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1. Introduction. This article is one of a pair devoted to an historical study of 
the influence of the theory of elasticity upon the development of mathematical 
analysis. In the accompanying article (which appears in this issue of the 
Bulletin) C. Truesdell describes the contribution made by elasticity to analysis 
through the middle of the nineteenth century. By that time, the three-dimen­
sional theories of linear and nonlinear elasticity had been well established. 
From then on, linear elasticity has enjoyed an extensive development, char­
acterized by the use of increasingly sophisticated methods of linear analysis. 
Nonlinear elasticity, on the other hand, was not to receive sustained scrutiny 
until after the Second World War. 

In this article I refrain from discussing developments in the century begin­
ning in 1855 in order to take up the more fascinating tale of the modern 
interaction of nonlinear elasticity with nonlinear analysis. (St. Venant's memoir 
on torsion, discussed by Truesdell, appeared in 1855. Cauchy died in 1857.) 
Despite this gap, the subject of my account is a fitting complement to that of 
Truesdell, because the modern problems of nonlinear elasticity are much closer 
in spirit to those studied by the Bernoullis and Euler than to the linear 
problems studied by the successors of Cauchy. Below we examine several areas 
of modern analysis to which elasticity has made crucial contributions. 

2. Connectivity questions of global bifurcation theory. An elastica is a 
mathematical model for a thin, flexible beam. Its configuration is described by 
a curve. Bifurcation theory began with Euler's (1744) analysis of the planar 
equilibrium configurations of the elastica subjected solely to end forces. This 
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problem is governed by the following differential equations for the curve 
[0,1] 3 s H» (x(s)9 y(s)) in the (x, >>)-plane: 

(2.1) [B(s)$'(s)]' + Xsm6(s) = 0, 

(2.2) x'(s) = cos 0(s), y'(s) = sin 0(s). 

These equations are to be supplemented with a suitable set of boundary 
conditions, s represents a scaled arc length parameter. The x-axis is taken 
parallel to the line of forces. 6(s) is the angle the tangent to the curve (x, y) at 
s makes with the x-axis. X is the magnitude of the terminal force, taken to be 
positive when compressive. B(s), which is positive, is the stiffness of the beam 
at s. B is not constant when the thickness is not constant. 

For certain boundary conditions, such as those in which the positions and orientations of each 
end of the elastica are prescribed, the terminal force may have one prescribed component and one 
reactive component (Lagrange multiplier) that maintains the kinematical boundary condition. In 
this case the reactive component and hence the terminal force are not known a priori. In particular, 
neither A nor the orientation of the x-axis with respect to any fixed line in the plane is known a 
priori. When this happens the problem for $ cannot be uncoupled from that for x and y. 

For the case in which B = const. Euler gave an exhaustive qualitative 
description of all possible solutions of (2.1), (2.2), but only a partial analysis of 
solutions of actual boundary value problems for these equations. (He for­
mulated his problem entirely in terms of x and y. His classification of all 
solutions of (2.1), (2.2) can be carried out more efficiently today by means of a 
phase-plane analysis of (2.1). The Bernoullis and Euler had, however, con­
structed the tools necessary to pose the governing equations in the form (2.1).) 
In his treatment of boundary value problems Euler studied the process of 
buckling, in which the trivial solution 0 = 0, characterizing a straight config­
uration, loses its stability at a critical value of the parameter A, from which 
there bifurcates a family of nontrivial solutions. He gave a rigorous description 
of the role of the linearization of (2.1), namely 

(2.3) (BV)' + X^ = 0, 

in the analysis of (2.1). Fortunately Euler left some unresolved issues for his 
successors: He did not treat boundary value problems in which X was not 
prescribed and he did not correlate qualitative properties of solutions with the 
bifurcating branches on which they lay. One measure of his contribution is that 
to this day engineers have worked almost exclusively with linearized equations 
equivalent to (2.3). 

It was apparently Saalschiitz (1880) who first obtained closed-form solu­
tions of boundary value problems for (2.1) with B = const, in terms of Jacobi 
elliptic functions. (Euler had effectively determined the qualitative properties 
of these functions.) The use of these special functions was a mixed blessing for 
elasticity: Elliptic functions furnished explicit solutions for well-set nonlinear 
problems, but their very availability contributed to the suppression of "nonlin­
ear thinking". (It was not until the middle of our century that workers in 
continuum mechanics began to treat nonlinear problems with confidence.) 



