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Most mathematicians have an idea of the influence of hydrodynamics and 
electromagnetism on the theory of complex functions and harmonic potentials. 
The influence of elasticity is less well known. Elasticity led to a vast range of 
mathematical problems involving linear algebra, differential geometry, ordinary 
and partial differential equations (mostly nonlinear), elliptic functions, and the 
calculus of variations. 

1. The catenary: twin solutions, and the calculus of variations. The contest of 
1690 to find the catenary curve is described in all histories of mathematics. The 
body treated is a chain or rope without stiffness. The mathematical model for 
this body is a plane curve. This curve satisfies differential equations expressing 
the requirement that the resultant force and torque on each part of the body be 
zero. As early as 1675 Hooke had stated in an anagram, "as hangs the flexible 
line, so but inverted will stand the rigid arch", but Hooke was not a mathema­
tician and could not prove anything. His statement applies nevertheless to 
Leibniz's differential equation for the catenary: If that equation has a solution 
bellied downward for the points considered, it also has one bellied upward 
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(Figure l). Thus in the very infancy of differential equations we encounter a 
boundary-value problem that fails to have a unique solution. Each of the two 
solutions of the differential equation is the unique solution of a variational 
principle: For one, the center of gravity hangs as low as possible; for the other, 
it rises as high as possible. The catenary provides one of the "isoperimetric" 
problems that led James Bernoulli to invent the calculus of variations in the 
immediately following years. 

arch 

chain 

FIGURE 1. Hanging chain and ideal arch, both solutions of the differential 
equation for the catenary through two given points. 

FIGURE 2. Rectangular elastica of unit excursion. 

2. The elastica: elliptic functions, qualitative analysis, multiple solutions, 
differential geometry of skew curves. In 1691 James Bernoulli proposed the 
problem of the bent beam, elastic bar, or simply "elastica" (Figure 2). A good 
example of an elastica in real life, at least of yesteryear, is a corset stay. 
Bernoulli's problem was twofold: first derive the governing equations, then 
solve them. In mathematical practice today it is, unfortunately, often forgotten 
that to derive basic equations is even so much a mathematician's duty as to 
study their properties. Bernoulli concealed his solution of the twofold problem 
in an anagram, as Leibniz had his for the catenary. He explained that to solve 
the problem he needed first to discover and prove a "golden theorem"; this 
theorem provides the curvature of a plane curve. Although Huygens had 
already published an equivalent statement in his book on the pendulum clock, 
it was obscurely expressed, and we may adduce James Bernoulli's golden 
rediscovery as an early instance of the influence of elasticity upon differential 
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geometry. There is no accident here. Bernoulli's simplest hypothesis makes the 
moment needed to bend an initially straight bar inversely proportional to the 
radius of curvature produced: 

~ -. , ® f <® = "flexural rigidity" of bar, 
Bending moment = — \ ° J 

r I r — radius of curvature of bent bar. No theory based upon this hypothesis could be produced except by a man who 
disposed of a way to get r. While the problem of the catenary had been solved 
almost at once, not only by Leibniz but also by Huygens and by James 
Bernoulli's younger brother John, this second problem is deeper, and James 
Bernoulli had the triumphant consolation of receiving not a single answer in 
three years, whereupon he published his solution. For an elastic bar (Figure 2) 
of unit excursion, built vertically into a horizontal wall and bent by a load 
sufficient to make its top horizontal—the instance called the rectangular 
elastica—the differential system is 

x2 dx dx 
ay — —==, as = —==, 0 < x < 1. 

V i - j c 4 yi - j c 4 

You will recognize the second quadrature as making the excursion x a 
lemniscate function of the arc length s\ this function was to reappear in the 
work of Fagnano twenty-one years later. Bernoulli integrated his equation in 
series and calculated precise upper and lower bounds for their values at x — 1. 
He wrote, "I have heavy grounds to believe that the construction of our curve 
depends neither on the quadrature nor on the rectification of any conic 
section." Thus the elliptic functions were born. 

The problem of the rectangular elastica joined that of the catenary in 
providing one of the impulses to James Bernoulh's calculus of variations. In 
1695 he wrote, "Among all the curves of given length drawn over the same 
straight line the elastica is the one such that the center of gravity of the 
included area is farthest from the line " Some forty-three years later his 
nephew Daniel Bernoulli suggested to Euler that all kinds of elastica should 
satisfy the variational principle 

/ 
ds 
— — minimum. 
r2 

Five years after that, in 1743, when Euler was writing his great treatise on the 
calculus of variations, Bernoulli repeated the suggestion. Euler seized the 
occasion to adjoin to his book an appendix in which he took a few lines to 
derive from Daniel Bernoulli's principle the differential system 

(a + fix + yx2) dx a2 dx 
dy = . = r , ds= = r , 

]/a4 - (a + fix + yjc2)2 )Ja4 - (a + fix + yx2f 

in which a/a2, fi/a, and y sue real parameters expressible in terms of (S>, the 
load, and the prescribed length. The rest of Euler's appendix is a treatise on the 
equilibria of bent rods and the small vibrations of nearly straight rods. In 
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solving the former group of problems, Euler determines precisely all forms the 
elastic curve may take. The analysis is more difficult than for the catenary 
because the results depend upon the arbitrary material parameter ®. The 
catenary and the ideal fluid are degenerate examples of mechanical systems in 
that they are only trivially affected by material properties. The elastica 
provided the first instance of the analytic complications that dependence upon 
an essential parameter may provide. 

