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The Laplace-Beltrami operator on the upper half-plane with respect to the 
hyperbolic metric is 

y \ dx2 dy2 J 

The arithmetic interest of the eigenfunctions of A invariant under the modular 
group T = SL(2, Z) and its congruence subgroups was signalled by Maass [17], 
who was inspired by earlier work of Hecke. If 7 E GL(2, Q) then Ty — y~lTy 
H F is of finite index in T. Thus if det y > 0 so that y also acts as a fractional 
linear transformation on the upper half-plane one can introduce the operator 

Ty'f- 2 f(yàz), l m z > 0 . 
serY\r 

It is called a Hecke operator. It commutes with A, and acts on its eigenspaces. 
The study of these operators and of those appearing in Hecke's work promises 
to be of considerable importance for diophantine problems, in particular for 
the investigation of the Dirichlet series to which the names of Artin and 
Hasse-Weil are attached. However the spectral theory of A on T-invariant 
functions is a purely analytic problem, of interest in its own right for any 
discrete subgroup T of SL(2, R) whose fundamental domain has finite volume. 
If the quotient of the upper half-plane by T is compact the spectrum is 
discrete, but otherwise there is a continuous spectrum and the corresponding 
eigenfunctions are called Eisenstein series. 

If the quotient is not compact there are cusps. By way of illustration we may 
assume that 00 is a cusp. This means that T contains a subgroup of the form 
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and that a part of the fundamental domain can be taken to be 

{z = x + iy\ -a/2<x<a/2,y > b}. 

Here a and b are positive real numbers, and for convenience we take a—\. 
Then a function \p invariant under T has a Fourier expansion 

00 

*(x,y)= 2 *n(y)e2winx, 
n— — oo 

and \p0(y) is called the constant term at oo. If the constant term at all cusps is 
0 then *// is called a cusp form. If \p is an eigenfunction of A then 

i//' -4ir2n2+n = — ^„, 
y 

so that 

(1) *0 = a / ' 2 + ' + 0 / / 2 " ' , 

with s2 — \ — X. For n =£ 0 the equation has an exponentially increasing 
solution, which can play no role in the spectral theory, and an exponentially 
decreasing solution, which is thus square-integrable in a neighborhood of the 
cusp for the invariant volume is dxdy/y2. As a consequence one can expect 
that the spectrum of A in the space of cusp forms will be discrete. This was 
proved by Roelcke [18]. 

On the orthogonal complement, with respect to the inner product defined by 
the invariant area dxdy/y2, of the space of cusp forms functions are controlled 
by their constant term. Thus on this space A can be regarded as a perturbation 
of the operator y2d2/dy2 on the half-line y > 1 with respect to the measure 
dy/y2, or rather of the direct sum of r such operators if there are r cusps. 
Consequently there should be an r-fold continuous spectrum of Lebesgue type 
on - oo < À < - \ together with a finite set of discrete eigenvalues. 

The present problem has a special feature: the perturbed eigenfunctions can 
be constructed explicitly. Observe that F(z, s) = yl/2+s, z = x + iy, is an 
eigenfunction of A as are all its translates by elements of T. The series 

r0\r 

converges for Re s > \ and gives an eigenfunction of A. One can build the 
analogous function for each cusp, try to analytically continue it to Re s — 0, 
and in this way obtain the eigenfunctions for the continuous spectrum. The 
problem was posed by Roelcke, and solved by him for congruence subgroups, 
for which these Eisenstein series reduce to classical series which can be treated 
with the help of the Poisson summation formula. The general problem he could 
only solve partially, but he was able to continue analytically to the region 
Re s > 0 with techniques from operator theory [19]. The discrete spectrum lies 
in the interval - \ < X < 0 and the associated eigenfunctions are residues of 

The problem was also considered by Selberg, who solved it completely [21]. 
For his proof, at least for one of them, the essential tool for the analytic 
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continuation is provided by inequalities for the coefficients in (1) when \p is an 
Eisenstein series. These are obtained by integration by parts of truncated 
functions [15] or by Fourier analysis [16]. Selberg never published a complete 
proof (cf. [20 and 22]) but the proof of the analytic continuation for series of 
rank one attached to cusp forms given in [16] was inspired by his methods. So 
it contains the same elements, although a little distorted. The proof in [15] is 
perhaps closer to that of Selberg. Since s and -s yield the same eigenvalue the 
functions E(z, -s) attached to the various cusps must be expressible in terms 
of E(z, s), and the resulting functional equations are critical to the proof. 

