§— €0| < 6—1}

should count for one eigenvalue, so the number of eigenvalues of A(z,D)
which are less than K should be given approximately as the volume of the
set S(A,K) = {(z,¢) | A(z,€) < K}. If A is elliptic and K — oo, then
this “volume-counting” is asymptotically correct (see Weyl [41], Carleman [5],
Hormander [23]). However, volume-counting can also produce grossly inac-
curate estimates for systems as simple as two uncoupled harmonic oscillators.
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We can do much better by taking the uncertainty principle more literally:
Instead of measuring the importance of a subset E C R™ X R™ by its volume,
we use instead the number of distorted unit cubes B which can be packed
disjointly inside E. We shall see many examples in which no distorted unit
cubes can be packed inside E = S(A, K), even though E has large volume. In
this case E counts for no eigenvalues, even though the classical approximation
assigns it many. Packing distorted cubes into S(A, K) rather than taking the
volume amounts to a sharper form of the uncertainty principle. We shall call
it the SAK principle.

Now the SAK principle is also important in questions of existence and
regularity of solutions of PDE. For, these questions may be reduced by stan-
dard functional analysis to a priori estimates which take the form

Q) c||P(z, D)u|| < ||Q(z, D)u|| + small error,

where P and @ are differential (or slightly more general pseudodifferential)
operators. We would like very much to know whether a given estimate of the
form (1) holds for u € L2. The most naive idea is to compare the symbols
P(z,¢) and Q(z, £) and guess that (1) holds if

(t1) |P(z, )| < Q(z, &) + small error.

This is true, although the proof is hard. However, the SAK principle suggests
that we do not need (tt) in order to have the estimate (1). Indeed, a function
u can be localized in (z, £)-space no further than to a distorted unit box B,
and therefore the necessary and sufficient condition for (1) will be

cméax Ip| < mgxq + small error for each B,

which is weaker than (1t). From these results we will give a unified discussion
of some of the main results in linear PDE.

The application of SAK to differential equations goes beyond a priori
estimates. Our real goal is to diagonalize a variable-coefficient differential
operator modulo small errors. Clearly this will give a powerful hold on
existence, regularity, and a priori estimation of solutions, and on eigenvalues
in the selfadjoint case. Moreover, it should make possible the construction of
explicit approximate solutions.

Now the approximate diagonalization proceeds by cutting phase space
R™ X R™ into suitable distorted boxes {B,} of volume ~1. We shall write
an arbitrary u € L? as a sum of pieces, u = Y u,, so that u, together with
its Fourier transform 4, are somehow “localized” inside B,. Since the given
differential operator L, acting on each piece u,, is approximately multiplica-
tion by a scalar A,, our decomposition will approximately diagonalize L.

To illustrate the ideas we make a first crude attempt to diagonalize

Lz, D)= 3 aa(z)(li)a.

|alSm 19T
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Let L(z,€) = > |a|<m @a(z)§* be the symbol of L(z,D). The operator L is
made up of two ingredients: differentiation; and multiplication by smooth
functions. To construct an approximate eigenfunction v of L(z, D), we want
to come as close as possible to diagonalizing these operators simultaneously.
Now (1/1)(9/9zx) is approximately multiplication by ¢3 if the operators act
on a function u with Fourier transform concentrated near ¢° € R™. On the
other hand, u — a(z)u is approximately multiplication by a(z°) if the operator
acts on a function u which is concentrated near z°. So our approximate
eigenfunction u should be concentrated near z°, while its Fourier transform
% should be concentrated near ¢°. The uncertainty principle tells us how well
we can succeed in realizing the two conflicting goals. Basically, the best we
can do is take ¢((z — z)/6)e¢"=, with ¢ a fixed Schwartz function; this is
“microlocalized” to a box {|z —z°| < §, |¢ — €% <671} = B, and we give our
localized function u the name ¢g.

Now to diagonalize L(z,D) approximately, we cut phase space R™ X R"
into suitable boxes B, = {(z, &)| |z — z,| < 6., |€ — &,| < 6,1} as in Figure 1,
and to each B, we associate the typical function ¢, microlocalized to B8, .

3

- X

FiGure 1
Roughly speaking, the {¢3,} are orthogonal and form a basis for L2, while
1) L(z,D)¢s, = L(z.,&.) - ¢, + Error,

with ||Error, || <-O(|&,|™°)||¢s,||- Here, s depends on the geometry of the
partition {B,}. By picking a good partition, we can make s = 1/2 (see
25, 8)).