THE INFLUENCE OF ELASTICITY ON ANALYSIS 269 

Using these explicit solutions we can efficiently display the properties of 
solutions of a boundary value problem for (2.1), say the problem in which 

(2.4) 0(0) = 0 = 0'(1), 

by means of a bifurcation diagram, Figure 2.5. The ordinate labeled 6 
represents some convenient measure of the amplitude of the solution (e.g., 
0'(0)). Thus the \-axis represents the trivial solution. Any connected family of 
pairs (X, 6) satisfying (2.1), (2.4) is a branch of solution pairs of the problem. 
There are a countable infinity of nontrivial solution branches bifurcating from 
the trivial branch at (\k9 0), k ~ 0,1,2, . . . , where \k = (2k + \)2ir2B/4 is the 
A:th eigenvalue of (2.3) subject to boundary conditions of the form (2.4). Each 
such branch is unbounded in the space R X C2([0,1]) of solution pairs and 
meets the trivial branch at only one point. On the kth branch 0 has exactly k 
zeros on (0,1), each of which is simple. (An account of the detailed properties 
of the explicit solutions of (2.1), (2.4) oriented toward bifurcation theory is 
given by Reiss (1969).) 

FIGURE 2.5. Bifurcation diagram for (2.1 ), (2.4). 

Now we jump over the next seventy-five years, ignoring very important 
contributions to bifurcation theory by Poincaré, Lyapunov, Schmidt, Lyuster-
nik, Shnirel'man, Krasnosel'skiï, and others in order to describe the seminal 
work of Kolodner (1955) on the bifurcated steady states of a rotating heavy 
chain. In this problem the upper end s = 1 of the chain is held fixed and the 
lower end s = 0 is left free. We seek steady states in which the chain lies fixed 
in a plane rotating about the vertical through the upper support of the chain 
with constant angular velocity w. 

This problem is governed by the singular boundary value problem 

(2.6) ii" + Xii(i<2 + j 2 ) ~ 1 / 2 = 0, 

(2.7) i/(0) = 0 = K ' ( I ) 

file:///-axis


270 S. S. ANTMAN 

where u is the horizontal component of the tension and X is proportional to co2. 
This problem does not admit closed-form solutions. Nevertheless, by cleverly 
combining the shooting method with Sturmian theory, Kolodner gave a 
detailed global description of all bifurcating branches (in terms of the nodal 
properties of u) and determined the location of the branches. 

Kolodner's beautiful results inspired others to try his methods for different 
problems, but their success was limited. Pimbley (1962, 1963) was able to treat 
some related equations. On the other hand, I recall that E. L. Reiss noted that 
there was no obvious way that Kolodner's methods could handle boundary 
value problems for (2.1), especially when B is not constant, whence (2.1) does 
not admit closed-form solutions. (The reason why Kolodner's methods handle 
(2.6), (2.7), but not (2.1), (2.4) devolves upon the difference in mathematical 
structure between the nonlinear terms sin0 of (2.1) and u(u2 + s2)~l/2 of 
(2.6).) The failure of Kolodner's global qualitative methods to handle some 
other apparently simple problems stimulated a number of mathematicians 
(most of whom were associated with New York University) to develop more 
effective methods for treating large classes of bifurcation problems. In this 
enterprise another problem from nonlinear elasticity, the axisymmetric buck­
ling of a circular plate under a pressure applied to its edge, has played a central 
role. The plate theory employed was that of von Karman. Let X, representing 
the magnitude of the pressure, denote the eigenvalue parameter and u denote 
the unknown function in this theory. Let X0, \l9... denote the eigenvalues of 
the equations linearized about u = 0. 

Friedrichs and Stoker (1941) used variational methods to show that every­
where on the bifurcating branch emanating from (X0,0), the function u has no 
nodes. They showed that for any fixed value of X lying between X0 and Xx there 
are exactly three solutions, one of which is the trivial solution. They also used 
the method of (Lyapunov and) Schmidt to justify a perturbation expansion for 
the nontrivial branch of solutions emanating from the lowest eigenvalue of the 
linearized problem. 