But Selberg's purpose in [21] went beyond the spectral theory. A function \p 
on the upper half-plane may be identified with a function cp on G — SL(2, R) 
invariant on the right under K = SO(2) by setting <p(g) — i/>(g(0)- If ƒ is a 

function on G with compact support and bi-invariant under K then 

9 » / = fq>(gh)f(h)dh 
JG 

is also the lift of a function invariant under T. The operators <p -> <p * ƒ 
commute with each other and with A, and their spectral theory is identical with 
that of A. They are integral operators with easily computed kernel and, if the 
quotient of G by T is compact and the function smooth, even of trace class. 
The trace is computed by integrating the kernel over the diagonal, and just as 
for the character of an induced representation is easily expressed as a sum over 
conjugacy classes of T of orbital integrals of ƒ. This is a form of the Selberg 
trace formula, in this case a simple but nonetheless powerful tool. If the 
quotient is not compact the operators are no longer of trace class, but their 
restriction to the space of cusp forms is. It is still possible with the help of the 
Eisenstein series to obtain a formula for the trace of the restriction, but the 
analysis is substantially more difficult and the result far more complicated [21]. 

As an application Selberg evaluated in closed form the trace of the Hecke 
operators acting on holomorphic forms of a given weight and level, a problem 
treated at about the same time by Eichler [8] with the help of a Lefschetz 
formula, at least for weight two. For this application one must consider not 
functions on G/K, which is the upper half-plane, but sections of a bundle 
defined by K, in other words functions on G transforming on the right 
according to a certain finite-dimensional representation of K and invariant on 
the left under T. Indeed at the time of writing of [21] a number of develop­
ments (cf. [13 and 14]) were making it clear that the proper setting for the 
theory of automorphic forms was a reductive group G and an arithmetic 
subgroup T, and that many aspects of it were nothing but a study of the 
infinite-dimensional representation of G on L2(T\G). The origin of these 
developments is generally felt to be the 1952 paper of Gelfand-Fomin [10], in 
which representation-theoretic methods were introduced into the study of 
geodesic flows. 

The general problems were considered in the addresses of both Gelfand [11] 
and Selberg [22] in Stockholm. Selberg works with an arbitrary group, although 
he confines himself to A'-invariant functions. He poses the problem of analytic 
continuation of the Eisenstein series in general, sketches very clearly his proof 
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in the rank one case, and draws attention to some special series in several 
variables whose analytic continuation can be effected by means essentially 
classical. In addition he states that he can treat all series for the pair 
T = SL(rt, Z), G = SL(«, R), but no indications of proofs have ever appeared. 
It seems they involve theta series and can only be applied to a limited class of 
groups. He also emphasizes the importance of developing a trace formula in 
general, and of applying it to the Hecke operators. Gelfand works with T\G 
and stresses the spectral problem, which is now to decompose L2(T\G) into a 
direct integral of irreducible representations. He introduces the fundamental 
notion of cusp form in general, and states the important theorem, due to 
himself and Piatetskii-Shapiro, that the representation on the space of cusp 
forms is a discrete sum of irreducible representations when G is semisimple. He 
also points out the similarity of the problem with that arising in scattering 
theory, and it is indeed striking and useful to bear in mind, although the 
analogy cannot be pushed too far and it has not been very profitable to 
transport methods from one domain to the other. 