So we have succeeded quite simply in diagonalizing an mth order operator
L(z,D) modulo errors of order m — 1/2. In the easiest case of an elliptic
operator (such as the Laplacian), the symbol L(z,,¢,) is of size |,|™, so
the error in (1) is negligibly small compared to the main term for large |¢|.
This approximate diagonalization easily gives another proof of the standard
elliptic regularity theorem. The trouble comes when L(z,D) is nonelliptic.
The interesting phenomena in PDE are governed by the behavior of the symbol
near the characteristic variety V = {(z, £) | L(z, £) = 0}. If in our approximate
diagonalization we look at a box B, that meets V, then in effect the “main”
term in (1) is zero, and all the interesting phenomena are decided by the
behavior of the “negligible” Error,. Clearly, we have to do better.

What we will do is to cut phase space differently, using bent boxes B, as
in Figure 2.
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FIGURE 2

The boxes B, still have volume ~ 1, but now they are bent into strange shapes,
and their geometry is related to the characteristic variety V. This time we
will find that the error terms in the analogue of (1) are small compared to the
main terms, so the approximate diagonalization has nontrivial applications.
Note that it isn’t immediately clear what it means to say that a given u € L?
is microlocalized into a curved box B, as in Figure 2. So, given a symbol
L(z, €), we shall have to answer the following questions:

How should we cut R™ X R™ into bent boxes B,?

How can we associate to B, a natural projection operator m, whose image
consists of functions “microlocalized” to B,?

How does L(z, D) act on functions microlocalized to B,?

These questions are not easy. To understand them we need a technique
for cutting and bending symbols L(z, £). The technique can be understood on
three different levels, of which the simplest is as follows.

LeveL I (Cutting all operators at once into big pieces modulo lower-order
errors). This is what specialists in PDE usually call microlocal analysis. It
provides a powerful method, the “algorithm of the *70s” to prove theorems
on PDE. The method is analogous to studying a nondegenerate vector field
X by first using a partition of unity to reduce matters to a local question,
and then straightening out the vector field locally by a smooth change of
coordinate, so the local question is reduced to the trivial case X = d/dz;. We
shall make partitions of unity and changes of variable in (z, £)-space by using
pseudodifferential and Fourier integral operators, which we now briefly recall.

Pseudodifferential operators. The Fourier inversion formula shows that a
differential operator L(z, D) with symbol L(z, £) is given by

Lz, Dyu(z) = [ ¢z, €)ale) de.

This formula makes sense even when L(z,£) is not a polynomial in ¢, and
L(z,D) is called the pseudodifferential operator with symbol L(z, ¢). If the
symbols L(z, £) satisfy suitable estimates, then the pseudodifferential operators
L(z, D) can be manipulated just like differential operators. The estimates on
L(z, ) are important because they determine how finely we can cut up phase
space. Classically, one says that L(z, ) is an mth order symbol (L € S™) if

(2) 19292 L(z, €)| < Cap(1 + €)™ 17.
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These estimates hold if m is a positive integer and L is the symbol of an
mth order differential operator.

If A€ 8™ and B € 8™2, then the composed operator A(z, D)B(z, D) is
again a pseudodifferential operator whose symbol AoB is given asymptotically,
modulo symbols of arbitrarily large negative order, by Leibnitz’ rule

aen~al(5e) 4 () )

while the adjoint A(z,D)* is a pseudodifferential operator with symbol

A~ Caae) (_)az

In particular, A(z,D)B(z,D) = AB(z,D) modulo terms of lower order, and
[A(z, D), B(z, D)) = t{A, B}(z, D) modulo terms of lower order. Here

J0A 9B 0B 0A
{4,B} ‘§(aek5¢;"aaézz)

is the Poisson bracket, which we shall meet again many times.

The above remarks justify the statement that pseudodifferential operators
can be manipulated like differential operators. Their proofs involve a straight-
forward application of the method of stationary phase to evaluate some in-
tegrals of rapidly oscillating exponentials (see [3]). We should also point out
that pseudodifferential operators (1/d0) of order zero are bounded on L2.

The earliest application of 9d0 was to invert elliptic differential operators.
If A(z, {) € S™ is an elliptic symbol, i.e., |A(z, £)| > c(1+|€|)™, then A~Y(z, £)
is a symbol in S™™, so the composition law for ¥d0 yields A(z, D)A~!(z, D)
= A7Y(z,D)A(z,D) = I modulo symbols of order —1. An easy successive
approximation argument lets us add lower-order corrections to the symbol
A7z, ¢) so that A(z,D) is inverted modulo symbols of arbitrarily large
negative order. Thus A(z, D)u = f is solved explicitly, modulo smooth errors.

Using 9d0 we can decompose a differential operator L(z,D) as an ap-
proximate direct sum by cutting phase space into blocks B, as in Figure 3.

A etc.

FIGURE 3