Keller, Keller and Reiss (1962) used the Poincaré shooting method to study 
the same problem. They showed that a nontrivial branch of solutions bifur­
cates from each point (X0,0), (X,, 0) , . . . , that near each bifurcation point the 
branch Hes to the right of the bifurcation point (as in Figure 2.5), and that on 
the intersection of the branch emanating from (X^ 0) with a neighborhood of 
(X^ 0) , the function u has exactly k interior nodes. Reiss (1965) used similar 
methods to study the buckling of a spherical cap. 

Detailed global results for this problem were finally obtained by Wol-
kowisky (1967). He proved that for each \>\k there are at least k pairs of 
nontrivial solution pairs (X, ± WyXy = 0,...,k, with Uj having exactly j internal 
nodes. To do this he used Sturmian theory to set up a solution operator for 
each j < k and for each fixed X. He was then able to use the Schauder Fixed 
Point Theorem to show that each operator has a fixed point with the requisite 
nodal properties. Wolkowisky (1969) extended his methods to handle a family 
of nonlinear Sturm-Liouville Problems. Wolkowisky's work is beautiful and 
clever. In retrospect, we may, however, observe that it does not say anything 
about the connectivity of the solution pairs he found. 
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At the same time Berger (1967a) and Berger and Fife (1968) studied the 
semilinear system of partial differential equations governing the buckling of a 
von Karman plate of any shape under a planar system of loads of magnitude 
X. This problem has a natural energy functional (p. (I do not discuss these 
papers separately because their structure makes it inconvenient to do so.) 
Using the variational method of Lyusternik and Shnirel'man, Berger and Fife 
showed that on each energy surface {u: <p(w) = R}, R e (0, oo), there is a 
countable family of distinct solution pairs. Moreover, they proved that exactly 
one nontrivial branch can bifurcate from a simple eigenvalue and they ob­
tained partial results on the number of branches that can bifurcate from an 
eigenvalue of multiplicity 2. (The delicate problem of correlating the number of 
nontrivial solution branches emanating from an eigenvalue of the linearized 
problem with the multiplicity of the eigenvalue is fundamental in bifurcation 
theory. For variational problems Krasnosel'skiï (1953) obtained the first results 
(cf. Krasnoserskiï (1956), Chapter 4), Berger (1967b, 1969) announced gener­
alizations, and Böhme (1971), (1972) gave complete proofs along with some 
fascinating counterexamples.) 

In the period from 1955 to 1970 and beyond, Vorovich had been indepen­
dently developing a complete mathematical theory of boundary value problems 
for plates and shells of the von Karman type. His results relied on functional-
analytic and topological techniques. Brief accounts of his contributions are 
given by Trenogin and Yudovich (1974, pp. 36, 127). It appears that a number 
of the results described above, obtained by American mathematicians, were 
found earlier by him. E.g., many of the results of Berger and Fife were 
announced by Vorovich (1958). According to Trenogin and Yudovich, Voro­
vich (1955) studied the local theory of the axisymmetric buckling of annular 
disks by the method of Lyapunov and Schmidt. (I have not been able to see a 
copy of this paper.) It thus appears that this work would have a clear-cut 
priority over that of Keller, Keller and Reiss (1962), were it not for the fact 
that the latter work treats the troublesome singularity at the center of the plate. 
The work of Vorovich (partially surveyed in his papers (1969, 1970)) forms an 
important chapter in the application of functional-analytic and topological 
methods to nonlinear problems of physics. Unfortunately, western scientists 
with the sophistication to appreciate it seemed largely unaware of it. Conse­
quently it had no influence on the next and crucial step of the development of 
global continuation methods of bifurcation theory. 

Motivated primarily by the work of Kolodner and of Wolkowisky and to a 
lesser extent by that of Berger and Fife, Crandall and Rabinowitz (1970) 
studied global behavior of nonlinear Sturm-Liouville problems of a sort that 
includes (2.1), (2.4) and (2.6), (2.7). They developed effective methods to 
describe the nodal properties of solutions. In place of the Schauder Fixed Point 
Theorem used by Wolkowisky, they employed the Leray-Schauder degree. By 
exploiting its invariance under homotopy, Rabinowitz (1970) was able to show 
that branches of solution pairs of nonlinear Sturm-Liouville problems enjoy 
global connectivity and nodal properties (to be described shortly). At the same 
time Turner (1970) was able to show that branches of solution pairs of 