Were we to approach Euler's problem of classification today, we might first 
write the governing equations in the intrinsic form 

(<$>0')' + Asin0 = O, x' = cos0, y' = sin», 

X — resultant force, 6 = slope of the tangent measured 
from the axis of the resultant 
force. 

If % — const., then phase-plane methods suffice to analyse the differential 
equation and determine the qualitative properties of solutions. Euler ap­
proached the differential system with bare hands. 

Euler's analysis divides the possible forms into nine classes. The ninth is the 
circle; the first is a straight line or a small perturbation of it, which Euler 
shows to be a sine wave of small amplitude. Figure 3 reproduces Euler's 
sketches for the other seven classes. The fourth class is really three: one for 
curves like that drawn, one consisting in the curve whose humps are tangent to 
one another, and one for curves whose successive humps intersect at two 
points. Euler calculates very accurate numerical values for some special and 
important points, but otherwise numerical work plays no part. The curves are 
not plotted; they are sketched on the basis of rigorous arguments concerning 
the slope as a function of s or x, bounds obtained as necessary and sufficient 
for the integrands to be real, the number and nature of points of inflection, 
periodicity and the failure thereof. It is a qualitative analysis of the two 
integrals. Both are general elliptic integrals of the first kind; Euler's theory is 
complete. The nature of the corresponding elliptic functions can be read off 
from his graphs by looking at x as a function of y. So far as I know, the next 
example of qualitative analysis comes just 150 years later, in Poincaré's 
Celestial mechanics. Still later, Born, in his thesis of 1906, was the first to 
publish figures of elasticas plotted numerically and to check the theory against 
experiments on springy wires. 

A traditional date for the birth of elliptic functions is 23 December 1751, on 
which Euler was asked to review Fagnano's collected works, which results first 
published as early as 1714. Euler had been studying elliptic integrals and 
elliptic functions since 1738, when he wrote to the Bernoullis that he had 
"noticed a singular property of the rectangular elastica" having unit excursion: 

length X height = ƒ . • f . = -TT. 
'o / l - x 4 Jo / l - x 4 4 

This property and his analysis of elastic curves joined Fagnano's geometrical 
investigation of lemniscate functions in providing the basis for Euler's work 
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FIGURE 3. Euler's sketches for various classes of elasticas 
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toward his discovery of the addition theorems for elliptic functions in the 
1770s. The nineteenth and twentieth centuries' appeal to the theory of elliptic 
functions for treating problems like that of the elastica was not an unmixed 
blessing for mechanics or for mathematics more generally. It suppressed 
Euler's direct, nonlinear thinking in favor of properties of special functions, 
which came to be ends of research rather than means to solve a natural 
problem. 

In the theory of the elastica the straight, unbent form is always possible. 
Thus a bent form is always a second and nontrivially different solution for an 
elastica subject to opposing collinear loads. Euler's figures make it obvious that 
each shape having a point of inflection gives rise to infinitely many such 
solutions (Figure 4) for each load P. If for given $ the pair P, —P will 
equilibrate bent forms of length /, it will also equilibrate bent forms of lengths 
2 / ,3 / , . . . , respectively, having 2 ,3 , . . . bays, respectively. Not only that, Euler 
saw at once that a bent form is not possible unless the load P was large 
enough: 

% 
P> Pc, "critical load" Pc = m1 — . 

Here we see the essential role of the material properties expressed by the 
parameter <35. One reinterpretation of the preceding statement about the bays is 
that for a bar of given length /, the loads 4PC ,9PC , . . . must be exceeded in 
order for the bent forms with 2 ,3 , . . . bays to become possible. A single 
problem has n nontrivially distinct solutions if the ratio P/Pc lies in the 
interval [(n — l)2, n2]. Thus begins the problem of bifurcation, which was not 
to be touched again, so far as I know, until Poincaré investigated rotating 
figures of equilibrium. 

I JL \ 
4a. À p 4b. 

FIGURE 4a. The unbent and simplest bent forms for an elastica of length / 
subject to thrust greater than critical. 

FIGURE 4b. Three of the infinitely many bent elasticas corresponding to a 
given thrust greater than critical. 
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