The spectral analysis of the quantum-mechanical Hamiltonian H for n 
interacting particles Xl9...9Xn in ^-dimensional space often assumes an intui­
tively very simple form (see [12, §13.2] for a brief description and [1] for the 
complete theory). The bound states correspond, if we overlook the movement 
of the center of gravity, to the discrete spectrum and are finite in number. 
More generally if we partition Xl9...,Xn into clusters Sx,..., Sj then the 
Hamiltonian Hj for the particles in Sj alone will have bound states XlJ,...,Xm 

which can move with a momentum p.. For each partition and each choice 
Xk ,!,...,Xk/l of bound states there will be a subspace of the total Hubert 
space L2(Rnd) on which H acts that is isomorphic to L2(R/£/), the underlying 
parameters being/?!,... 9ph and H will act on this subspace as 

2 ^-¥f + C, 
y=i 2mJ J 

where C is the total energy of the bound states. Thus each partition and each 
family of bound states yields a piece of the total Hubert space corresponding 
to freely and independently moving clusters in these states. The total space is 
the orthogonal direct sum of the pieces. 

The analogue in the theory of Eisenstein series of a partition into clusters is 
a cuspidal subgroup of G, which is in particular a parabolic subgroup. If 
G = GLO) these are obtained by choosing a basis {xl9... ,x„} of the «-dimen­
sional coordinate space and a partition SX,...,S( of the basis. If Pj is the 
stabilizer of the span of Ul^k<JSk then the parabolic subgroup associated to 
the basis is H' Pj. 

In general if P is a cuspidal subgroup for T and if one projects T H P on a 
Levi factor of P one obtains a pair @, M like T, G. The Levi factor itself is AM 
where A is a vector group. A complex character x = x(si>' — >si) °f A depends 
on / complex parameters and if $ is a function yielding a discrete part of the 
spectrum for 0 \ M we can lift the product x * $ to a function on P. The 
parameter Sj is the analogue of J — \pj and 0 is the analogue of the family of 
bound states. 
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Taking a function F on G = PK = NAMK of the form 

(2) F(g9sX9...9Sl) = F(g9s) = F(pk9s) = F(namk9s) 

- x(fl) 2 9j(m)%(k) 
. 7 = 1 

we form the Eisenstein series 

(3) E(g,s)= 2 Fiyg.s). 
mp\r 

It converges in a tube over a cone, but not over the point needed for the 
spectral analysis, and if the emphasis is on Eisenstein series as in [22] the 
problem is to show that these functions can be analytically continued as 
meromorphic functions to all of C', and that they satisfy functional equations. 
If the emphasis is on the spectral decomposition of L2(T\G) it must be shown 
as well how they yield the spectral decomposition of L2(T\G). So far it has 
not been possible to solve the first problem without at the same time solving 
the second. They were both solved in [16]. Selberg has recently indicated to me 
that he had an idea for effecting analytic continuation without reference to a 
spectral decomposition but with the help of Fredholm theory. However he has 
not developed it. It would be worthwhile to do so. 

The argument of [16] requires some geometrical assumptions on T. The ones 
used are adequate to arithmetic groups, and indeed based on their reduction 
theory, and to Fuchsian groups of the first kind. They allow one to introduce 
the constant terms 

( <p(ng)dn9 
JrnN\N 

to define the space of cusp forms, as consisting of those functions whose 
constant term is zero for all cuspidal subgroups but G itself, to control the 
behavior of eigenfunctions by means of their constant terms, an important 
analytic tool, and in particular to establish the theorem of Gelfand-Piatetskii-
Shapiro. 

Then if A is of dimension one, so that / = 1 and the series depend on a 
single complex variable, and if the functions <bj are taken to be cusp forms the 
proof of the analytic continuation and the functional equation proceeds pretty 
much as for subgroups of SL(2, R). If the dimension of A is greater than one 
but the <I>7 continue to be cusp forms, then a truncation argument and a partial 
summation to reduce to the one-dimensional case yield the result. The argu­
ment to this point is also presented in [15]. 

The method used in [16] to deal with the general Eisenstein series is to show 
that it can be obtained from a series associated to a cusp form by taking a 
succession of residues, reducing thereby the number of variables at each stage 
by one. It is related to the fact that in two-particle scattering problems the 
bound states appear at poles of the scattering matrix. The central difficulty is 
to convince oneself that all Eisenstein series are obtained in this way. The 
analytic continuation is then immediate, and the functional equations and 
spectral decomposition are obtained in the course of the argument. 


